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Preface

“Mathematical science is the queen of sciences, and arithmetic is the queen of math-
ematics”, Gauss said. Indeed, number theory is the study of whole numbers, also
called positive integers, the first ones we learn at school. Thus, the theory of num-
bers deals with problems that are often both easy to understand and very hard to
solve. For instance, one of the most famous number theory problems is Fermat’s
last theorem, abbreviated as FLT, stating that the Fermat equation x" + y" = 7",
where x, y, z are positive integers and n > 3 is an integer, has no solution. This
proof came from Andrew Wiles in 1995, after more than 350 years of efforts from
many mathematicians, such as Ernst Kummer, Sophie Germain, André Weil, Jean-
Pierre Serre, Gerd Faltings, Kenneth Ribet and Yves Hellegouarch.

The author’s initial aim was simply to have his book entitled Themes d’Arithméti-
que, published in 2006 by Ellipses eds, translated into English. But things turned out
differently as what you are holding here is an extended, more complete version of
the French edition. Not only have the chapters doubled in size but many exercises,
all of them with complete solutions, have been added and, more importantly, the sec-
tions called Further Developments included in each chapter have been significantly
enlarged.

Each chapter is divided into three parts. The course itself is suitable for under-
graduates. As for the exercises, they either illustrate the course or are designed as
springboards for approaching other related topics. Finally, the section Further De-
velopments introduces trickier notions and even occasionally topics that researchers
are familiar with. Many results are proved and whenever the proof goes beyond the
scope of the book, the reader is cross-referred to the standard sources and refer-
ences in the subject area. The book includes among other things an almost exhaus-
tive exposition of the recent discrete Hardy—Littlewood method developed by Enrico
Bombieri, Martin Huxley, Henryk Iwaniec, Charles Mozzochi and Nigel Watt, ap-
plications of Vaughan’s famous identity, a historico-mathematical introduction to
the class field theory together with a detailed illustration of the contribution of an-
alytic tools to the tricky problems of algebraic number theory, such as obtaining
upper bounds for class numbers or lower bounds for discriminants and regulators of
algebraic number fields.



vi Preface

The first two chapters are intended to supply the main basic tools an undergrad-
uate student should have a good grasp of to acquire the necessary grounding for
subsequent work. The emphasis is on summation formulae such as Abel and Euler—
MacLaurin summations that are unavoidable in modern number theory.

Chapter 3 is devoted to the study of prime numbers, from the beginning with
Euclid’s work to modern analysis relating the distribution of primes to the non-
trivial zeros of the Riemann zeta-function. A fairly complete account of Cheby-
shev’s benchmarking method is given, along with totally explicit estimates for the
usual prime number functions.

Chapter 4 extends the analysis of the previous chapter by dealing with multiplica-
tive functions. A large number of these are given, their average order most of the
time being studied in detail through the Mobius inversion formula and through some
basic results in summation methods. A complete study of the Dirichlet series from
an arithmetic viewpoint is supplied. Furthermore, some estimates for other types of
summation are investigated, such as multiplicative functions over short segments or
additive functions. Finally, a brief account of Selberg’s sieve and the large sieve is
also given.

The study of the local law of a certain class of multiplicative functions requires
counting the number of points with integer coordinates very near smooth plane
curves. The aim of Chap. 5 is to provide some nice results of the theory in a very
intricate, but elementary! way. The methods of Martin Huxley and Patrick Sargos
and Michael Filaseta and Ognian Trifonov are completely investigated to show how
some clever combinatorial ideas, introduced in the 1950s essentially by Heini Hal-
berstam, Klaus Roth and Hans-Egon Richert, and in the 1970s by Sir Henry Peter
Francis Swinnerton-Dyer, may lead to very good results which appear to be well
beyond the scope of any current exponential-sums method.

As can be seen with the famous Dirichlet divisor problem, many questions in
analytic number theory reduce to estimate certain exponential sums. Chapter 6 is
devoted to the theory of such sums, following the lines of van der Corput’s method,
eventually leading to its A- and B-processes and, after some rearrangements by Eric
Phillips, to the exponent-pairs method, systematically used nowadays. Historically,
three methods were developed independently in the 1920s: among other things,
Hermann Weyl treated exponential sums with polynomials, Johannes Gualtherus
van der Corput extended Weyl’s ideas to quasi-monomial functions combining the
Poisson summation formula and the stationary phase method, and Ivan Matveevich
Vinogradov’s work dealt with counting the number of solutions of certain tricky
Diophantine systems. This chapter could be viewed as an analytic equivalent to
Chap. 5.

Finally, Chap. 7 is an introduction to algebraic number theory, which arose from
both a generalization of the arithmetic in Z and the necessity to solve certain Dio-
phantine equations. Although the idea of using a larger field than Q was already
known at that time, the theory really took off in the 19th century, and among the

INote that the word “elementary” means only that the complex analysis is not used.



Preface vii

founding fathers the names of Ernst Kummer, Richard Dedekind, David Hilbert,
Leopold Kronecker and Hermann Minkowski may be mentioned. The chapter is
aimed at showing that the ideal numbers were the right tool to restore unique fac-
torization. Furthermore, the reader is invited to compare the major results, such as
the fundamental theorem of ideal theory or the zero-free region of the Dedekind
zeta-function, with the corresponding ones from Chap. 3.

Aiguilhe, France Olivier Bordelles
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Notation

General Notation

Z,Q, R, C are respectively the sets of integers, rational numbers, real numbers and
complex numbers. If a € Z, we may also adopt the notation Z, of all integers
n > a. When a = 1, the corresponding set is usually denoted! by N. Finally, if p is
a prime number, I, is the finite field with p elements.

Letters n, m and a, b, ¢, d, k, I, r, ... refer to integers, whereas p indicates a
prime number.

a | b means a divides b, i.e. there exists k € Z such that b = ka. Similarly, a { b
means a does not divide b.

a|b*® means p|a= p|b.

P || n means p* | n and p*t! 1 n.

P*(n) is the greatest prime factor of n € Z>,, with the convention P*(1) = 1.
This symbol is sometimes abbreviated as P (n).

(a, b) and [a, b] are respectively the greatest common divisor and the least com-
mon multiple of a and b. We set the gcd and lem of three positive integers in the
same way, as for instance

(a,b,c)= ((a, b), c)

and extend this definition by induction to a finite number of positive integers.

For any positive integer n, the number n! =1 x 2 x --- x n is the factorial of n,
with the convention that 0! = 1.

For any x € R, [x] is the integer part” of x, the unique integer verifying

x—1<[x]<x

I'This is a difference between Anglo-Saxon countries and France where the symbol N denotes the
set of non-negative integers, sometimes denoted by Ny in the UK and the US. The aim of the
notation Zx, is then to avoid any risk of confusion, so that in this book N =Zx and Z> is the
set of non-negative integers.

2Some authors also use the floor and the ceiling functions, denoted respectively by x| and [x],
but there will be no need to make such a distinction in this book.

xi



Xii Notation

e

-1+

Fig. 1 Function v

and [x] is the nearest integer to x. The notation {x} means the fractional part of x
defined by {x} = x — [x]. Hence, for any x € R, we have

0<{x} <.

‘We will also make use of the functions

X 2

po=t -y ad e = [ wwa=YE
2 0 2 8

The function v, see Fig. 1, called the first Bernoulli function, is an odd, 1-periodic

function and then admits a Fourier series development. Since ¥, (0) = (1) =0,

the function v, is also 1-periodic and then bounded. Furthermore, it is not difficult

to check that

1 1
|y ()| < 5 and =2 <y <0.

The distance of a real number x to its nearest integer is written ||x|. Hence we
have

1 1
llxll = min(i +Y ). 5 - 1//()6))-
log x is the natural logarithm and e* or exp x is the exponential function. It is also

convenient to define the functions e(x) = ¢2>™* and e, (x) = e(x /a) = e>™*/4,
If £ is a finite set of integers, |£| is the number of elements belonging to £.

Sums and Products

If N > 1 is any integer, we set

N
Y f)=fO)+fQ@++ f(N)

n=1
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whilst
Y FP=FQ+FB+fG)+-

PSN

where the latest summation runs through prime numbers p < N. The two sums are
related thanks to the following characteristic function of primes

9 _ L ifnisor
Ip(n) =1+ [ﬂ} _ , 1Inis I.)rlme
n 0, otherwise

where 7(n) counts the number of positive divisors of n (see Chap. 4), so that

N
YO Fp) =) 1) f ().
n=2

PN
If x > 1 is a real number, then by convention

[x]

Y fm=>"fm and Y f(p)= Y fp).
n=1

n<x p<x p<lx]

Certain sums run through some special subsets of Z. For instance

D f@

dIN

means that the sum is taken over the positive divisors of N, e.g.

SN r@ =)+ G+ G+ £A5) and Y f(p)=fG)+ f(5).

d|15 pll5

These examples are also valid for the products. For instance

T[]/ =1@ x f3) x f(5) x -

p<X

where the product runs through all prime numbers p < [x].
It is important to note that, in all cases, the index p means a sum or a product
running through prime numbers exclusively.

Functions

Let a < b be real numbers and k be a non-negative integer. The notation f €
C k[a, b] means that f is a real-valued function k-times differentiable on [a, b] and
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f® is also continuous on [a, b]. By convention, f©@ = f, f1) = /| f@ = ¢
and £ = 7.

Let x —> f(x) and x —> g(x) be functions defined for all sufficiently large x
anda, b > 0.

> Landau. f(x) = O(g(x)), also sometimes written as g = O(f), means that g >
0 and that there exist a real number xg and a constant c¢g > O such that, for all
X > x0, we have

| ()] < cogx).

For instance, f(x) = O(1) means that f is bounded for all x € [x(, 4+00[.

> Vinogradov. f(x) < g(x) is equivalent to f(x) = O(g(x)).

> Titchmarsh. a < b means that there exist ¢ > ¢; > 0 such that ¢;b < a < cb.
If a, b represent two functions f and g, then f < g is equivalent to f < g and
gL f.

> Landau. f(x) = o(g(x)) for x —> x(¢ means that g # 0 and

f0)

X—>X( g(x)

> Landau. f(x) ~ g(x) for x —> x¢ means that g # 0 and

i fx)
m =

X—>X( g(x)

1.

An asymptotic estimate for the function f is a relation of the shape f(x) ~ g(x).
An asymptotic formula for f means a relation of the form f(x) = g(x) + O (r(x)),
or equivalently f(x) — g(x) = O(r(x)), where g(x) is called the main term and
O (r(x)) is an error term. Obviously, such a relation is only meaningful if the error
term r(x) is of smaller order than g(x). Otherwise, this relation is equivalent to
f(x) = O(r(x)), so that the estimate is only an upper bound.

It is important to understand the difference between f < g and f ~ g. The first
relation is less precise than the second one but can be used in a larger range. For
instance, the Chebyshev estimates from Corollary 3.45 assert that

T(x) <
log x

for all x > 5 while the Prime Number Theorem (Theorem 3.85), which was proved
some forty years later, implies that

7 (x) ~
log x
as soon as x —> 00.
Finally, it should be mentioned that the constants implied in some error terms
of the form f(x) <« g(x) depend sometimes on extra parameters. For instance, it is
proven in Exercise 2 in Chap. 3 that

t(n) K nf
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where the implied constant depends on & > 0. This means that, for all ¢ > 0, there
exists a constant c(¢) > 0 depending on & > 0 such that, for all n > 1, we have
7(n) < ¢(¢)nf. Such a situation’ is sometimes denoted by

T(n) K, nt.

31t can be shown that c(s) = cxp(Zl/s/ log 2¢) is admissible.
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Chapter 1
Basic Tools

1.1 Euclidean Division

Some results depend on the following axiom.

Axiom 1.1 Any non-empty subset S of Z>q contains a smallest element. Further-
more, if S is upper bounded, then it contains also a greatest element.

This result will enable us to get the Euclidean division between two non-negative
integers, and thus to study the arithmetic properties of integers.

Theorem 1.2 Given non-negative integers a and b with b > 1, there exists a unique
couple (q,r) of natural numbers such that

a=bg+r and 0<Lr <b.

q is the quotient and r is the remainder obtained when b is divided into a.

Proof Let S be the set defined by
S={a—nb:neZanda—nb>0}.

The set S is clearly a subset of Z>( and S # @ since a € S. Using Axiom 1.1 we
infer that S contains a smallest element denoted by r. Thus, r is a non-negative
integer and we call ¢ the integer satisfying » = a — bgq.

Let us show that r < b. If r =a — bg > b, then a — b(g + 1) > 0 so that a —
b(g+1) € S, and therefore r =a —bq < a—b(q+1) since r is the smallest element
in S. The latest inequality easily gives 1 < 0 which is obviously impossible. We thus
proved that » < b.

To show the uniqueness, suppose there exists another pair (¢’, r’) of integers such
that ¢ # ¢, r #r' and a = bg’ 4+ r’ with 0 < r’ < b. Since a = bq + r, we deduce
that b(q’ —q) =r —r/, and then b|qg’ — g| = |r — /|, and thus b < |r — r'| since
q # q’ implies that |¢’ — g| > 1. But the inequalities 0 < r < b and 0 < r’ < b imply
that |r — r’| < b giving a contradiction. The proof is complete. 0

O. Bordelles, Arithmetic Tales, Universitext, 1
DOI 10.1007/978-1-4471-4096-2_1, © Springer-Verlag London 2012
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Remark 1.3 One can compute g and r. In Q, we have

a_ +r
b 1Ty

and the inequalities 0 < 7 < 1 imply ¢ < § < ¢ + 1 so that

q:[%} and r:a—bq:a—b[%}.

Remark 1.4 There exists a version of the Euclidean division in Z. The result is
similar to that of Theorem 1.2, except that the condition 0 < r < b must be replaced
by 0 < r < |b|. We leave the details to the reader.

Remark 1.5 The particular case r = 0 is interesting in itself. We will say that b
divides a denoted by b | a. Thus, b | a is equivalent to the existence of an integer g
such that a = bq. Recall that one of the most important properties is the following

alb

= al(ax+by) (x,y€Z).
alc

Lemma 1.6 Let a, b € C and n be a positive integer. Then

n—1
a'—b"=(a—->b) Zakb”*kfl.
k=0

In particular, ifa, b € Z, then (a — b) | (a" — b™).

Proof Indeed, the right-hand side is equal to

n—1 n—1 n—1 n—1
Zak+1bn—k—l _ Zakbn—k =a" + Zakbn—k _ Zakbn—k — b =g" — p"
k=0 k=0 k=1 k=1

as required. O

Proposition 1.7 For all |x| < 1 we have

e 1
> oxk= — (1.1)
k=0 -

Proof This is well known and left to the reader. 0
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1.2 Binomial Coefficients

This subject is well known and proofs and examples can easily be found in any book
of combinatorial theory. We only recall here the main properties required.

Definition 1.8 Letn € Nand k € {0, ..., n}. The binomial coefficient (}) is defined

by the formula
ny n!
k) kl(n—k!

Together with well-known results such as Newton’s formula

n

(Cl _|_ b))’l — Z <Z>ankbk

k=0

valid for all a, b € C, it may be useful to have at our disposal some basic estimates
for binomial coefficients.

Proposition 1.9 Let n > 2 be an integer.

(i) Forallintegers k € {1,...,n}, we have
nk n nk
— < < .
k* k k!
(ii) For all integers k € {1,...,n — 1}, we have

—1/8 2 n" < n < 1 n"
e — X ——— < <—=X—F———.
an kk(n —k)nk k JT K (m—k)nk
(iii) We have

g A () _ &
A=< <
A/TTn n

Proof
> The first bounds follow easily from

n_lki1 ,<nk d n_ki1 n—j >nk
()=slle-n<g = ()-11G=)-G)

> The remaining inequalities are immediate consequences of the following Stirling
type estimates [Bee69]

n n
2nn(ﬁ> elZnIJrl <n!<v2nn<ﬁ> eﬁ (1.2)

e e

valid for all n € N. O
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Remark 1.10 With a little more work, it can be proved that

—1/8 n n" n n n"
e X < < X
2nk(n — k)~ kk(n —k)r—k k 2nk(n —k)  kk(n —k)n—k

for all integers k € {1, ...,n — 1}, which is indeed stronger than Proposition 1.9(ii)
since
2 n 1
V=< /< —=.
n 2rk(n—k) ~ 7w

1.3 Integer and Fractional Parts

Proposition 1.11 Let x, y € R. The following assertions hold.

(1) [x]=x+ O(1). More precisely, one can write x = [x] + 0 with 6 € [0, 1[.
(ii) Letn € Z. Then [x +n] = [x] 4+ n and {x +n} = {x}.
(i) [x]+yI<x+yl<[x]+[yI+1.
(iv) Suppose x > 0. Then
> =[xl

n<x

(v) Letd € N and suppose x > 0. Then [5] is the number of multiples of d which
are not greater than x.

(vi) Let a < b be real numbers. Then the number of integers in the interval [a, b]
is

[b—a]l or [b—a]+1.

(vil) Let 0 <6 < % be any small real number. Then

x+d8]l—-[x]=1 < {x}>1-35,
xl—[x—8l=1 <= {x}<6.

We deduce that
1, iflixl <4,
[x+8]—[x—8]1=10, if llxll > 6,
Oorl, if|x||=3.
Proof

(i) It is sufficient to note that x = [x] + {x} with 0 < {x} < 1.
(i1) Since [x +n]=x +n+6; and [x] = x + 6, with —1 < 0; <0, we have

[x +n]—([x]+n)=06; — 6,
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so that |[x + n] — ([x] +n)| < 1 and we conclude by noting that [x + n] —
([x] 4 n) € Z. For the second equality, we have

x+nl=x+n—-[x+n]l=x—[x]={x}.
(iii) Using (ii) we have on the one hand

[x]+ [yl =[[x]+ y] <[x + y].

On the other hand, if x = [x] 4+ 61 and y =[y] 4+ 6 with 0 < 6; < 1, then we
have

[+ y1=[[x]+ [y] 461 + 62] = [x] + [y] + [61 + 62] < [x] + [y] + 1

since 0 < 01 + 6 < 2 implies [67 + 02] =0 or 1.

(iv) an 1 =[x]if x > 1 by convention. If 0 < x < 1, then Zn<x 1=0.

(v) If 0 < x < 1, then there is no multiple of d which is < x and [x/d] =0 in
this case. Now suppose x > 1. An integer m < x is a multiple of d if and
only if there exists a positive integer k such that m = kd < x. Therefore we
must count all integers k between 1 and x /d. Using (iv) we conclude that this

number is
X
> =[5
d

n<x/d
(vi) The number of integers in [a, b] is
[b] — ifadZ,
1= 1— 1=
OREDIED LS I e
a<n<b n<b n<a

Now using (ii), if a € Z then [b] —a+ 1=[b—al+ 1. If a € Z, let us set
a=lal+61,b=[b]+6andb—a =[b—a]+603 with0 < 0 < 1and 0] #O0.
We thus get

[b—a]l— (Ib] —[al) =62 — 61 — 63 €]-2, 1]
and since [b — a] — ([b] — [a]) € Z we conclude that [b — a] — ([b] — [a]) €
(vii) {I_silrigo iiii) we get
0<[X+5]—[x]<3+1<%

and then [x + &] — [x] € {0, 1}. Furthermore, [x + 8] — [x] = 1 if and only
if there exists an integer n such that x < n < x 4§, and in this case we have
n = [x 4 &], which is equivalent to

x}=x—-[xl=x—(n—-1DH=2x—(x+55—-1)=1-54.



6 1 Basic Tools

The computations for [x] — [x — §] are similar. Finally, if ||x|| < 8, then either
{x} <8 or{x}>1-—4§ and thus

[x+48]—[x—él=[x+8—[xI+[x]-[x-é]=1

In the same way, if ||x|| > §,then § < {x} <1 —4§ sothat[x +5] —[x —§] =0.
If ||x]| =6, then either {x} =6 or {x} =1 — 6 and thus [x + 8] — [x — 6] =0
in the first case and [x + §] — [x — §] = 1 in the second case.

The proof is complete. O

1.4 Rolle, Mean Values and Divided Differences
The following result will be used in Chap. 5.

Theorem 1.12

(i) (Rolle 1) Let xo < x1 and F € C[xq, x1] such that F(xo) = F(x}). Then there
exists a real number t €]xg, x1[ such that F'(t) =0.

(i) (Mean-value theorem) Let xo < x1 and f € C [x0, x1]. Then there exists a real
number t €]xq, x1[ such that

fx1) = fxo) = f/(#)(x1 — xo).

(iii) (Rolle 2) Let k be a positive integer, xg < x1 < - -+ < X be real numbers and
F € C¥[xo, x¢] such that F(x0) = F(x1) = --- = F(x¢). Then there exists a
real number t €]xo, xx[ such that F® (1) = 0.

(iv) (Divided differences) Let k be a positive integer, xo < x1 < --- < Xx be real
numbers and f € Ck[xo, xi]. Set P(x) = bpx* + - + bg the unique polyno-
mial of degree < k such that P(x;) = f(x;) fori =0, ..., k. Then there exists
a real number t €]xqg, xi[ such that

(k)
by — f (t)'
k!

Proof

(i) Since F is continuous on the interval [xg, x1], we have F ([xg, x1]) = [m, M]
for some real numbers m and M. If m = M, then F is a constant function on
[x0, x1] and then F’(x) =0 for all x € [xg, x1]. If m < M, and since F(xg) =
F(x1), at least one of the two extrema m or M is attained at a point ¢ €]xg, x1[.
The function F being differentiable at this point, we then know that F’(r) = 0.

(ii)) We use (i) with the function

(x —x0) f(x1) — (x — x1) f(x0)

X1 — X0

x— F(x)=f(x) —
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which satisfies all the hypotheses with

fx) — fxo)

X1 — X0

F') = f(x) -

and F(xg) = F(x;) =0.

(iii) We use induction on k > 1, the case k = 1 being the proposition (i). Sup-
pose the result is true with k replaced by k — 1. We use (i) applied to
each interval [x;, x;1+1] which implies that F’ possesses k zeros y; such that
xi <yi <xjqq fori =0,...,k — 1. The induction hypothesis applied to F’
implies that there exists a point ¢ €]yg, yx—1[ such that (F/)(k_l) (t) =0. Since
1v0, Yk—1[Clxo, xk[, we then find a point # €]xq, xi[ such that F® @) =0.

(iv) We use (iii) applied to the function x — F(x) = f(x) — P(x) by noting that
PO (x) = k! by.

This proves the theorem. g

Remark 1.13 The polynomial P is called a Lagrange polynomial and straightfor-
ward computations give

ko[ k ‘
P(x) =Z(H;__§’_>f(xj)-

j=0\i=0
i#]

Its leading coefficient by is called the divided difference of f at the points
X0, X1, ..., X, and is usually denoted by f[xo, x1, ..., Xi]. One can show that

k
f(x;) A
be=>) ' = (1.3)
=0 nogigk,i;ej (xj —xi) H0§i<j<k(xj — Xi)

with
1 1 1
X0 X1 Xk
A= :
B L o
fxo)  fG) o flx)

and therefore it is important to note that A € Z as soon as x; € Z and f(x;) € Z.
Thus proposition (iv) shows that there exists a real number ¢ €]xg, xx[ such that

k

fx)) _ Y0

(1.4)
= [o<ich,in (xj — xi) k!
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This generalizes the mean-value theorem seen in (ii) since the left-hand side is equal
to

fx) = fxo)

X1 — X0
when k = 1. The case k = 2 can be written as

fO) (1 —x0) = fx1D) (2 — x0) + f o) (2 —x1) _ /(1)

(x1 — x0)(x2 — x0) (x2 — x1) 2

1.5 Partial Summation
This is the famous integration by parts for sums.

Theorem 1.14 Let x > 0 be any real number, a € Z»( and let f : [a,x] —> C and
ge Clla, x].

(i) We have
D gy =gkx) Y fn)— / g/(n( > f(n)>dt-
a<n<x a<n<x a a<n<t

(i) If x > 2, then

ey =g) ) f(p)— /2 o < > f(p)) dt.

PX PSX p<t

Proof

(i) For any integer n € [a, x] and any real number ¢ € [a, x] we set

1, ifn<t,
0, otherwise.

ln(t) = {
Then we have
f 1,(1)g' (1) dr = / g (1)dr =g(x) — g(n)

and therefore multiplying by f(n) we get

f(n)g(n)Zf(n)g(X)—/ L,(1) f(n)g (1) dt
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and summing over n € {a, ..., [x]} we obtain
Y fmgmy=gx) Y fo) - / g/(,)( > ln(r)f(m) d
as<n<x as<n<x a as<n<x

and we easily see that

Yo LOfm= Y fo.

asn<x as<n<t
(ii) This readily follows from (i) by using the following function

1, if nis a prime number,
0, otherwise.

Ip(n) = {

The formula (i) with @ =2 gives

Y g =gx) Y lpm)fn)— /2 g/(r)( > lp(n)f(n)>dt

p<x 2<n<x 2<n<t
=g(x) Y f(p)— / (r)(Zﬂp)) d
p<X p<t
as asserted.
The proof is complete. g

Remark 1.15 The partial summation formula is also called the Abel summation for-
mula since a proof of Theorem 1.14 can be achieved by using the following dis-
crete version of (i) discovered by Abel. If m < n are any non-negative integers and
(ar), (by) are any sequences of complex numbers, then we have

n

n
> abi=by Y ax—bpyian — Z (br+1 = bi) Z ap

k=m+1 k=m k=m+1

which can be proved by using the obvious identity a; = sx — sx—1 where §; =
> h_man forallm < j <n, so that

n
Y aby = Z br(sk — sg—1) = Z kak—Zbk+1Yk

k=m+1 k=m+1 k=m+1

implying the asserted result. One can deduce from this equality the following useful
bound

k

D an

h=m

n

Z arbr| <

k=m+1

{2max(|bm+1| |bn |)+Vm n} IgaX

m<k<n
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where

n—1

Vi =Y Ibxy1 — bil
k=m+1

and if (by) is a monotone sequence of positive real numbers, then

n

Z arbi| <

k=m+1

< 2max(by+1, bn) ma

\\n

Remark 1.16 Within the context of the Riemann—Stieltjes integral (see Sect. 1.7),
the partial summation is nothing but the formula of integration by parts. Indeed,
using (1.5), we can write

D fgm) = fa)gla) + / g(t)d( > f(n))

as<n<x a a<n<t
=f(a)g(a)+[g(t) > f(n)} - f g/(r)( > f(n)) dr
a<n<t a a a<n<t
=gx) Y f)— / g’(t)( > f(n))dt
asn<x a as<n<t

+ f@)(g@ —gx)) + f(a)(g(x) — g(a))

=g(x) ) f(n)—/xg’(t)< > f(n)>dt

a<n<x a a<n<t

which is the result of Theorem 1.14.
As an example, here is a simplified version of the well-known Stirling formula.
Corollary 1.17 Let n > 2 be an integer. Then
log(n!) =nlogn —n+ 14 Ri(n)
with 0 < R (n) < logn.

Proof Since

n
log(n!) = Z logk

k=1
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we get, using Theorem 1.14 with f(¢) =1, g(t) =logt,a=1and x =n

n n
1
1 N=I 1- - 1)de
oxtmy=toan -1 [ (1)
k=1 k<t

n
t
=n10gn—/ udt
1t

" —{t
=n10gn—/ {}d
1 t

n
t
=n10gn—n+1+/ {t—}dt
1

and using 0 < {r} < 1 we obtain

0< /mdt /——logn

which is the desired result. O

1.6 Harmonic Numbers

Definition 1.18 Let x¢ be a real number and f be a bounded integrable function
on the interval [xg, +0o[. The integral of f is said to converge on [xg, +0o0[ if the
function F defined on [xq, +o0o[ by

F(x):/x f(®)dr
X0

has a finite limit as x tends to 4+o0. In this case, the limit is denoted by
+00

f()dr.

X0

Examples 1.19

00 dy 1
— = (a>1),
/1

¢ aoa-—1

/+OO dt 1 ( 1)
= > ,
e t(logt)* ao—1 *

(*>0),

x
+00
/ 00 g = YT 0. > 0).
0
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There is a complete theory of the improper integral, but this book is not meant
to deal with this theory. We leave the details to the reader who may refer to any
undergraduate textbook in analysis. We only mention the following rule that could
be taken as an axiom.

Rule 1.20 (Riemann—-Bertrand rule) Let xo > 1 be any real number and f be a
bounded integrable function on [xq, +00[. If there exist two real numbers C1 > 0
and a > 1 such that the following inequality holds

C
FIGIES t—l (t > xo)

then the integral of f converges on [xg, +00[. The same conclusion holds if there
exist two real numbers C> > 0 and > 1 such that

C>

lfo)] < TGoa?

(t=x022).

Since

Z /n dr =logn

the sequence (u,) defined by

n
1
Uy = Z X —logn
k=1

is non-negative, and since

1 1
M”+1—I/ln=m—10g<l+;><0

we infer that (u,,) is non-increasing, and then converges.

Definition 1.21 We call the Euler—Mascheroni constant, or more simply the Euler
constant, the real number y defined by

n
i 1
y:nl}r}_loo<z E—logn).

This number was introduced for the first time by Euler in 1734 who used the
letter C. The symbol y, now unanimously adopted, might have been first used by
Lorenzo Mascheroni in 1790. An approximation of y is

y ~0.577215664901532. ...
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It is almost paradoxical to notice that although many formulae involving y are
known, we do not know much about y itself. In particular, the problem of the irra-
tionality of y still remains open. However, by using a representation as a continued
fraction, it has been proved that if y is a rational number p/q, then the integer g
must possess at least 242 080 digits. The number y is perhaps slightly less famous
than 7 or e, but plays an important part in number theory.

Theorem 1.22 Let n be a positive integer. Then

n

1
Z% =logn +y + Ra(n)
k=1

with 0 < Ry(n) < 1.

Proof We use partial summation with f(#) =1 and g(¢) = % which gives

n
{r}
=1 11— —-dt.
ogn+ L7

Now since 0 < {t} < 1, we have {t}/t2 < l/t2 and the Riemann—Bertrand Rule 1.20
implies that the last integral converges on [1, +o0[. We deduce that

"1 +o0 {1} +20 (1)
— _logn=1- Y Y
I;k et /1 & +/n 12

and by making n — +00 we get

which gives

"1 +oo {1}

——1 = —dt
S ey [0

k=1 "
and the inequalities 0 < {t} < 1 give

+o00 {t} +00 g4r 1
0< —dt < - =-
12 . 2 n

which concludes the proof. g
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The number

n

Hy=>)"

k=1

| =

is called nth harmonic number and can be encountered in many branches of mathe-
matics. A lot of properties have been discovered for H,, but at the present time the
question of a closed formula remains open. However, we shall see in Chap. 3 that
H, is allied to the famous Riemann hypothesis through a very elegant inequality
due to Lagarias.

1.7 Further Developments
1.7.1 The Riemann-Stieltjes Integral

In what follows, a < b are two real numbers.
The usual Riemann integral can be generalized in the following way. Let f and
g be two real-valued functions defined on the interval [a, b]. We denote by A a
subdivision of [a, b] by the points a = xg < x] < --- < x, = b and the norm of A is
defined by
N(A)= max (Xg41 —Xk).
<kn—1

A tagged subdivision of [a, b] is a pair (A, &) where A = {xg, ..., x,} is a subdivi-
sion of [a, b] and & = {£1,...,&,_1} with & € [x, xk41].

We call Riemann-Stieltjes sum of f with respect to g for the tagged subdivision
(A, &) of [a, b] the sum SA(f, g) given by

n—1

Salf,8) =) fE)(gCxs1) — g(x0)).
k=0
Definition 1.23 If the limit limy(a)—0 SA(f, g) exists independently of the man-

ner of subdivision and of the choice of the number &, then this limit is called the
Riemann—Stieltjes integral of f with respect to g from a to b and is denoted by

b
/ fx)dg(x).

Note that this integral reduces to the Riemann integral if g(x) = x. This definition
easily extends to complex-valued functions by setting

b b b
f F@)dgn) = / Re f(x) d(Reg(x)) — f Im £ (x) d(Im g (x))

b b
+i</ Ref(x)d(lmg(x))—l—/ Imf(x)d(Reg(x))).
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We do not precisely determine the pairs (f, g) for which the Riemann-Stieltjes
integral exists, and the reader interested in this subject should refer to [Wid46].
However, the following class of functions plays an important role in number theory.

Definition 1.24 A function g defined on [a, b] is of bounded variation on [a, b] if
there exists M > 0 such that, for all subdivisions a = xp < x| < --- <x, = b we
have

n—1
> g Caar1) — x| < M.
k=0

The smallest number M satisfying this inequality is called the total variation of g
in [a, b] and is denoted by V[, 5)(g) or Vab(g).

It can be shown that a real-valued function of bounded variation on [a, b] is the
difference of two non-decreasing bounded functions. Furthermore, if f and g are of
bounded variation on [a, b], then so are f 4 g and fg and we have

Vo +8) S V() + V),
V2(fe) < sup [f)] x V(@) + s;lpb]’g(x)’ x VP(f).
x€la,

x€la,b]

Finally, if g € C'[a, b], then we have

b
ﬁ@=fwuwx

A sufficient condition of the existence of the Riemann—Stieltjes integral is given
by the following result.

Proposition 1.25 If f is continuous on [a, b] and if g is of bounded variation on
[a, b], then the integral f ab f(x)dg(x) exists.

The usual properties of the Riemann—Stieltjes integral are similar to those of the
Riemann integral. We list some of them in the following proposition.

Proposition 1.26 Letr f, f1, f2 be continuous functions on [a,b] and g, g1, g2 be
functions of bounded variation on [a, b].
(i) For all constants oy, an, By, B2, we have

2

b b
/ a1 i) +a2 a0} d{Brg1(x) + Baga(x) } = Z ai,Bj/ Ji(x)dgj(x).

i,j=1

(ii) Forany a, b, c € R we have

b c b
/f(X)dg(X)Z/ f(X)dg(X)+/ f(x)dg(x).
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(iii) We have

b b
/ F)dg()| < f F@lavi@ < s 7] x Vi@,
a a x€la

(iv) Suppose f1 is of bounded variation on [a, b], f» and g bounded on [a, b]. Then

(| A®]+ Vi) sup

tela,b

b
/ J1(x) f2(x) dg(x)| <

/ f2(x)dg(x)

provided that the integrals exist.

The differential dV,f(g) is sometimes abbreviated |dg(x)|, so that (iii) can be
rewritten in the form

b b
/ F)dg()| < / )| dg@)-

One of the main weaknesses of the Riemann—Stieltjes integral is that the integral

b
f f(x)dg(x)

does not exist if f and g have a common discontinuity in Ja, b[. Nevertheless, if f
is continuous, this integral is often used in number theory to express various sums
in terms of integrals. In particular, the Riemann—Stieltjes integral provides a natural
context for Abel’s summation seen in Sect. 1.5. More precisely, suppose a < b are
real numbers and f is continuous on [a, b]. Then we have

S Fgn) = / f(x)d(

a<n<b a<n<x

g(ﬂ))- (1.5)

Note that there is some freedom in the interval of integration, since the left end-
point can be any number in [[a], [a] + 1[ and the right endpoint can be chosen in
[[P], [P] + 1[, without changing the value of the integral. However, one must be
careful in choosing these endpoints of integration. For instance, we have

Z _1+Z _1+/ ld(Zl)zl—l—/nM.
ik YO\ L

In view of (1.5), the Abel summation formula is nothing but the integration by
parts for the Riemann—Stieltjes integral.

Proposition 1.27 (Integration by parts) If f is of bounded variation and g is con-
tinuous on la, b[, then the integral fab f(x)dg(x) exists and we have

b b
/ f(X)dg(X)Zf(b)g(b)—f(a)g(a)—/ gx)df(x).

a
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Proof We choose an arbitrary subdivision A of [a, b] and numbers & € [xg, xg+1].

—~

For convenience we set £_1 = a and &, = b, so that we have a subdivision E of
[a, b] such that

Since

X —a, ifk=-—1,
Ekr1 — &k <) X2 — Xk, fO<k<n =2,
b—x,_1, ifk=n-1,
we have N(E) < 2N (A). Using Abel’s summation as in Remark 1.15, we get

n—1

Sa(f.g) = fEo)(g(x1) — g(@) + Z F & (8Gorr1) — g(xi)

k=1

n—1

= f(&0)(g(x1) — g@)) + f(En-1) Z(g(ka) — g(xz))

k=1

n—2 k

=Y (fEr) — FED) Y (8Gxj41) — g(x)))
k=1 j=1

= &) (g(x1) — g(@) + fEn1)(g(®) — g(x1))

n—2

= (FE) = FED) (8Caarn) — g(x1))
k=1

= f(&)(e(x1) — g(@) + fE—1)(g(b) — g(x1))
n—1
- Zg(Xk)(f(%‘k) — f&—D) + gD (f E1) — f(ED)
k=2

= f(b)gb) — fl@)gla) — Y _ g (f (&) — f 1))

k=0

= fb)gb) — fla)g(a) — Se(g, f)-

Since N(E) < 2N(A), the sum on the right-hand side tends to fabg(x) df(x) as
N (A) tends to 0, which concludes the proof. O

The proof shows that Abel’s summation and integration by parts are closely re-
lated, and more precisely that the latter depends on the former. Conversely, one can
prove that Abel’s summation can be recovered from Proposition 1.27 (see [MVO07]).
The following example is very useful.
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Examples 1.28 (Harmonic numbers) For all x > 1, we have

I _M
Z; logx +y +0<x>

n<x

Proof Using (1.5) and Proposition 1.27, we get

Zl:]+/x@
n 1

n<x
_1+/" dr /X dwt(t)

—l+10gx—w+¢(1)_ %d
L / 4020
2 X 1
= 1 +1logx — ¥ _ WZ(X) _ 1ﬁ2(f)
2 x

1

Basic Tools

Now since |2 (¢)| < 1/8, the last integral converges by Rule 1.20, so that we get

S g Lo [T YO0, |
n 2 1 :

13 X x2
n<x

Since y = lim (3 — log x), by letting x —> oo we get
X—>00

n<x n

o Wz(t)dt

and therefore

X X
n<x

and we conclude by the estimate

1

V2 (x) /Oo V(1) 1 /Oo dr
‘ x2 + PR 8x2 + 4 ), 13 4x2

as required.

IR IR GO R - C) +2f°° 0P
n . t

(1)
.
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1.7.2 The Euler—MacLaurin Summation Formula

Let f be a function of bounded variation on [a, b]. Then using (1.5) and Proposi-
tion 1.27 we get

b b b
> f(n)=/ f(X)d[X]=/ f(X)dx—/ S @) dy(x)

a<n<b

b b
=/ f(X)dx+f(a)1ﬂ(a)—f(b)lﬂ(b)Jr/ V(x)df(x)

so that we have by Proposition 1.26 (iii)

b
> [ =/ fO)dx + f@y (@) — By (B) + OV () (1.6)

a<n<b

and if f € C'[a, b] then we get the following more accurate identity

b b
> for= [ st f@v@ - fowe) + [ revwaer 1

a<n<b

which is usually called the Euler summation formula. If f has derivatives of higher
orders, this can be generalized by integrating by parts repeatedly. The process makes
some polynomials appear, often denoted by By (x) and called the Bernoulli polyno-
mials. These polynomials can be defined by induction by first setting By(x) = 1
and, for all k € N, by putting

d
aBk(X) = kBy—1(x).

Thus, apart from the constant term, By (x) is determined by this differential equation.
The constant term, still denoted by By and called the kth Bernoulli number, is given
by the additional following condition

1
/ Bi(x)dx=0 (k=1
0
which is equivalent to Bj41(1) — B+1(0) = 0 for all positive integers &, so that we
have
Bi(1) = Bx(0) = By  (k=2).

One can prove by induction that, for all k£ > 0, we have
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Table 1.1 Bernoulli numbers

RI= —
()
~

By, 1 —

=
|

W)

<

Either one of these formulae can be used to discover inductively some properties
of the Bernoulli numbers and polynomials. For instance, if k is odd, then we have
By =0 for all k > 3 and Bi(x) = —By(1 — x) for all £k > 1. If k is even, then
Bir(x) = Bx(1 — x) for all kK > 0. Table 1.1 gives the first values of B.

The repeated integration by parts of the Euler summation formula gives the func-
tions By ({x}), usually called the Bernoulli functions. These functions are periodic
of period 1 and, for all k > 2, they are continuous since B (0) = Bi(1). Also note
that

1 1
Bi({x}) = {x} - 7= Y(x) and  B(fx}) =2¢2(x) + 3

The periodicity of the functions By ({x}) enables us to consider their expansions in
Fourier series. When k > 2, the series is absolutely convergent and By ({x}) is con-
tinuous, so that the series converges uniformly to Bx({x}). For k = 1, the function
¥ (x) has a jump discontinuity at the integers, but is also of bounded variation in
[0, 1] so that the partial sums of its Fourier series converges to ¥ (x) when x & Z.
The usual computations from Fourier analysis provide the following result.

Proposition 1.29 (Fourier series expansions) If x & Z, we have
o0 .
sin(2whx)
Y = ]; —

When x € Z, the series converges to 0. Furthermore, for all k € N, we have uni-
formly in x

>, sin(27hx)
Boit1 (x}) = 2(= ¥ 2k + 1)) }; sy
>, cos(2hx)
B ({x}) = 2(—= D! 2k hX:; T

These formulae are of great use. For instance, taking x = 0 in the second identity
above provides the following result discovered by Euler.

Proposition 1.30 (Zeta-function at even integers) For all integers k > 1, we have

o ykt1a2k—1_2k Bak
¢y =(=1)"""2"""n 20!
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where

21
((0)=E n_" (0 >1).
n=1

Hence ¢ (2k) is a rational multiple of 77 2. For example, ¢(2) = 72/6 and ¢ (4) =
74/90. It is interesting to note that no similar formula is known for ¢(2k + 1),
although it has been proved that it is not a rational multiple of 7**!. One can also
notice that, since 1 < ¢(2k) < 1+ 4% we have for all k > 1

(2k)!
22k—1 2k

(2K)!

Starting from (1.7) and using induction and the properties of the Bernoulli polyno-
mials seen above, we get the following important result.

Theorem 1.31 (Euler—MacLaurin summation formula) Let a < b be real numbers,
keNand f € C*la, b]. Then we have

Y fy=

a<n<b

B;(p)) fY=Vb) — B;({a}) fYV V(@)

—Rysx)
where

_1\k
Ry(x)= %/ By ({x}) £ (x) dx.

In practice, it can be interesting to have at our disposal some simpler versions.
Along with identity (1.7), we will prove the following corollary.

Corollary 1.32 (Euler-MacLaurin summation formula of order 2) Let x > 1 be a
real number and f € C2[1, +0o0[. Then we have

Yo fm= /f(t)dt+&—¢( ) )+ Y2(0) f/(x) = /1W2(t)f”(t)dl-

n<x

Furthermore, if f(t) has a constant sign on [1,400[ and if lim;—.~ f'(t) =0,
then there exists a constant yy such that

Zf(n) /f(t)dt+yf v(x) fx)+ 5 {I/I(X) f(x)+f V() f”(t)dt}

n<x
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Proof The first identity follows from (1.7) and an integration by parts. Indeed, by
(1.7), we have

Yo fm=f+ Y fm)

n<x l<n<x
=f(1>+fl f(t)dt+1ﬂ(1)f(1)—1/f(x)f(x)+/l £ dya ()

=/1 f(t)dt+&—1ﬁ( ) f () 4+ Y2(0) f/(x) — Y2 (D) £/ (1)

_/1 V(1) (1) dt

which is the asserted result since ¥ (1) = 0. For the second identity, suppose that
f” > 0 and fix a real number ¢ > 0. Since lim;_, o, f'(¢) = 0, there exists a real
number A = A(g) > 0 such that, for all # > A, we have | f'(¢)| < &. Now let z >
y > A be two real numbers. Since f” > 0 and is continuous, we have

/yzwsz”(t)dz ff”(r)dr ALl BN
50 that the integral
/loo Yo (1) f (1) de
converges by Cauchy’s theorem. Setting
vr= f(l) f Ya(0) f7 (1) dr

and using the first identity above, we therefore get
Z fn)= / F@dt +yr =) f(0)+ Y2 x) f'(x) +/ Yo (1) £ (1) dt
n<x

2
and we conclude the proof with ¥ (1) = ‘”(2[) - %. The case f” <0 is similar. [

1.8 Exercises

1 Let a, b be positive integers. In the Euclidean division of a by b, the quotient
q and the remainder r satisfy r > g. Show that, in the Euclidean division of a by
b+ 1, we get the same quotient.
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2 Let a, q be positive integers. We denote by S, the set of positive integers b such
that g is the quotient of the Euclidean division of a by b. Show that

a

D151 =a.

g=1

3 Letm,n € Z\ {0}. Show that

() [2]> 2t

(i) If mtn, then [2] < =1,

m

(iii) Suppose 1 < m < n. Then

n n—11_ 0, ifmtn,

m m - 1, ifm|n.
4 Let x > 1 be a real number and f be any complex-valued function. Let g €
C! [1, x] be a complex-valued function. Suppose that

gx) Y fn)—0

n<x

as x tends to +oo. Using partial summation, show that

Y f)gn) =~ /1 g'(0) (Z f(n)> d
n=1

n<t

in the sense that if either side converges, then so does the other one, to the same
value. Deduce that we also have

D fmgm)=—gx) ) fn) - f g’(r)(Zf(n)) dr.

n>x n<x n<t

5 Let (a,) be a sequence of complex numbers such that |a,| < 1 and suppose there
exists a positive real number M such that

n

>a

k=1

<M (nx=1).

Prove that

[od]
>
n

n=1

<logM + 1.
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6If feC l[a, b] where a < b € R, then the following inequality due to Sobolev

1 b b
|fo)] < m/ \f(z)\dr+/ | £/ ()] dt

valid for any real number x € [a, b], plays an important part in analytic number
theory where it was used by Gallagher in the theory of the so-called large sieve (see
Lemma 4.76 and Theorem 4.77). This exercise proposes a discrete version of this
inequality.

Let N be a positive integer and ay, ..., ay be any complex numbers. Show that
forany n € {1, ..., N} the following inequality holds

Zak + Z lax+1 — axl.

lan| <

7 Let x > 2 be any real number, f € C'[2, +00[ and

O(x)=> logp

p<x

be the (first) Chebyshev prime number function (see Chap. 3). Prove that
f( )9() /X d(f@)
o) —|——)dt
Zf() 00 3 iogr

8 In what follows, x > 2 is a sufficiently large real number. We define the logarith-
mic integral by

*odr

Li(x) = —.
1x) » logt

(a) Prove that

X +/‘x dr LiCx) + 2
— ——— =Li(x) + —.
logx  J, (logt)? log2

(b) We set

Tx)=>» 1

P<x

the prime number counting function (see Chap. 3). Suppose that we have at our
disposal the following upper bound

|6(x) — x| < R(x)
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where R is an integrable, non-decreasing function satisfying \/xlogx < R(x) <
x for all x > 2. Using the result of Exercise 7, show that

5R(x)
log x

|7 (x) — Li(x)| <
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Chapter 2
Bézout and Gauss

2.1 Bachet-Bézout’s Theorem

Let a be a positive integer. In this section, we denote by D(a) (resp. M (a)) the set
of positive divisors (resp. multiples) of a.

Theorem 2.1 Let a, b be any positive integers.

(1) The set D(a,b) = D(a) N'D(b) has a greatest element d called the greatest
common divisor of a and b denoted by d = (a, b).

(ii) The set M(a,b) = M(a) N M(b) has a smallest element m called the least
common multiple of a and b denoted by m = [a, b].

Proof We only prove (i). The set D(a, b) is a non-empty subset of Zx>¢ since it
contains 1 and is upper bounded by min(a, ). We conclude the proof by appealing
to Axiom 1.1. 0

Definition 2.2 Two positive integers a and b are said to be coprime, or relatively
prime, if and only if (a, b) = 1.

Examples 2.3 (6,15) =3 and [6, 15] = 30. The integers 25 and 14 are coprime and
[25, 14] = 350.

Remark 2.4 Theorem 2.1 shows at once that (b, a) = (a, b) and [b, a] = [a, b]. We
obviously have (a, b) | [a, b]. We also extend Theorem 2.1 to all integers by setting

(a,b)=(lal,|b]) and [a,b]=[lal,|b]
so that, for any integers a, b € Z \ {0}, we will always have
(a,b)>1 and [a,b]>1.

Also, we set (a,0) = |a] and [a,0] =0 so that (a,1) =1, [a, 1] =|a| and, if a | b
then (a, b) = |a| and [a, b] = |b| for all a, b € Z.

O. Bordelles, Arithmetic Tales, Universitext, 27
DOI 10.1007/978-1-4471-4096-2_2, © Springer-Verlag London 2012
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The following result gives essential information about the gcd.

Theorem 2.5 Let a, b be any integers and d be a positive integer. Then d = (a, b)
ifand only if d | a, d | b and there exist integers u, v such that d = au + bv.

Proof Suppose first that d = (a, b) so that obviously d | a and d | b. Now define the
set E by
E= {ax+by:(x,y) €7’ and ax +by > 1}.

Clearly E C Z3( and E # & since |a| or |b] is an element of E. By Axiom 1.1,
we infer that E contains a smallest element § > 1 and we set (u, v) € 7?2 such that
8 = au + bv. Let us prove that § = d. If we had § 1 a, the Euclidean division of §
into a would give

a=06q+r and O<r<$§

and then we would have
r=a—38qg=a—q(au+bv)=a(l —qu) + b(—qv)

which implies that » € E, and then r > §, which contradicts the inequality r < d.
Hence we have § | a, and we prove § | b in a similar way. Now let ¢ be another
positive integer dividing a and b. We then have ¢ | (au 4+ bv) = §, and thus ¢ < 6,
which proves that d = § = au + bv. Conversely, since d | a and d | b, we infer
that d < (a, b). On the other hand, since (a, b) | a and (a, b) | b, we have (a, b) |
(au + bv) = d which implies that (a, b) < d, so that d = (a, b), and the proof is
complete. O

As a corollary we get at once the important Bachet—Bézout theorem.

Corollary 2.6 (Bachet-Bézout) Let a, b be any integers. Then a and b are coprime
integers if and only if there exist integers u, v such that au + bv = 1.

Remark 2.7 The integers u and v, called Bézout’s coefficients of a and b, are not
unique since we can write

au+bv=au+kb)+b(v—ka) (keZ).
Theorem 2.5 provides a useful criterion for the gcd.

Corollary 2.8 Let a, b be integers and d be a positive integer. Then

) d d|b
d=@b) s (O dlaedl
@) cla,clb = c|d.
Proof The sufficient condition is obvious. Conversely, if d = (a, b), then d satis-
fies (i) and Theorem 2.5 provides integers u, v such that d = au + bv, so thatif ¢ | a
and c | b, then c | (au + bv) = d as required. O
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2.2 The Euclidean Algorithm

The computation of the gcd can be achieved by using the following observation
discovered by Euclid.

Theorem 2.9 Given a, b,k € Z \ {0} we have
(a,b)=(a,b+ka).

Proof If di = (a,b) and dy = (a, b + ka), then it is easy to see that d; | a and
dy | b imply that d; | a and d; | (b + ka) so that d; | d2. Conversely, since d | a and
dr | (b + ka), we infer that dp | a and d | (b + ka — ka) = b so that d | d;. This is
the desired result since dy, d> > 1. O

Now let a > b be positive integers for which we want to compute their gcd. By
making use of the former result, we could proceed in the following way.

(1) If b | a then (a, b) = b. Otherwise, the Euclidean division of ro =a by r{ =b
provides two unique integers ¢; and r such thata = bg; +r; and 0 < rp < b,
and Theorem 2.9 with k = —q; gives

(a,b) = (b,a — bq1) = (b, r2).

(ii) If ro | b then (a, b) = (b, rp) = rp. Otherwise, the proof proceeds as before so
that we get two unique integers g, and r3 such that

(b,r2) = (r2,13).

(iii) Andsoon...

This algorithm, derived by Euclid, gradually constructs a strictly decreasing se-
quence of natural integers (). Hence there exists a non-negative integer n such that
rp # 0 and r,4+1 =0 and we get

(@a,b)=(b,r)=>02r3)==n1,) =0n,0) =ry.

With a little more work, one can even estimate the number of divisions required
in this algorithm to obtain the gcd. The following result is a version of a theorem
proved by Lamé.

Proposition 2.10 (Lamé) Ler 1 < b < a be integers. Then the number of divisions
necessary to compute (a, b) in the Euclidean algorithm does not exceed

[logb]
+1
log @

is the golden ratio.

where ® = H'Tfs
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Proof The proof uses the Fibonacci numbers F, and their connection with the
golden ratio. Recall that & is the positive solution of the equation x> = x 4 1 and
that Fibonacci numbers are the terms of the Fibonacci sequence (Fy) defined by

Fo=0, F1 =1
Fopo=Fna+F ®z=0).

An easy induction shows that the following lower bound
Fp>o"? @1

holds for any positive integer n. Now consider the Euclidean algorithm with n > 2
steps written as

ro=riq1+nr O<rm<n
ri=nrq+r3 O<r3<nr

Tn2=Ttn_1qn-1+rn 0<r,<r,_g
"n—1 ="Tnqn

(with a =rg and b = ry). Let us prove by induction that
ek = Fryo (k=1,...,n). (2.2)
Note first that g, > 2 since r,_| = g,r, and r,, < r,_1 and therefore
Fne1 =Tnqn 2 qn 22=F3
so (2.2) is true for k = 1. It is also true for k = 2 since
Tn—2 =Tn-1qn—1+1rn Zrp—1+rm=22+1=3=F,
Now suppose that (2.2) is true for some k. We have
Tn—k—1 = Fn—kqn—k + Yn—k+1 2 'n—k + 'n—k+1
and by induction hypothesis we get
Tn—k—1 2 Fryo + Fip1 = Fiys
which proves (2.2). We now use (2.2) with k =n — 1 to get
b=r1=>F

and (2.1) implies then that

logb
n<
log @
which completes the proof. g

+1
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Example 2.11 Let us show how the Euclidean algorithm could be used to get a gcd
and Bézout’s coefficients associated to it. Let d = (18459, 3809). We have

4 1 5 2
18459 3809 3223 586 293
3223 586 293 0

where the quotients are written in the first line and the remainders are in the second
and third lines. We then obtain d = 293. We also have

18549 = 3809 (4) + 3223
3809 =3223 (1) + 586
3223 = 586 (5) + 293

which we can rewrite as

18459 43809 (—4) +3223 (—1) =0 |x6
3809 (1) +3223(—=1)+3586(—1)=0 |x(=5)
3223 (1) +586 (—5) =293 | x1

which immediately gives

18459 x (6) + 3809 x (—29) = 293.

2.3 Gauss’s Theorem
The following result is fundamental.

Theorem 2.12 (Gauss) Let a, b, ¢ be any integers. Then

albc

(a,b):l} = alc.

Proof Since (a, b) = 1, using Bachet-Bézout’s theorem we have integers u, v such
that au 4+ bv = 1. Multiplying both sides of this identity by ¢ and using the fact that
there exists k € Z such that bc = ka, we get

c=acu + bcv=acu + kav =a(cu + kv)

which is the desired result since cu + kv € Z. O

This result has, along with Bachet-Bézout’s theorem, a lot of consequences. The
following proposition summarizes some of them.

Proposition 2.13 Let n, r be positive integers and a, b, c, ay, as, ..., ar, k be any
integers.
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(1) (ka, kb) = |k|(a, b) and [ka, kb] = |k|[a, b].
(ii) Ifd = (a,b) and a =da’ and b =db', then (a’,b') = 1.
(iii) (a, b) x [a, b] = |ab|.
@iv) (a,b)=1= (a, bc) =(a,c).
) @, b")=(a,b)" and [a",b"] =[a, b]".

(vi)
alc
b|c = ab]ec.
(a,b)=1
More generally, we have
ay|b,...,a, | b

i#j = (ai,aj)zl} = aarlb
(vii) Suppose (a,b) =1 and k > 1. If ab = c* for some positive integer c, then
there exist positive integers r, s such that a = r* and b = s*.
(viii) Suppose 1 <k <n. Then
n | n
(n,k) \k)

Proof Without loss of generality, we prove the theorem by considering that a, b, ¢
and a1, ay, ..., ar, k are positive integers.

(i) We set d = (a, b). Clearly we have kd | (ka, kb) since kd | ka and kd | kb.
By Theorem 2.5, there exist integers u, v such that d = au + bv so that kd =
u(ka) + v(kb) and therefore, using Theorem 2.5 again, we infer that kd =
(ka, kb).

Next we set m = [a, b] and M = [ka, kb]. km is a common multiple of ka
and kb so that km > M. Conversely, since ka | M and kb | M, we deduce that
the integer M/ k is a common multiple of a and b, and thus M /k < m, which
gives M < km, and therefore M = km.

(i) We have d = (a, b) = (dd’,db’) =d(a’, b’) so that (a’,b") = 1.

(iii) Suppose first that (a, b) = 1. We obviously have [a, b] < ab since these two
numbers are common multiples of @ and b. On the other hand, since a | [a, b],
there exists a positive integer ¢ such that [a, b] = ga. Since b | [a, b] = qa
and (a,b) = 1, Gauss’s theorem implies that b | ¢, so that b < g and thus
ab < ga = [a, b]. Hence we proved that [a, b] = ab as soon as (a,b) = 1.
Now if (a,b) =d > 1, we set a = da’ and b = db’ with (a’,b’) = 1. We then
have

— / 2 /ARNA //_%_ ab
[a,b] = [dd',db'| = d[d', b'] = da'b = — = b

giving the asserted result.

(iv) Wesetd = (a,c) and D = (a, bc). Clearly, d | D. Conversely, since D | a and
D | bc, we have D | ac and D | bc so that D | (ac,bc) =c¢ x (a,b) = c, and
thus D | d.
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(v) We first note that (iii) implies by induction that (a,b) =1 = (a, ") =1 and
similarly (0", a) =1 = (b", a"") = 1, so that we have

(@ab=1 = (@ b")=1.
Now set d = (a, b) and a =da’, b = db’ with (a’,b’) = 1. We get
(an’bn) — (dna/nydnb/n) :dn(a/n’ b/n) :dn — ((l,b)n.

Next we use (iii)

n bn _ anbn _< ab )n_[ b]n
') = G =@ ) =l

(vi) There exists a positive integer g such that ¢ = ga and then we get

blqga

(a,b):l} = blq
by Gauss’s theorem. Thus, ¢ = hb for some positive integer # and then ¢ =
ga = hba so that ab | c. The second assertion follows by an easy induction.

(vii) Let d = (a, c). First, we have d¥ | ¢* = ab and since (d,b) = ((a,c),b) =
(c, (a,b)) = (¢, 1) = 1, we have (d¥, b) = 1 and Gauss’s theorem implies that
d* | a. On the other hand, if we set a = da’ and ¢ = d¢’ so that (a’,c") = 1,
then the equality ab = c¥ is equivalent to a’b = d*~1¢’*, so that a’ | d*~'¢/*
and since (a’, ¢’*) = 1, we have a’ | d*~! by Gauss’s theorem again, so that
a | d*. Hence we geta = d* and b = (c/d)*.

(viii) We setd = (n, k) and n =dn’, k = dk’ with (n’, k") = 1. We have

(™) = n—1
k k—1
and the binomial coefficient of the right-hand side is an integer since n,k > 1,

therefore we have
n |k "
i)

Since (n’, k') = 1, Gauss’s theorem implies that
/ | n
n
k

The proof is complete. g

which is the desired result.
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2.4 Linear Diophantine Equations

In this section, a, b, n are any integers satisfying ab # 0 and we set d = (a, b). Any
equation of the form ax + by = n with (x, y) € Z? is called a linear Diophantine
equation. The aim of this section is the resolution of such equations. We begin with
an important observation.

Lemma 2.14 Let a,b,n € Z such that ab # 0 and set d = (a, b). Then the Dio-
phantine equation ax + by = n has a solution in Z? if and only if d | n.

Proof If n =0thend | n and (x, y) = (0, 0) is a solution. Now suppose n # 0. We
also define (u, v) € Z? such that d = au + bv. Suppose first that the equation has
at least one solution (x, y) € Z2. Since d | a and d | b, we get d | (ax + by) =n.
Conversely, suppose d | n. Set xo = nu/d and yo = nv/d. Note that (xo, yo) € Z>
and we have

anu +bnv n

axo+byo = 7 —g(au—l—bv):n.
Thus, the pair (xo, yo) = (7, “g) is solution of the equation. O

The solutions are completely determined by the following result.

Proposition 2.15 Let a, b, n € Z such that ab # 0 and set d = (a, b). Suppose that
d | n and let (xo, yo) be a particular solution of the Diophantine equation ax +by =
n. Then the solutions are given by the following formulae

kb
x:xo—l-;
~ ka (keZ).
Yy =0 d

Proof Define a =da’, b =db’ and n = dn’ so that (a’, b’) = 1. The equation is
equivalent to a’x + b’y =n’. Let (x, y) be a solution distinct from (xg, yo). From

ax+by=axg+by
we get
a'(x —x0) =b'(yo — y) (2.3)

with y — yg € Z, so that b’ | a’(x — xg). Since (a’, b') = 1, Gauss’s theorem implies
that

b'| (x — xo)

so that there exists k € Z such that x = xo + kb’. Replacing x — xo by kb’ in (2.3)
gives y = yg — ka’. Conversely, we check that the pairs (x, y) = (xo +kb’, yo—ka’)
with k € Z are solutions of the equation. g
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Example 2.16 Solve in Z? the equation

18459x + 3809y = 879.

Answer Set d = (18459, 3809). Using Example 2.11 we know that d = 293 and
since 879 = 3 x 293, Lemma 2.14 implies that this equation has at least one solution
in Z2. It is equivalent to 63x + 13y = 3 and we have seen in Example 2.11 that
63(6) + 13(—29) = 1, so that the pair (xq, yo) = (18, —87) is a particular solution
of the equation. Let (x, y) € 72 be a solution. We have

63x + 13y =63(18) +13(—87) <= 63(x —18) =13(—y —87)

so that 13 | 63(x — 18). Since (63, 13) = 1, Gauss’s theorem implies that 13 | (x —
18), and hence there exists k € Z such that x = 18+ 13k. This gives y = —87 — 63k.
Conversely, we check that the pairs (18 + 13k, —87 — 63k) are solutions of the
equation. Thus, the set of solutions is

S={(18+ 13k, —87 —63k) : k € Z}.

Example 2.17 (Money changing problem) In how many ways can we obtain a sum
of $34 with only $2 coins and $ 5 bills?

Answer We have to count the number of solutions in (Z;o)2 of the equation 2x +
5y = 34. Using Proposition 2.15 we get

x=245k and y=6-2k (keZ)

as solutions in Z2. The condition (x, y) € (Z>0)2 holds if and only if —2/5 < k < 3,
which gives k € {0, 1, 2, 3}, and hence the equation has four solutions in (Z>0)2, and
thus there are four ways to get $34 with only $2 coins and $5 bills.

2.5 Congruences

Introduced by Gauss, congruences are a very efficient tool in number theory. In what
follows, n is a positive integer.

Definition 2.18 Let a, b be any integers and let n be a positive integer. We say that a
is congruent to b modulo n, and we write a = b (modn), if and only if n | (a — b). If
nt(a — b), we say that a and b are incongruent modulo n and write a # b (modn).

Examples 2.19

1. 42=0 (mod?2), 42 =10 (mod2), 42 #£ 15 (mod 2), 42 = 120 (mod?2).
2. 10=1 (mod9) and 10=—1 (mod 11).
3. n is even (resp. odd) if and only if n =0 (mod 2) (resp. n = 1 (mod?2)).
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4. If the decimal representation of a positive integer n is n = a,a,_1 ---ap with
0<a; <9 (fori=0,...,r)and a, # 0, then, for any integer k € {1,...,r + 1}
we have

n=ai_1---dg (mod IOk).

5. For any integers a, b, we have a = b (mod 1).

Remark 2.20 Given a fixed integer a, there is no unicity of the integer » such that
a = b (modn) since this relation means nothing but that there exists k € Z such that
a = b + kn. Thus, we can choose b depending on the result aimed at. In particular,
it is of great interest to take b as the remainder of the Euclidean division of a by
n. Indeed, we have in this case 0 < b < n, i.e. a reduction phenomenon. Let us also
mention that the relation ¢ = 0 (modn) means 7 | a, and it is not hard to see that,
if a = b (modn), then for any positive divisor d of n, we also have a = b (modd).
The following theorem summarizes the main properties of congruences.

Proposition 2.21 Leta,b,c,d, x,y € Z and n, d be positive integers.
()
a=a (modn) (reflexivity)

a=b (modn) <= b=a(modn) (symmetry)

a=b (modn)

b=c (modn) } = a=c (modn) (transitivity).

In other words, congruence is an equivalence relation.
(i1) Ifa=b (modn) and c =d (modn), then we have

ax +cy=bx +dy (modn) and ac=bd (modn).
(iil) If m is a positive integer, then we have
a=b (modn) = a"=>b" (modn).
(iv) (Gauss’s theorem) Here is a congruence version of Theorem 2.12.

ac = bc (modn) _
(c,n):l} — a=b (modn).
(v) (Generalization of Gauss’s theorem) We set d = (c, n). Then we have

ac=bc (modn) <= a=b (modn/d).

Proof We leave the proofs of (i) and (ii) to the reader as an exercise. They directly
derive from the definition.
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(iii) Using Lemma 1.6 we know that (a — b) divides (¢ — b™) so if n | (a — b),
then n | (@™ — b™).
(iv) The system can be written as

n|(a—>b)c
(c,n)=1

so that Gauss’s theorem immediately yields n | (a — b).

(v) We setd = (c,n) and ¢ =dc’, n = dn’ so that (¢/,n’) = 1. Suppose first that
ac = bc (modn). Then there exists k € Z such that ac — bc = kn and so ac’ —
bc’ = kn’. Thus we have

{n/ | (@ —b)c’

(c,n)y=1

and Gauss’s theorem then implies that n’ | (@ — b). Conversely, if (n/d) |
(a — D), then

(nc/d) =nc’ | c(a —b)
and since n | nc’, we obtain n | c(a — b).

The proof is complete. g

Example 2.22 Find the remainder of the Euclidean division by 7 of
10 )
A=Y"10""
k=1
Answer 102 =2+ 7 x 14 and hence 102 =2 (mod 7), and thus'
10°=(10%)’ =2 =8 =1 (mod 7).
On the other hand, for every integer k > 2, we have

3|41 -1)

by using Lemma 1.6, and hence 6 divides 4(4]‘_1 —1), and so 4 =4 (mod 6). Since
10 = 4 (mod 6), we deduce that 10 =4 (mod6) for k > 2. The congruence being

'We could also use Fermat’s little theorem. See Theorem 3.15.
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also true for k = 1, we have
10 " 10
A — Z 1010 — Z 104+6h
k=1 k=1
10 10
= Z 10* = 24
k=1 k=1

=10x4=3x4=5 (mod7).

Example 2.23 Let a,b € Z and n be a positive integer such that a = b (modn).
Prove that

=b" (modn?).
Answer Using Lemma 1.6 we get
n—1
_bn — (Cl _b)zakbn_k_l

k=0

and we know that a — b =0 (modn) and

n—1 n—1
Z:akb”*k*1 = Z:a”*1 =na""' =0 (modn).
k=0 k=0

Example 2.24 Prove that 13 | (270 4-370).

Answer We have 2° =5 x 13 — 1 and 33 =2 x 13+ 1, hence 2° = —1 (mod 13)
and 3% =1 (mod 13). Writing 70 =11 x 6 +4 and 70 =3 x 23 4 1 we obtain

270+370 211X6+4+33X23+1 24+3 = _13 0 (mOd 13)

Example 2.25 Solve the Diophantine equation 2™ — 3" = n where m, n are non-
negative integers such that n £ 5 (mod 8).

Answer (0, 0) is the only solution when m = 0 and there is no solution when m = 1.
Furthermore, if m > 1, then n = 2" — 3" =1 (mod 2) so that one may suppose that
m > 2 and n > 1 is an odd integer satisfying n % 5 (mod 8) by assumption. Writing
n =2k + 1 for some k € Z3(, we infer that k 5 £2 (mod 8) and therefore

3" 4n=3x9+2k+1=4+2k#0 (mod8).

Now let m and n be two solutions with m > 2 and n > 1 is odd such that n £ 5
(mod 8). By the argument above we get 8 f 2™ so that m < 2, and then m = 2,
giving n = 1. Therefore, under the above hypotheses, the equation has two solutions,
namely the pairs (0, 0) and (2, 1).
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Our next goal is to count the number of solutions of the equation
ax =b (modn).
Here we mean the number of integer solutions x such that
ax=b (modn) and 0<x<n—1.
Lemma 2.14 and Proposition 2.15 then immediately give

Proposition 2.26 Let a,b € Z and n be a positive integer. We set d = (a, n). Then
the congruence

ax =b (modn)

has a solution if and only if d | b. Furthermore, if xo is a particular solution, then
there are exactly d solutions given by

kn .
x0+7 with 0<k<d—-1.

In particular, if (a,n) = 1, then the congruence ax = b (modn) has exactly one
solution.

An important application of this result is the so-called Chinese remainder theo-
rem which treats several congruences simultaneously. The name of this result comes
from the fact that a 2-congruence version was discovered by the Chinese mathemati-
cian Sun Tse (1% century ap). Suppose we have a system of congruences

x =a; (modny)

x = a; (modny)

where ay,...,ar € Z and ny, ..., n; are positive integers. The following result is
very useful.

Theorem 2.27 (Chinese remainder theorem) Suppose that the positive integers
ni,...,Nng are pairwise coprime, i.e. for every pair (i, j) € {1, ...,k}2 such that
i # j,wehave (nj,n;)=1.Then the system

x =aj (modnp)

x = a; (modny)

has a unique solution modulo ny - - - ny.
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Proof The proof is constructive, meaning that we construct a solution and then show
that it is unique. We set n = ny - - - ny and, for every integer i = 1, ..., k, we define
n: =n/n;. Obviously we have n! € N and (n;, n}) = 1. Proposition 2.26 implies
that there exist integers n; such that n;n! =1 (modn;). We then set

x=anin] + -+ anyny.

We notice that if i # j, then n’j =0 (modn;) and thus

x=anin! =a; (modn;) (i=1,...,k).

Suppose now that the system has two solutions x and y. Then x — y =0 (modn;)
forevery i =1, ..., k. Since the integers n; are pairwise coprime, Proposition 2.13
(vi) implies that x — y =0 (modn), which completes the proof. O

Example 2.28 Solve the system

x =1 (mod?2)
x =2 (mod3)
x =3 (mod>5)
x =4 (mod7)
x =5 (mod11)

Answer Note that the modules are pairwise distinct prime numbers, and then are
trivially pairwise coprime. We have n = 2310 and the computations are summarized
in Table 2.1 so that

x = 115543080 + 4158 4+ 1320 4 1050 = 1523 (mod 2310).

Remark 2.29

1. Let a, n be coprime integers. It will be shown in Theorem 4.12 that
a®™ =1 (modn)

where ¢ is Euler’s totient function. It follows that x = a#?~! is a solution of the
equation ax = 1 (modn) and thus one may take n;/ =(n/ n;)?®)=1 Therefore

Table 2.1 Calculations of

the n/ ny ) ny ng ns
1
1155 770 462 330 210
n!f ny nY ny ng
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an explicit formula for the system of Theorem 2.27 in terms of n; and a; can be
derived as follows

n w(n;)
sz(—_) a; (modny---nyg).

n
i=1 ¢

2. An important particular case, often used in some recreational mathematics, is

when we have a; = --- = ax = a, where the whole computational machinery is
not needed. The trivial solution x = a (modn; - - - ng) is guaranteed to be the only
one by Theorem 2.27.

3. When the moduli are not pairwise coprime, some potential sets of remainders
may be ruled out. For instance, the system

x =2 (mod 6)
x =3 (mod4)

has no solution in Z, otherwise there would exist (i, k) € 72 such that 6h =
1 + 4k, and hence 2h = 1 (mod4), contradicting Proposition 2.26. A necessary
and sufficient condition for a solution to exist is

a;=aj (mod(ni, nj))

for all i, € {1,...,k}2. In this case, all solutions are congruent modulo
[n1, ..., 1]

2.6 Further Developments

2.6.1 The Ring (Z/nZ,+, x)

A ring (R, 4+, x) is a non-empty set endowed with two binary operations, usually
denoted by + and x, such that (R, +) is an abelian group with identity element de-
noted by 0, the operation x being left- and right-distributive over +. If the operation
x also has an identity element, often denoted by 1, then the ring is called a unitary
ring. An element a € R, where R is unitary, is a unit of R if there exists b € R such
that ab = ba = 1. Such a b is then unique and is called the inverse of a. Finally,
an element a € R is called a zero divisor if there exists b € R \ {0} not necessarily
unique such that ab = 0, and if R is unitary, neither a nor b are units.

Now let n be a positive integer. The set of residue classes modulo n, often de-
noted by 0,1,...,n—1,isa unitary abelian ring, denoted by Z/nZ, endowed with
the binary operations + and x defined by x + y=X+y and x x y =X X y (one
can check that they are indeed well-defined). The basic result is then the following
theorem.
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Theorem 2.30 The ring Z./nZ is a disjoint union Z/nZ = E U F where E, resp.
F, is the set of units, resp. zero divisors, of Z/nZ. Furthermore, X € Z/nZ is a unit
if and only if (x,n) = 1.

Proof Let d = (x,n). Suppose first that ¥ is a unit and define y = (¥)~'. We then
have xy = 1 (modrn) and then there exists k € Z such that xy — 1 = kn. Thus
we have d | (xy — kn) = 1 and then d = 1. Conversely, suppose that d = 1. By
Bachet-Bézout’s theorem there exist u, v € Z such that xu + vn = 1. Therefore
xu =1 (modn) and then X is a unitin Z/nZ.If d > 1, we set x = dx’, n = dn’ with
(x’,n’) = 1. Then we have

n'x =dn'x’ =nx’ =0 (modn)

so that X is a zero divisor in Z/nZ. Conversely, a zero divisor cannot be a unit, and
thend > 1. O

Euler’s totient function is the function ¢ which counts the number of units in
Z/nZ, with the convention that ¢(1) = 1. Theorem 2.30 has then the following
immediate application.

Theorem 2.31 Let n be a positive integer. Then ¢(1) = 1 and, for every integer
n =2, p(n) is the number of positive integers m < n such that (m,n) = 1. In other

words, we have
on) = Z 1.

m<n
(m,n)=1

We shall find this important function again in Chap. 4.

Finally, note that Lemma 3.4 tells us that if n = p is prime, then Z/pZ does
not have any zero divisor, and then the set of units of Z/pZ is (Z/pZ)* =
(1,..., p — 1}. Thus, for every prime number p, we have ¢(p) = p — 1. More gen-
erally, group theory tells us that, if n = p{"' -+ p/" is the factorization of n into
prime powers, then we have the following isomorphism of cyclic groups

ZInZL~7/py'LO®L/py L& - DL/ pY L
which induces the group isomorphism
(Z/nZ)* ~(Z/p'2)" ® (Z/p3*2)" @ --- & (Z/p¥ Z)"
whence we deduce that
o) =o(p{)e(py) -0 (pi")

characterizing the multiplicativity of Euler’s totient function. We shall prove this
again in Chap. 4 by using purely arithmetic arguments.
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2.6.2 Denumerants

Let k, n be positive integers and Ay = {ay, ..., ax} be a finite set of pairwise rela-
tively prime positive integers.> The aim of this section is to study the number Dy (n)
of solutions of the Diophantine equation

aix) +---+agxg=n

where the unknowns are (xi,...,x;) € (Z>0)k . The number Dy (n) is called the
denumerant of n with respect to k and to the set Ay. When a; = --- = a3 = 1, this
denumerant will be denoted by Dy, .. 1)(n) where the vector (1, ..., 1) is supposed
to have k components.

Exercise 10 deals with the case k = 2 where it is shown that

.....

n

Dz(l’l) = I:E:| +r

where r = 0 or r = 1 and for which it is convenient to rename the coefficients a,
b instead of ay, ap. Thus, if n < ab, there is at most one solution. The Frobenius
problem deals with the largest number n for which this equation is not soluble, and
it can be proved that this number is given by

n=ab—a—>b.

By using the theory of generating functions, several authors derived some formulae
for the exact value of D, (n). The following lines borrow the ideas essentially from
[TriO0]. Expanding the generating function into partial fractions and comparing the
coefficients of z” in each side gives’

no 11 1\ 12 e,k 1 ep(nk)

D =—4+-|-+= — —_— - — (24

20 ab+2<a+b)+a];l—ea(—bk)+b @9
where e, (x) = e?71%/% Note that the sums are periodic in n, the first one with period
a and the second one with period b, and since (a, b) = 1, the sum of these two sums
is periodic of period ab, and then the expression of D;(n) is essentially determined
modulo ab. Now define ¢’ and b’ to be integers satisfying

1<a' <b
1<V <a
aa’ = —n (mod b)
bb' = —n (moda).

(2.5)

2When k = 1, this obviously means .A; = {1}.

3See Exercise 11 for another proof of this identity.
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Note that

b —1

{1 —ea(=bk)} D ea(—bjk) =1— eq(~b'bk) =1 — eq(nk)

j=0

hence we get
b -1
eqa(nk)
. Z ea(—bjk)

1 — e (—bk)  1— ea( bk)

and using the formulae

_Ja-—1, ifa|m
Ze”(_Mk) - { -1, otherwise

valid for positive integers a, m, and

-1
< a—1

1—e,(—mk) 2

=~

=1

valid for positive integers a, m such that (a, m) = 1, we then obtain

a—1 B (l’lk) a—1 b—la—1
Yo=Y —————— = 3" Y eu(—bjk)
1 — eq(—bk) kzll—e( L
b —1
(a—l)—}-Zl
zb,_a—l—l
2

and the same is true for the second sum, so that we finally get

a’ b/
Dy(n)=——1+— + —
2 (n) = Py b
Note that by (2.5) both a and b divide n +aa’ +bb’, so that n +aa’ + bb' is divisible
by ab by Proposition 2.13 (vi). Furthermore, since n + aa’ + bb’ > n +a + b, we
infer that the number on the right-hand side above is indeed a non-negative integer.
We can then state the following result.

Theorem 2.32 Let a,b > 1 be coprime integers and define positive integers a’, b’
as in (2.5). Then the number Dy (n) of solutions in non-negative integer pairs (x, y)
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of the equation ax + by = n is given by

n a b
D =— 14—+ —.
200) ab + b + a

Note that the following four properties characterize uniquely D> (n).

Dy(n+kab) =Dy(n) +k (k= 0).
Dyn)y=1 ifab—a—b<n <ab.

Dry(n) +Dy(m)=1 ifm+n=ab—a—b (m,n=0).

>
= 0)

Dy(n)y=1 ifn=axg+byy<ab—a—b (xg,yo

See [BR04, BZ04, Shi06, Wil90] for more details.

Another formula, discovered by Popoviciu [Pop53] in 1953, is given in Exer-
cise 11.

In the general case k > 3, a similar method involving the generating function can
be used, leading to the asymptotic formula

nk—l

. k=2
D) = Gy + 0 7)

as n —> 00, but computations become harder as soon as the number of unknowns
increases. On the other hand, a strong upper bound can be derived in a more ele-
mentary way by taking into account the following observation. Since

arx1+ - Ffagxp=n << aix1+---+ag-1xXk—1 =n — apxg
we obtain x; < [1n/ax] and thus
n/ax
Di(n) =) Di-1(n — ja). (2.6)
j=0

The aim is then to prove the following result.

Theorem 2.33 For every positive integer k we set

0, ifk=1
Sk = a2+a3+.é.+ak’ lf‘k>2

and

[ ifk=1
"Flar-ar, ifk=2
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with so = ay. Then

(n +sp)k!

Dy(n) < G Dire

Furthermore, ifay =---=ay =1, then
k+n—1
Dq,..nm) = ( " )

The proof uses induction and the following lemma.
Lemma 2.34 For every real number x > 0 and every integer k > 2 we have
DI ey k
- Tk 2]
0<jsx

Proof We shall in fact prove the slightly stronger following inequality

k k—1 k=2
_ X X k—1x
> =<+ +
05 Ex k 2 8

since we easily see using Newton’s formula that

1( l)k_xk (e

At + 3 - + 3 + 3 + positive terms
_x N xkt L k= x*—2
~ ok 2 8

By partial summation witha =0, f(t) =1 and g(t) = (x — 1 we get

X
Yo - =k - 1)] =21+ 1) dr
0<j<x 0
and since [t] =t — ¥ (¢) — 1/2, we obtain

X l X

Y- =k 1)</ (x — t)k2<t + 5) dt —/ (x =2y @) dt)
0<j<x 0 0
and integrating by parts gives

Y ==t &k = D [v2(D(x =} 2],

: 2
0<j<x

+(k—2) / =0 dr)
0
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k k—1 X
X X k—3
=—+——(k—1)(k—2)/ (x =) () dt
k 2 0
k k—1 x
by X k—1k—-2) -3
< — —t dr
. + 5 + 2 /0 (x —1)
_ xk N xk-1 4 (k — l)x""2
ok 2 8
which completes the proof of the lemma. g

Proof of Theorem 2.33 By induction on k, the case kK = 1 being immediate since

B nl—l B (n+S1)1_1
Ta=n! d=DIr

Di(n) <1

Now suppose k > 2. We let the case k = 2 in Exercise 10, and suppose the inequality
is true for some k > 2. Using (2.6), induction hypothesis and Lemma 2.34 we get

n/ak+1

Dieyi(n)= Y Di(n— jags1)
j=0

1 n/ag+1

< _ k—1
*—Dir JZ(:) (n — jags1 + si)

ak_l (n+sk)/ak+1 k—1
< k+1 Z n+sg j
S k=Dl prd

Ak+1

k—1 k
< %t <n+Sk 4 1) _ (n + sk41)*

Sk \ a2 k! gt

which is the desired result. The last part of the theorem may be treated similarly,
using the well-known identity (see [Gou72, identity 1.49])

g(k—l—j—l):(k:n)

in the induction argument. g

2.6.3 Generating Functions

We saw in the last section that it was essential to study the generating function of a
sequence to get some information about the sequence itself. Let (u,) be a sequence.
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The generating function of (u,) is the function F(z) formally defined by

F(z)= Zunzn~

n>0

If F(z) can be written as an elementary function of z, then the comparison of the
coefficients of z" can give a closed formula for u,. Nevertheless, we must notice
that such a series could either be studied formally or must be taken as a function of
the complex variable z. In the latter case, convergence problems must be studied.
Generating functions are the main tools in combinatorial theory, where results from
complex analysis are frequently used (see [Od195] or [Wil90]). For example, if F(z)
is analytic in the open disc |z| < R, then, for any r with 0 < r < R and any non-
negative integer n we have

Iunléi’wfanIFTzﬂ
Z|=r

by Cauchy’s theorem.

For a wide class of generating functions, the saddle point method enables us
to obtain more accurate estimates. To this end, we first pick up the concept of H-
function from [Od195]. A generating function F'(z) = Zn> oUn2" is said to be an H-
function, or Hayman’s function, if F(z) is analytic in |z| < R for some 0 < R < 00,
real when z € ] — R, R[ and satisfies

max |F(z)| = F(r)

lz|=r
for some Ry < r < R. Furthermore, let

zF'(2)
F(z)

az) = and b(z) =zd'(2)
and let r — 48(r) be a function defined in the range ]R(, R[ and satisfying 0 <
8(r) < m in this range. Suppose that

> Uniformly for |6| < &(r), we have

F(re'®) ~ F(r)e®0=38°00  anq F(re'”) = 0(%)

asr — R.
> lim,_ g b(r) = oco.

It can be shown [Od195] that if P(z) = a,z" + -+ 4+ ap € R[z] and if F(z) and
G(z) are H-admissible in |z| < R, then ¢ @, F(z)G(z) and F(z) + P(z) are H-
admissible in |z| < R. Furthermore, if a, > 0, then P(F'(z)) is H-admissible in
|z| < R.

Now we may state one of the main results of the saddle point theory.
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Theorem 2.35 Let F(z) = Zn>0 u, 7" be an H-function and set

7F'(2)
F(2)

a(z) = and b(z) =zd' ().

For all n € Z>, let z,, be the solution of a(z,) = n such that Ry < z, < R. Then,
for n —> o0, we have

U ~ F(zy)
b 2mb(z,)

For example, with u,, = 1/n! we have F(z) =e*, R=o00 and a(z) = b(z) =z so
that z,, = n, and we obtain the following version of Stirling’s formula

n n
nl~| - 2nn.
e

In addition to (1.1) which is the simplest example of a generating function with u,, =
1, it must be interesting to take the following series into account, which generalizes
Newton’s formula.

For any positive integer k and any real number |x| < 1 we have

o (k+j—1\ ; 1

=~ 7

As an example, let us try to find a closed formula for the generating function of the
denumerant Dy (n) seen above. Using (1.1) we have formally

1

(1 —z4)(1 —z%2) - (1 — z%) = Z fan Z Z7%2%2 Z 2Kk

x120 x220 x 20
— § Za1x1+"'+akxk

X150 X 20

n=0 X seees X 20

ayxy+--tagxp=n

= Z Dk(n)z"

n=0
so that the generating function of Dy (n) is given by

k

1
F =[] p—— (2.8)
i=1
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Now let us show with an example how this series could be used. We take k = 3 and
A3z ={1, 2, 3} so that D3(n) counts the number of non-negative integer solutions of
the equation x 4 2y + 3z = n. The generating function of D3 (n) is then

1
1-2(1—=z3)(1—-23)

F(z)=

and partial fractions expansion theory gives

1 B 1 N 1 N 17
1-201=-2)1-23 6(1-23 40-2?2 72(1—2)

1 1 1 1
o+ +
8(1+2z) 9(1—z/,o 1—z/,o2>

2mi /3

where p =e3(1) =e . Using (2.7) we obtain

1/n+2 1/n+1 17
D g njt_ Z
E 3(n)z EZ{6<n>+4(n>+72
n=>0 n=>0

(=D" 1 —n —2n
g tole "+ )}

and comparing the coefficients of z" in each side gives

L /n+2\ 1(n+1\ 17 (=D" 1, . _,
D =_ — - - n n
3(n) 6( . )+4< . >+7 + 3 +9(,0 +p7)

2
6n2+36n+47 (=D 2 27n
= + § COS T .

72 8
Thus we can check the values of D3(n) according to the residue class modulo 6 of

2
n which we summarize in Table 2.2, and then we have D3(n) = % + &, where
len] < % so that

(n +3)2“

Ds(n)={ o

where [x] is the nearest integer to x.

Table 2.2 Values of D3 (n)
n mod 6 0 +1 +2 3

n?+6n+12 n+D@n+5) n+2)(n+4) (n+3)?

D
3(n) 12 12 12 12
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2.7 Exercises

1 Leta, b, n, x, y, z, t be any positive integers.

(a) Prove thatif (a,b) =1, then (a +b,a — b) =1 or 2.

(b) Show that if (a, b) =1, then (a + b, ab) = 1.

(c) Provethata | b <= a" | b".

(d) Suppose that |xt — yz| = 1. Prove that (a, b) = (ax + by, az + bt).

2 (Thue’s lemma) The aim of this exercise is to provide a proof of the following
result.

Lemma (Thue) Let a > 1 be an integer and p > 3 be a prime number such that
p1a. Then the equation au = v (mod p) has a solution (u, v) € 72 such that

(a) LetS:{O,...,[ﬁ]}anddeﬁneamapf:S2—>{0,...,p—1}by
f(u,v)=au — v (mod p).

Show that f is not injective.
(b) We denote by (41, v1) and (u2, v2) two pairs such that (u1, v1) # (u2, v2) and
f@ui,v1) = f(ua,v2), and setu =u; —up and v =v; — v7.
> Check that au = v (mod p) and that |u| < ,/p and |v| < /p.
> Show that u # 0, and then v # 0.

3 (Euclidean algorithm revisited) Let a > b be positive integers and let (rx) be the
sequence of remainders of the divisions in the Euclidean algorithm with ro = a and
rr=>b

ro=riqi +nr O<r<n
rN=ryq+r3 O<rz<nr
Te—1 =Tiqr +rk+1 0 <rpgr <rg
Tn—1 = rnqn rn = (a,b).
We define the sequences (si) and (#) so that, for k =1, ...,n we have

so=1 s1=0 Sk+1=—qiSk + k-1
0=0 t=1 f41=—qrlx+t-1
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(a) Prove thatry =spa+1tb (k=0,...,n+1).

(b) Prove that s = (—1)¥|s¢| and #x = (= 1)* 5| (k=0,...,n + 1). Deduce that
Isk+1] = qilsk| + |sk—1]
[te+1] = qilte| + ltx—11

fork=1,...,n.
(c) Deduce that

a = |te|ri—1 + |tk—1lrk
fork=1,...,n+1.
4 (Infinite sequence of coprime integers (Edwards)) Let u; be an odd integer and
(u,) be the sequence of integers defined by u, = uﬁ_l —2forany n > 2.

(a) Prove that u,, is odd for every integer n > 1.
(b) Deduce that (u,, u,—1) = 1 for every integer n > 2.
(c) Show that, for any integer n > 3, we have

U, — 2= u,zlfzurzl% e u%(uz —2).
(d) Deduce that for any integers n >3 and r =2,...,n — 1, we have
(p,up—r)=1.

5 Solve the following equations and system:

12825x + 9450y =2025 (x.y € Z0)
5(x +y)? = 147[x, y] (x,y € Zx0)

{3x =1 (mod5)

5x =2 (mod7) (x €Z).

6 Let a, b be positive integers and set d = (a, b). We consider a Cartesian coor-
dinate system with origin O and x- and y-axis. The rectangular coordinates x, y
of a point M will be denoted by M (x, y). An integer point is a point with integer
coordinates.

(a) Define A{a, b). Prove that the number N7 of integer points on the segment |O A]
isd.
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(b) Define B{a,0). Prove that the number A of integer points inside the right-
angled triangle O AB is*

1
szi(ab—a—b—d)—i—l.

7 (Oloa) Fermat’s last theorem states that the Diophantine equation x" 4 y" = 7"
has no non-trivial solutions (x, y, z) € N3 as soon as n > 3. This was finally proved
by Wiles and Taylor in 1995. Does the equation x” + y" = z"*! possess any non-
trivial positive integer solutions for every positive integer n?

8 Let n be a non-negative integer.

(a) Prove that n?2 =0, 1 or 4 (mod8). Deduce that an integer congruent to 7 modulo
8 cannot be written as the sum of three squares.

(b) Prove that n° = %1 or 0 (mod9). Deduce that an integer congruent to 4 modulo
9 cannot be written as the sum of three cubes.

(c) Solve the Diophantine equation 1/x3 4+ y3 + z3 = 2005 where x, y, z are posi-
tive integers.

9 Show that 641 | (232 + 1).

10 Let a < b be positive integers such that b — a = m? for some positive integer
m. The aim of this exercise is to study the difference x — y of the solutions (x, y) €
(Z>0)2 of the Diophantine equation

ax*+x :by2 + y.
(a) Prove that x > y and that
(x = »{1+b(x +y)} = (mx)*
@ ={l+a@+y)}=my?
(b) Prove that

x—y=0b—a,x—y) xx .

(c) Provide some sufficient conditions so that x — y may be a square.

4One can make use of Pick’s formula which states that the number Ny inside a convex integer
polygon P is given by

N:
Nint = area(P) — % +1

where Njp is the number of integer points on the edges of the polygon.
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11 Let a, b be positive integers such that (a,b) = 1 and let n be a positive inte-
ger. Define D;(n) to be the number of non-negative integer solutions x, y of the
Diophantine equation ax + by = n.

(a) Use Bachet-Bézout’s theorem to prove that D;(n) = [a"—b] +r where r =0 or

r=1.
(b) Use Theorem 2.32 with its notation to prove that

r=0 <= ad +bb <ab
r=1 <= ad +bb >ab.

12 (Beck & Robins) Let a, b be positive integers such that (a, b) =1 and let n be
a positive integer. Define D, (n) to be the number of non-negative integer solutions
x, y of the Diophantine equation ax + by = n and set @, b to be positive integers
such that ¢z = 1 (modb) and bb = 1 (moda). In 1953, Popoviciu [Pop53] proved
the following very elegant formula

-2 [7)

where {x} is the fractional part of x. The aim of this exercise is to provide an analytic
proof of this formula. Recall that e, (k) = e>7*/¢ (k € Z>0) and define the complex-
valued function f by

1
f(Z) = Zn+1(1 _ Za)(l _Zb)'

(a) Recall that

a—1 a—1
> =T —ea(i). 29)
j=0 j=1

Prove that, for positive integers a, k, we have

a—1

1 _a—l
Zl—ea(j)_ 2

Jj=1

ﬁ 1 _ ea(k)
1reak) —eal))  a
J#k

(b) Use the generating function F'(z) of D, (n) to prove that
Reg f (@) =Dz(n)
7=

and compute the residues at all non-zero poles of f.
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(c) Prove that

R—o00 271

lim L/ f(x)dz=0
|z|=R

and deduce the identity (2.4).
(d) Check that if b =1 then we have

Dz(n):g—{g}+l.

Deduce that

] ! 1 _I(, ) n
Zzea(kn)(l—ea(k)fE( _E)_{E}'

k=1
(e) By noticing that

-1

Q
|
—_

1 < 1
eatkn)(I = eq(kb)) ~ = ¢ (knb)(1 — eq(k))

k=1 k=1

finalize the proof of Popoviciu’s identity.
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Chapter 3
Prime Numbers

The study of prime numbers is one of the main branches of number theory. The
literature, very abundant, goes back to Pythagoras and, above all, to Euclid who was
the first to show there are infinitely many prime numbers. One can notice now that
Euclid’s ideas can be used and generalized to prime numbers belonging to certain
arithmetic progressions (see Sect. 3.6).

Every integer n > 2 has at least two distinct divisors, namely 1 and 7 itself. So
it would be convenient to study the “minimalist” integers for this relation. We call a
prime number every positive integer p > 2 for which the number of distinct divisors
is exactly two. A positive integer which is not prime is said to be composite. Let us
notice that the least prime number is the only positive integer which is both prime
and even

2 3 5 7 11 13 17 19 23 29
31 37 41 43 47 53 59 61 67 71

This very fruitful idea does not belong solely to the branch of number theory. The
reader knowing finite group theory will certainly have noticed the analogy between
prime numbers and the so-called simple groups.! Thus, it is not surprising to notice
that these areas of mathematics do really interlace. For example, the decomposition
of a positive integer into prime powers (see Theorem 3.3) also exists in finite group
theory, under a slightly different form, and is called the Jordan—Holder theorem
which states that given a finite group G, there exists a sequence

G=GoDG; D DG,_1 DG, ={eg}
of subgroups G; of G such that G;4; is a normal subgroup of G; and the group

Gi/Gj41 is simple for i =0, ...,r — 1. This decomposition is unique, apart from
the order of the subgroups. On the other hand, if G is abelian with |G| = p{" - -+ p;",

A non-trivial group G is said to be simple if it has no normal subgroup other than {eg} and G
itself, where e is the identity element of G.

O. Bordelles, Arithmetic Tales, Universitext, 57
DOI 10.1007/978-1-4471-4096-2_3, © Springer-Verlag London 2012
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then
G~H &---®H, 3.1

where the H; are the p;-Sylow subgroups of G with |H;| = p?’. This shows how
algebra and arithmetic can be related.

Euclid noticed very early that these prime numbers had some interesting proper-
ties. Indeed, he established the following basic result which is of great importance.

Proposition 3.1 Every integer n > 2 has a prime factor. Furthermore, if n is com-
posite, then it has a prime factor p satisfying p < J/n.

Proof We suppose that n is composite, otherwise there is nothing to prove. Let
D*(n) be the set of proper divisors of n, i.e. positive integers d | n such that d # 1
and d # n. Since n is composite, we have D*(n) # & so by Axiom 1.1 this set has a
smallest element p. This integer p is prime, otherwise it has a proper divisor which
is also a proper divisor of n, and hence is smaller than p, giving a contradiction with
the fact that p is the smallest element of D*(n). Since there exists k € N such that
n = kp and that p € D*(n), we thus have k # 1 and k # n, so that k € D*(n), and
hence k > p and thenn =kp > pz, which concludes the proof. O

What follows is easy to check, so we leave the proof to the reader.

Proposition 3.2 Let p, g be prime numbers and k, n be positive integers. Then

) plg=rpr=q.
(i) ptne=(n,p)=1.
(iii) Suppose 1 <k < p. Then p divides (f{’)

3.1 The Fundamental Theorem of Arithmetic

Theorem 3.3 Every integer n > 2 either is prime, or can be written as a product of
prime factors in only one way, apart from the order of the factors. More precisely,
we have

,
— Qi
n=[1r;
i=1

where p; are prime numbers and o; are non-negative integers (i = 1,...,r). The
exponents a; are the p;-adic valuations of n, also denoted by v, (n).

The unicity of this result is the trickiest point. The following lemma is required.

Lemma 3.4 Let a,b,n,ay,...,a, be positive integers and p be a prime number.
Then
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(i) plab= plaorp]|b.
() plai---a, = plai forsomeic{l,...,n}.
(i) pla"=p]|a.

Proof (ii) follows from (i) by induction and (iii) follows from (ii) by setting a; =
-+ =a, = a. Now to show (i), suppose that p t a. Hence (a, p) = 1 and since
p | ab, Gauss’s theorem implies that p | b, which is the desired conclusion. O

Now we are in a position to prove Theorem 3.3.

Proof of Theorem 3.3

> Let § be the set of composite integers > 2 which cannot be written as a product
of prime factors and suppose that S # &. Using Axiom 1.1, we infer that S has a
smallest element denoted by m. Since m is not a prime number, we have m = ab
witha > 1 and b > 1. Since a < m, b < m and m is the smallest element of S,
we have a, b ¢ §, and then one can write a and b as a product of prime factors,
and hence m = ab can also be written as a product of prime factors, giving a
contradiction. Therefore we have proved that S = &.

> Suppose that

r S
= =114
i=1 j=1

with p;, g; prime numbers and r, s, «;, 8; non-negative integers. Using Lem-
ma 3.4 we infer that every factor p; is a factor ¢;, and hence in particular we
have r = s, and, without loss of generality, we might suppose that p; = g; for
i =1,...,r. Finally, if we had «; < §; for some integer i € {1, ..., r}, then the
number n/ pf"' would have two decompositions, one of which involves p; whilst
the other does not. This is impossible by the argument above. By symmetry we
cannot have «; > B; either. Thus we have «; = 8; for all i.

There are a lot of applications of Theorem 3.3. We must first introduce a useful
notion.

Definition 3.5 Given integers n, k > 2, we say that:

() n is k-free if, for every prime divisor p of n, we have v, (n) < k. When k = 2,
we also say that n is squarefree.

(i) n is k-full if, for every prime divisor p of n, we have v,(n) > k. When k =2,
we also say that n is square-full.

Examples 3.6

1. Every prime number is k-free for any integer £ > 2, and the numbers 6, 10, 15,
21 are squarefree.
2. Every square is square-full, and so are the numbers 108 and 12 500.
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3. If n is k-free, then n is [-free for every integer / > k. Similarly, if n is k-full, then
n is [-full for every integer 2 <[ < k.
4. By convention, 1 is both k-free and k-full for each integer k > 2.

The following result summarizes some applications of Theorem 3.3.

Corollary 3.7 Let n > 2 be an integer which has the decomposition

,
— i
n=[1r]
i=1

where r is a positive integer, p; are prime numbers and «o; are non-negative inte-
gers.

(i) Let d be a positive integer. Then we have

-
din < d=[]p" with 0<pi<a.
i=1
Furthermore, if the o; are positive integers and if T(n) and w(n) respectively

count the number of positive divisors and the number of distinct prime factors
of n (see Chap. 4), then we have

wln)=r
t(n)=(1+ D+ 1 (e +1)

200 < £ (n).

(i) Letm=]];_, pl/.3 " be a positive integer. Then we have

r r
(n.m) = l_[p;mn(aisﬁi) and [n,m]= l—[pl{nax(ozi,ﬂi).

i=1 i=1

These formulae can be generalized by induction to (ny,...,n;) and [ny,
e gl

(iii) Suppose (n, m) = 1. Then every divisor d of mn can be written as d = ab with
a|m,b|nand(a,b)=1.

(iv) Let k > 2 be an integer. Then every integer n > 2 can be written in a unique
way as

n=qmk

where q is k-free.

(v) Every square-full number n > 2 can be written in a unique way as

n=a*b’

where b is squarefree.
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Proof

(1) First, let d be a divisor of n, which we can clearly suppose to be > 1 and written
as

.
d:l_[pii
i=1

for some non-negative integers B;. Since d | n, there exists an integer k =
[T;_; p" with y; € N such that n = kd. This implies that

r r
o +y.
[1r=TTn""
i=1 i=1

and Theorem 3.3 implies that o; = §8; + y; = B;. Conversely, if

,
d:l_[pii
i=1

with 0 < B; < ¢;, then

r r
n= np?i Zdnp?i*ﬂi
i=1 i=1

and since o; — B; > 0, we have d | n.

The equality w(n) = r needs no explanation. On the other hand, d =
IT_, pl'.si divides n if and only if 0 < B; < «;, so that we have o; + 1 possible
choices for v, (n), and therefore the number of divisors is (o1 +1) - - - (et +1).
Finally, since «; > 1, we have

)= (a1 + 1) (a +1) =2" =200,

(i) We set

r r
d= pmin(ai»ﬂi) and m = pmax(ai»ﬂi)’
1 [1r
Using (i) we have d | n and d | m. Furthermore, if c = [} _, p}”' is another com-
mon divisor of n and m, then y; < min(«;, B;) and hence ¢ | n. Thus we proved
that d = (m, n). Next, using the identity max(¢;, ;) = «; + B; — min(o;, Bi),
we get the desired formula for [m, n].
(>iii) Since (m, n) = 1 one can write

— ¥l o 0y [
n=p;--p’ and m=p..1 " Prts
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@v)

v)
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with r, s positive integers, ; € N and primes p; being pairwise distinct. Thus
we get

_ % Ar+1 (7]
mn=pp - pr Pry1 7 Prs

and using (i) we infer that every divisor d of mn can be written as

d=pft pbrplii . phs

with 0 < B; < ;. We then choose a = pf}f:l' pff; and b = p P

We write

,
n=[Tr" =TT 0" [Tr"
i=1

o =k o<k

For every integer i such that «; > k, the Euclidean division of «; by k gives
a unique pair (h;, B;) of non-negative integers such that «; = B; 4+ h;k with
0 < Bi <k, and hence

(A1)

o >k o<k o >k

and therefore we have proved that the decomposition exists. To show its unicity,
suppose that we have n = qlm’f = qzmIZ‘ with g; being k-free and let p be a
prime number. Then

vy (q1) +kvp(ml) =v,(q2) +kvp(m2)

and hence

k| (vp(q1) - vp(q2))

and since the g; are k-free, we get v, (q1) = v, (q2). We conclude that g1 = g2
and m| =mo.

Let n =[]/_, p, " be a square-full number, so that o; > 2 fori =1,...,r.
Thus, for every «;, there exists a unique integer 8; such that

-2

{Oli = pBi +2h;

with & = [“‘
Bi €1{2,3}

i|€Z>()

and then
r 2 r r 2
n= (]_[pf”) [0 = (]_[pf” I1 Pi) [17
i=1 i=1 =1 pi=2 Bi=3

which proves the existence of the decomposition. To show its unicity, suppose
that we have n = a%bi’ = a%bg with b; being squarefree and let p be a prime
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number. Then

2(vp(ar) — vp(a2)) =3(vp(b2) — vy (b))

and Gauss’s theorem implies that

2| (Up(bZ) - Up(bl))

which implies that v, (b1) = v, (b2) since the b; are squarefree, and hence by =
b2 and a) =ap.

The proof is complete. g

Remark 3.8 More generally, one can show that every k-full integer n > 2 can be
expressed in a unique way as

_ k_k+1 2k—1
n=aja, ceeay

where a; - - - ai is squarefree and (a;,a;) = 1 for all integers 2 <i < j < k. For
example, the cube-full integer n = 28 x 37 x 5% x 113 x 1932 can be written in a
unique way as

n=(2x3x11x19°) x 3 x5)* x 2 x19)°.

Example 3.9 Prove that every integer n 2> 1 can be written in a unique way as n =
2°m where m is odd.

Answer If n = 1, then we have e =0 and m = 1. If n > 3 is odd, then ¢ = 0 and
m = n. Now suppose that n > 2 is even. We get

n=2€p‘lxl pf_{’
with p; being odd primes. We deduce that the integer m = p{" -+ p;" is odd.

Example 3.10 Let n be a positive integer. Show that t(n) is odd if and only if n is a
square.

Answer We can clearly suppose n > 2 writtenasn = [[;_, p?" .If n is not a square,
there exists an integer i € {1, ..., r} such that ¢; is odd and then we geto; +1=0
(mod?2), and hence

) =(+ 1D (j+ 1) (o +1)=0 (mod?2).

Conversely, if n is a square, then all valuations «; are even, and then o; + 1 =1
(mod?2) for every integeri € {1, ..., r}, so that

r

() =] [(@i + 1) =1 (mod?2).

i=1
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Example 3.11 Prove there exists a polynomial P € Z[X] such that, for m values of
the variable x, P(x) is a prime number distinct from the former.

Answer It suffices to choose P = X + (X — p1)(X — p2)--- (X — p;u) where pyi
is the kth prime.

Example 3.12 Show that, if P € Z[X] is a non-constant polynomial, then there exist
infinitely many integers x such that | P(x)]| is not a prime number.

Answer We set
n
P=Y a;jX
j=0

withn e Nand a; € Z, a,, # 0. Suppose there exists xo € N such that | P (xo)| = po
with pg prime. Since n > 1, we have lim,_, | P(x)| = +o00. In particular, there
exists x; > xq such that |P(x)| > pg as soon as x > x1. On the other hand, for every
integer m such that xo + mpg > x1, we have

n

P (xo 4 mpo) = Zaj (x0 +mpo)’
j=0

n
= Zajxé (mod pg)
j=0

= po =0 (mod po)

and hence | P (xo + mpg)| = kpo for some non-negative integer k. The inequality
| P(xo + mpo)| > po

implies that k > 1 and hence | P (xo + mpg)| is composite.

3.2 Euclid’s Theorem

We give three proofs of the famous Euclid’s theorem which states that there are
infinitely many primes. The first one, discovered by Euclid (300 BC), uses a very
clever argument but remains elementary. Euler (1707-1783) chose an analytic ar-
gument, and his proof gave birth to what we call today analytic number theory.
Finally, the third proof comes from the work of Erdés (1913—-1996) who used some
very clever combinatorial ideas. These three mathematicians, considered to be ge-
niuses, made remarkable and extensive work in a lot of domains of mathematics,
and are in fact inescapable in number theory. In order to pay tribute to their talent,
let us call these proofs the three E.
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Theorem 3.13 There are infinitely many prime numbers.

Proof (Euclid) Suppose that the set of prime numbers is finite, say P = {py, p2, ...,
pn}. Welet M = p1p2 - - - p,,. Without loss of generality, we may suppose that M is
composite. Since M + 1 > 2, it has a prime factor g, and since (M, M + 1) =1, we
have g # p; foralli =1, ..., n. Hence we found a prime number not lying in P,
giving a contradiction. O

Proof (Euler) Euler noticed that Theorem 3.3 implies the following estimate. For
every positive integer n, we have

(PN
- < 1—=) . (3.2)
21U

psn
Indeed, using (1.1) with x = 1/p, we first get

-2

p p

and expanding the product [],.,(1 +1/p + 1/p%2+1/p3 + ---) gives through
Theorem 3.3 the important equality

1! 1
1 —— = —.
(-,) = % ;
psn Pt(k)<n
Since every integer k < n obviously satisfies the condition P (k) < n, we have
1 1
— > —
2 il
Ptk)<n k<n

giving (3.2). Now using

and the inequality

—log(l —x) < -
og(l —x) x+2(]_x)

valid for 0 < x < 1, we obtain

1! 1
loglogn < log l_[ (1 - ;) =— Z log<1 - ;)

psn p<n
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1 1 1
S p Ezp(p—l)
p<n psn
R 1 1 1
<Y =45 =Y —+
pgnp 2k:2k(k—l) pgnp 2
so that
1 1
Z — > loglogn — 3 (3.3)
p<n

and hence we deduce that the series ) » 1/p is divergent, which implies that there
are infinitely many primes. d

Proof (Erd6s) N is a fixed positive integer. Using Corollary 3.7 (iv) we infer that
every positive integer n < N can be expressed in a unique way as n = gm? with ¢
squarefree, i.e.

n=p{ - p¥m* with o €{0,1}.

Thus we can count such integers in the two following ways. First, there are exactly
N integers n between 1 and N. On the other hand, there are 2" possible choices for
the valuations «;, and since

m < n1/2 < N1/2

we deduce that there are at most N1/2 possible choices for m, and hence there are
at most 2" N'/? integers n. Therefore we get

which gives
log N
log4
and making N — oo gives the stated result. 0

Remark 3.14 We will see a better estimate than (3.3) in Corollary 3.50. Also, one
can ask for a possible generalization of Euclid’s theorem. For example, are there
infinitely many prime numbers p in arithmetic progressions p = a (modg) where
a, q are positive integers such that (a, g) = 1? In fact, this is true and the answer is
given by Dirichlet’s theorem (Theorem 3.63). But how to prove it? A first attempt
was to generalize Euclid’s argument, but it can be proved that this method cannot
treat all the cases (see Proposition 3.66). The answer will come from a generaliza-
tion of Euler’s analytic method. Let us notice that the same idea was used by Viggo
Brun in 1918 [Brul9] to show that the series of inverses of twin primes, i.e. primes
p such that p + 2 is also prime, converges (Theorem 3.79). Nobody knows yet if
there are infinitely many twin primes.
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3.3 Fermat, Lagrange and Wilson

3.3.1 Important Tools for Primes

Theorem 3.15 (Fermat’s little theorem) Let a € Z and p be a prime number such
that p 1 a. Then we have

aP~' =1 (mod p).
It is equivalent to say that, for all a € 7 and prime number p, then we have

a? =a (mod p).

Proof The numbers a, 2a, ..., (p — 1)a are p — 1 multiples of a all distinct mod-
ulo p. Indeed, if there exist integers 1 < m, n < p such that ma = na (mod p), then
Gauss’s theorem implies that m = n (mod p) since p ta. Since 1 <m,n < p, we
get m = n. Thus, if p is prime such that p ta and if m # n such that 1 <m,n < p,
then ma # na (mod p). Therefore the p — 1 multiples of a above are all congruent
to1,2,3,..., p— 1 modulo p in a certain order, and then

ax2ax3ax---x(p—1Da=1x2x3x---x(p—1) (mod p)
so that
a?~'(p — !'=(p — D! (mod p).

Note that ((p — D!, p) =1 since (p — 1)! = ,f;llk and k < p implies that
(k, p) = 1. We then conclude the proof by appealing to Gauss’s theorem.

The second statement follows easily. Indeed, if a?~! =1 (mod p), then a” =a
(mod p). Conversely, if p 1 a, then Gauss’s theorem implies that a” ~1'=1 (mod p).
Thus, there is equivalence if p {a. If p | a, then a? =a =0 (mod p). d

Remark 3.16 The converse of Fermat’s little theorem is untrue in general. For exam-
ple, 2341 =2 (mod 341), but 341 = 11 x 31 is composite. This leads to the following
notion. A composite number n > 1 is a pseudoprime if 2" =2 (modn). Thus, 341
is a pseudoprime. In the same way, a Carmichael number is a composite number
n > 1 such that ¢” = a (modn) for every integer a. The least Carmichael num-
ber is 561 =3 x 11 x 17. In 1994, Alford, Granville and Pomerance showed that
there are infinitely many Carmichael numbers (see [AGP94]) by establishing that
C(x) > x?/7 where C(x) is the counting function of Carmichael numbers.

Theorem 3.17 (Lagrange)

(1) Let P € Z[X] be a non-zero polynomial with degree n and p be a prime number.
Then either the congruence

P(x) =0 (mod p)

has at most n incongruent zeros modulo p or p divides each coefficient of P.
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(i)
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Let P € Z[X] be a monic polynomial with degree n and p be a prime number.
Suppose that the congruence P(x) =0 (mod p) has at most n incongruent zeros
ai,...,a, modulo p. Then we have

P=(X—-ay) - (X —ay) (mod p).

Proof

®

(i)

We prove the assertion by induction. The result is true for n = 0. Let N € N and
suppose the proposition is true for every integer n < N. Let P € Z[X] such that
deg P = N. If there is no solution, then the desired conclusion follows for P.
So we suppose that the congruence P (x) =0 (mod p) has at least a solution a.
Therefore, there exists a polynomial Q € Z[X] with degree N — 1 such that

P(X)=Q0X)(X —a)+kp

for some integer k. Since P(X) = Q(X)(X —a) (mod p), Lemma 3.4 implies
that

Pb)=0(modp) <«<— Q®B)=0(@modp) or a=>b (modp).

Since deg Q = N — 1, induction hypothesis implies that either there are at most
N — 1 integers b such that Q(b) =0 (mod p), or each coefficient of Q is di-
visible by p. We deduce that either there are at most N integers b such that
P(b) =0 (mod p) or p divides each coefficients of P.

Weset Q=P — (X —ay)--- (X —a,). We have degQ < n — 1 since P is
monic. Furthermore, the congruence Q(x) =0 (mod p) has the n incongruent
solutions ay, ..., a, modulo p. Using (i) we infer that p divides each coefficient

of Q.

The proof is complete. O

Remark 3.18 The condition p prime number is crucial. For instance, the congruence

%2
An

— 1 =0 (mod 8) has four incongruent solutions modulo 8 which are 1, 3, 5 and 7.
d yet the reader will have noticed that the leading coefficient and the moduli are

coprime. Sierpinski [Sie64] proved that, for a composite moduli m, the case m = 4
only works.

Th

®
(ii)

If P € Z[X] is a non-zero polynomial with degree n such that the leading
coefficient is relatively prime to 4, then the congruence P(X) =0 (mod4) has
at most n incongruent solutions modulo 4.

eorem 3.19 (Wilson)

If p is a prime number then we have (p — 1)! = —1 (mod p).
If n > 2 satisfies (n — 1)! = —1 (modn) then n is prime.
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Proof

(i) Let p be a prime number and set P = X?~! — 1. Using Fermat’s and Lagrange’s
theorems we get

P=(X—-1)(X—=2)---(X = (p—1) (mod p).

We get the desired result by evaluating P (0).

(i1) Suppose now thatn | (n — 1)! 4 1. If n is composite, then there exists an integer
d verifying 1 <d <nandd|(n—1)!+1.Sinced <n —1,thend | (n — 1)!
and therefore d | 1, giving a contradiction.

The proof is complete. 0

Remark 3.20 We thus proved the following equivalence.
An integer n > 1 is a prime number if and only if (n — 1)! = —1 (modn)

which gives a primality test from a theoretical point of view. Unfortunately this test
is ineffective if n is too large. Nevertheless one can notice that, since

(n—D=m—2)n—1)=—(n—2)! (modn)

one can deduce that an integer n > 1 is prime if and only if (n — 2)! =1 (modn).
Dickson [Sie64] generalized this criterion in the following way.

An integer n > 1 is a prime number if and only if there exists an integer m < n
such that

(m — 1! (n —m)! = (=1)" (modn).
Example 3.21 Prove that 11 x 31 x 61 | (2015 — 1).

Answer Since 11,31 and 61 are primes, it is sufficient to show that 2015 — 1 is divis-
ible by these three numbers. By Fermat’s little theorem, we have 2'0 =1 (mod 11)
and since 10 = —1 (mod 11), we get

200 =29 x219% 108 =-2=1 (mod 11)

since —2°> =1 — 3 x 11. Another application of Fermat’s little theorem implies that
415 =230 =1 (mod31), and since 5° = 1 + 4 x 31, we get

205 =45 x (5°)° =1 (mod 31).

Finally, since 3% =20 (mod61) and 3°° = 1 (mod 61) by Fermat’s little theorem we
get

20" =390 =1 (mod61).
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Example 3.22 Let p # q be two distinct prime numbers. Show that

pq_1 —{—qp_l =1 (mod pq).
Answer Since p # ¢ are primes, Fermat’s little theorem yields p?~! 4+ g7~ =1
(mod p) and p?~! 4+ ¢gP~! =1 (modg) and we conclude by using Proposi-
tion 2.13 (vi).

Example 3.23 Show that for every positive integer n, the numbers (22387+1 4 1)2 4
4 are composite.

Answer Using Fermat’s little theorem we get 228 = 1 (mod 29) so that 228+ =
4 (mod 29) and thus

(2280 +D) 1)2 +4=5>+4=0 (mod?29).

3.3.2 Multiplicative Order

Fermat’s little theorem implies the following notion.

Theorem 3.24 (Multiplicative order) Let a € Z and p be a prime number such
that (a, p) = 1. Then the set of positive integers n satisfying a" =1 (mod p) has
a smallest element, denoted by ordy(a) and called the multiplicative order of a
modulo p.

Proof The set in question is a non-empty subset of Zx( since p — 1 belongs to this
set by Fermat’s little theorem. g

The following result gives a characterization of the multiplicative order of a pos-
itive integer.

Theorem 3.25 Let a € Z and p be a prime number such that p {a. Then a" = 1
(mod p) if and only if ord,(a) divides n. In particular, we have

ord,(a) | (p —1). (3.4)

Furthermore, if a" = a™ (mod p) then ord,(a) divides n —m.
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Proof Set § =ordp(a). If n = k$ then
a" = (a®)" =1 (mod p).

Conversely, let S = {n € N:a" =1 (mod p)}. By Theorem 3.24, § is the smallest
element in S. The Euclidean division of n by § supplies a unique pair (g, r) of
positive integers such that n = g6 4+ r and 0 < r < §. We then get

l=a" Ear(a’s)q =a" (mod p).

Hence, if r > 1, we infer that r € S and thus r > § which contradicts the inequality
r < §. This implies that »r = 0 and then § | n. (3.4) follows at once from Fermat’s
little theorem. Finally, suppose for example that n > m. Since

a"—a" =d"(a"" — 1) =0 (mod p)
Lemma 3.4 implies that
a"=0(modp) or a"" —1=0 (modp).

Since p ta the first congruence is never achieved. Hence we obtain "™ = 1
(mod p) and therefore we have § divides n — m according to the previous state-
ment. g

Example 3.26 Determine ordyg(2).

Answer Let § = ordjo1(2). Using (3.4) we get § | 100. Since 210 = 14 (mod 101)
and 225 = 10 (mod 101), we obtain § = 100.

Example 3.27 Let p be an odd prime number. Prove that every prime divisor of
2P — 1 is of the shape 1 + 2kp for some positive integer k.

Answer Let g be a prime divisor of 2” — 1 and § = ord, (2). Thus we have 27 =1
(mod g) and hence § | p. Since § # 1, otherwise we have 2 = 1 (modg) which is
impossible, we get § = p, and then using (3.4) we have p | (¢ — 1). Thus there exists
a positive integer i such that g = 1 + ph. Furthermore, ¢ is odd since 2”7 — 1 is odd,
and hence ph is even, and therefore % is even since p is odd, and then there exists a
positive integer k such that g = 1 + 2kp.

Example 3.28 Let p be a prime number. Prove that, if d | (p — 1), then the congru-
ence x4 =1 (mod p) has exactly d solutions.

Answer Using Lagrange’s theorem we know that this congruence has at most d
solutions. Let us prove that it has at least d solutions. Suppose there are < d incon-
gruent solutions modulo p. Since

P 1= (x? = 1)Px)
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where P € Z[x] has degree p — 1 —d, a € Z is solution of the equation x?~! —1=0
(mod p) if and only if a is solution of x4 —1=0 (mod p) or P(x) =0 (mod p).
Lagrange’s theorem implies that the congruence P (x) =0 (mod p) has at most p —
1 —d solutions. Hence x?~! —1 = 0 (mod p) has < d+ p—1—d = p — 1 solutions,
which contradicts Fermat’s little theorem.

3.3.3 Primitive Roots and Artin’s Conjecture

Let p be a prime number satisfying p # 2 and p # 5. The decimal expansion of
1/ p is then purely periodic. For example

1

T =0.090909...

1

7= 0.142857 142857... and
We shall have a look at the length of the period of the decimal expansion of 1/p.
Since p 1 10, Theorem 3.24 implies that § = ord p(10) is well-defined. Hence there
exists an integer ¢ such that 10° = 1 + gp. Therefore we have using (1.1)

1 q -
ok
__7_612 10
3
p 100 -1 P

so that the length of the period of the decimal expansion of 1/p is equal to § =
ord, (10). In particular, this length2 divides p — 1 by (3.4). Therefore one can ask
when the period of the decimal expansion of 1/p has its maximal length, in other
words when ord, (10) = p — 1. This leads to the following definition.

Definition 3.29 Let p be a prime number. An integer g is a primitive root modulo p
iford,(g)=p—1.

The examples above show that 10 is a primitive root modulo 7, but is not a
primitive root modulo 11.

There are essentially three questions about primitive roots. First of all, for which
prime number p does there exist a primitive root modulo p? The next result provides
a complete answer to this question.

Proposition 3.30 Let p be a prime number. Then there exists a primitive root mod-

ulo p.
Proof We shall construct a possible candidate in the following way. Let §1, 82, ..., §,
be all the possible orders modulo p of the numbers 1,2, ..., p — 1 and we define

2This problem has a long history as it goes back at least to J. H. Lambert in 1769 (see [Dic05,
Chap. VI]).
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m = [81, ..., 4,] written as the product

o] o
m:p] ...pSS.

For each prime power p?i, there is some §; divisible by it, and hence there ex-
ists k such that p; tk and §; = pf”k. Since 61, ..., 8, are the orders modulo p of
1,2,..., p — 1, there exists an element x; of order p?"k, and then the order of the
element y; = x{‘ is pf”. It follows that the order modulo p of the number y; - - - ys is
equal to m, so that m | (p — 1) by (3.4). On the other hand, the polynomial x” — 1
has p — 1 roots modulo p since 1,2, ..., p — 1 are roots. Using Example 3.28, we
deduce that m = p — 1, and the number y; - - - ys is a primitive root modulo p. [

Another proof will be supplied in Chap. 4 as a consequence of the M&bius inver-
sion formula (see Theorem 4.13).
In view of this result, we may ask the following questions.

1. For a fixed prime p, how many primitive roots are there?
2. For a fixed integer a, for how many primes will @ be a primitive root?

For the first question, it can be shown that the number of primitive roots modulo
a fixed prime p is equal to ¢(p — 1), where ¢ is Euler’s totient defined in Theo-
rem 2.31.

The second question above is far more difficult. Let us first see this with an
example, where we ask whether 2 is a primitive root modulo p. With the help of
tables of primitive roots, one can see, among primes p < 100, that

a. 2 is a primitive root modulo 3, 5, 11, 13, 19, 29, 37, 53, 59, 61, 67, §3.
b. 2 is not a primitive root modulo 7, 17, 23, 31, 41, 43,47, 71, 73,79, 89, 97.

Since each list contains 12 elements, one can think that the probability that 2 is a
primitive root modulo p is 50%. In fact, extending the list, one should see that this
probability could approach a number closer to 37%. More precisely, in 1927, Emil
Artin formulated the following conjecture.

Let a be a non-zero integer such that a # %1. If a is not a square, then there
are infinitely many prime numbers p such that a is a primitive root modulo p.

This conjecture comes from the following more precise statement also given by
Artin.

Let a be a non-zero integer such that a # £1 and h be the largest integer
such that a = a{)’ with ag € Z. If N (x) is the number of primes p < x such
that a is a primitive root modulo p, then

Na(x) = Ap S +0< a )1
logx log x

where

A = ]_[<1 ;> l_[(l - L) (3.5)

ol pip—1 ol p—1
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Note that the product above is equal to zero when # is even. Hence, the condition
that a is not a square is necessary for the number of prime numbers p, such that
a is a primitive root modulo p, to be infinite. When 4 is odd, then the product is a
positive rational multiple of the so-called Artin constant

4N M) o1 N
A-A]-Z = <1 —p(p_l))~0.373955813619...

where 1 is the Mobius function.? Artin’s conjecture is known to be true as soon as
a very difficult hypothesis is proved (see below), but the latter hypothesis is likely
to be out of reach for several generations of researchers.

Unconditionally, there is no known number a for which the set S(a) of prime
numbers p, such that a is a primitive root modulo p, is known to be infinite. Never-
theless, improving on fundamental work by Gupta and Ram Murty [GM384], Heath-
Brown [HB86] succeeded in showing that there are at most two “bad” prime num-
bers a such that S(a) is finite, and also at most three “bad” squarefree numbers a
such that S(a) is finite. Furthermore, he proved that the set S of integers for which
Artin’s conjecture does not hold is rather thin by establishing the following estimate

Zl < (logx)z.

n<x

neS
Let us turn our attention for a while to the heuristic arguments that led to Artin’s
conjecture. A necessary and sufficient condition for a to be a primitive root mod-
ulo p is

a?~V/4 £1 (mod p) for all primes ¢ dividing p — 1.

Indeed, the condition is clearly sufficient by Definition 3.29. It is also necessary
by using the following argument. Suppose that a?~1/4 = 1 (mod p) for all primes
q | (p — 1) and that a is not a primitive root mod p. Then a®?=V/k =1 (mod p) for
some integer k > 1 such that k | (p — 1), which in turn implies that a(?~D/" = |
(mod p) for some prime divisor r of k, resulting in a contradiction.

Hence the heuristic idea is that a is a primitive root mod p if the two following
events do not occur simultaneously for any prime ¢

Ei:a?~V/4 =1 (mod p).
E>:p=1(modg).

Now by Dirichlet’s theorem (Theorem 3.61), the probability of E> isequal to 1/(g —
1), while the probability of E| is equal to 1/q if ¢ 1 h and to 1 if ¢ | h, since, in the
first case, we note that a?~1/4 is a solution of the equation x? =1 (mod p) and
we want a solution congruent to 1 (modg) amongst the g expected roots, whereas

3See Example 4.2.



3.3 Fermat, Lagrange and Wilson 75

in the second case we always have a(? D/ = ag (P=D/a — (mod p). Therefore, if
we assume that these events are independent, then the probability that both occur is

ifgth and ifg|h

1
q(g—1)

leading to the product (3.5).
Artin’s conjecture is one of the richest problems in number theory, notably
on account of the connexion between algebraic number theory and analytic num-
ber theory. It can be shown that the two conditions a?~1/4 = 1 (mod p) and
p =1 (modgq) are equivalent to the fact that p splits completely* in normal ex-
tensions K, = Q(¢,, al’?y of Q, where ¢q = e4(1) is a gth primitive root of unity.
In the 1930s, great efforts were made to prove this conjecture. In 1935, Erd6s tried
in vain to combine infinitely many ¢. Finally, using a special form of Chebotarév’s
density theorem with a sharp error-term only accessible under the extended Riemann
hypothesis for the number fields K, , Hooley [Hoo67] succeeded in proving a some-
what modified conjecture. Indeed, in 1957, Derrick H. Lehmer and his wife Emma
numerically tested Artin’s conjecture on a computer and found that the naive heuris-
tic approach described above may be wrong in some cases. Artin then introduced
a correction factor to explain these discrepancies,’ and the corrected conjectured

density under ERH finally turns out to be

qg—1

where [K,, : Q] is the degree® of the number field K,, = Q(¢,, a'/"). If the discrimi-
nant’ dx, of the quadratic field K, = Q(4/a) is even, then the function n — [K,, :
@] is multiplicative and the expression above reduces to the product Aj; given in
(3.5), but when dk, is odd, then, for all squarefree n divisible by dk,, we have

1
[Kn:@]=5]"l[[ﬂ<p:@1
pln

so that the function n — [KK, : Q] is no longer multiplicative. Hooley derived the
following expression

o (n) _
Zﬁ%l—u(u&o [T (K, :Q1-1) ‘}Ah

n=1 pldg,

4See Definition 7.101.

3¢S0 I was careless but the machine caught up with me”. This is how Artin concluded the fourth
letter dated January 28, 1958 to Emma Lehmer, explaining that his conjecture may be false if a is
a prime number satisfying a = 1 (mod 4).

6See Definition 7.42.
7See Definition 7.58.
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when dk, is odd. The reader interested in Artin’s primitive root conjecture should
refer to the very fruitful presentation [Ste03] of this subject.

We now end this section with a curious observation concerning decimal ex-
pansions of 1/p when p > 5 is a prime number. In 1836, Midy (see [Dic05])
proved that if this decimal expansion has even period 2d and writing 1/p =
0.(A1A2)(A1A)) ..., where the blocks A; have d digits each, then A] 4+ A =
10? — 1. This result has recently been generalized in [GS05] where it is shown
that, if the decimal expansion of 1/p has period kd with k > 1, and writing
1/p=0.(A1... Ap)(Ay...Ap) ... where the blocks A; have d digits each, then
there exists an integer r = r(p, k) > 1 such that Ay +--- + Ay = r(10¢ = 1). Fur-
thermore, we have r = 1 when k =2, k =3 or p =2 — 1 is a Mersenne prime.

3.3.4 Some Applications of Primitive Roots

We begin with a first result which has its own interest in itself.

Lemma 3.31 Let p be a prime number and g a primitive root mod p. Then 1, g, g2,
..., P72 are incongruent modulo p, and hence are congruentto 1,2, ..., p —1in
a certain order.

Proof Tt suffices to show that, if 0 <i < j < p — 2, then p{ (g/ — g'). Suppose
the contrary. Then we have p | g/ (g/~" — 1), and hence p | (g/~" — 1) by Gauss’s
theorem, otherwise p divides g”~! contradicting the equality g”~! = 1 (mod p).
By using Theorem 3.25, we have (p — 1) | (j — i) contradicting the fact that 0 <
j—i<p-—1. d

Definition 3.32 Let p be a prime number and n > 2 be an integer. An integer a
is said to be an nth power residue mod p if the congruence x" = a (mod p) has a
solutionin {1, ..., p — 1}. When n =2, a is a quadratic residue mod p.

It is clear that O is an nth power residue mod p for every prime p and integer
n 2> 2. On the other hand, if a is an nth power residue mod p, then so is every
integer congruent to a (mod p). The following result gives a useful criterion and
also the number of incongruent nth power residues mod p.

Proposition 3.33 Let n > 2 be an integer, p be a prime number and set d =

(n,p—1).

(i) Let a be an integer satisfying p ta. Then a is an nth power residue mod p if
and only if a?~D/4 =1 (mod p).

(i) The number of non-zero integers which are nth power residues mod p is given
by (p —1)/d.

Proof Let p be a prime and g be a primitive root mod p.
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(i) If an integer a is such that p {a and is an nth power residue mod p, then there
exists a number x such that p tx and a = x" (mod p), so that we have

aP—D/d = (xn)(l”])/d = (xP*I)"/d =1 (mod p)

by Fermat’s little theorem.

Conversely, suppose that a?~1/4 = | (mod p). By Lemma 3.31, there exists
aninteger k € {0, ..., p—2} such thata = g* (mod p), and hence gk(P=1/d = |
(mod p), which implies that (p — 1) | k(p — 1)/d since g is a primitive root
mod p. Therefore we have d | k, so that k = dh for some h € Z>(. By Theo-
rem 2.5, there exist two non-negative integers u, v such thatd = nu —v(p — 1),
so that we get k = dh = nhu — vh(p — 1). By the use of the relation g?~! =1
(mod p), we get

a Ea(gp—l)vh = gkgvh(p—l) — gnhu = (ghu)” (mod p)

and therefore a is an nth power residue mod p.

(ii) If @ is an nth power residue mod p, then a(?~V/4 = 1 (mod p), hence using
Lagrange’s theorem, there are at most (p — 1)/d non-zero nth power residues
mod p.

On the other hand, the numbers g", g?*, ..., g"?~D/4 are (p — 1)/d non-
zero incongruent nth power residues mod p. Indeed, setn =dh and p — 1 =dk
with (h,k) =1, and let 1 <i < j < k be two integers. Since (p, g) = 1, if
g = g/" (mod p), then g~D" =1 (mod p), so that (p — 1) | n(j — i) and
hence k | (j — i) by Gauss’s theorem, contradicting the fact that 1 <i < j <k.
Furthermore, it is clear that the equation x” = g/” (mod p) has the solution
x=g.

The proof is complete. 0

Example 3.34 Let p =7 and n = 2, so that d = 2. The number g7 = 3 is the smallest
primitive root mod 7, so that the three quadratic residues mod 7 are 1, 2 and 4.

Example 3.35 Prove that, if p =3 (mod4), then —1 is not a quadratic residue
mod p.

Answer Suppose there exists a number x such that x> = —1 (mod p). We then have
17 = (1) P72 = (P2 = 1 (mod p)

which contradicts Fermat’s little theorem.?

Example 3.36 Use Example 3.35 to show that the Diophantine equation y*> = x3 +
11 has no solution in Z2.

8See also the remark in the solution to Exercise 18.
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Answer Suppose there is a solution pair (x, y) € Z>. Then we have y> = x> — 1
(mod4), and since 0 and 1 are the unique squares modulo 4, we get x> =1 or 2
(mod4), and then x = 1 (mod4) since 2 is not a cube modulo 4. Note that, if y> =
x3 4+ 11, then

Y2416 =23 +27=(x +3)(x? = 3x +9)

and since x = 1 (mod4), this gives x3 —3x +9 =3 (mod4). Hence there exists a
prime number p = 3 (mod4) dividing y? 4 16. If a is the unique integer such that
4a =1 (mod p), then the relation y> + 16 = 0 (mod p) implies that (ay)> = —1
(mod p). This contradicts the result of Example 3.35. Thus, the Diophantine equa-
tion y> = x3 4+ 11 has no solution in Z?.

3.4 Elementary Prime Numbers Estimates

Between the years 1850 and 1875, a great number of estimates involving some
functions of prime numbers were discovered by a few mathematicians including
Chebyshev and Mertens. These results are the cornerstones of the whole research
on primes which eventually led to the Prime Number Theorem in 1896. Although
these estimates were not sufficient to show the PNT, they were, and still are, often
used in many problems in number theory.

3.4.1 Chebyshev’s Functions of Primes

We begin with a result which goes back to Legendre and gives a nice application of
the integer part of a number.

Theorem 3.37 (Legendre) Let p be a prime number and n be a positive integer.
The p-adic valuation of n! is given by

vy () =i[%}

k=1 p

Note that the sum is in fact finite, since the integer part vanishes as soon as
k >logn/logp.

First proof It rests on the fact that, if m < n, then every multiple of m not greater
than n divides n!.

Let p be a prime number. If p < n, then there are [n/ p] multiples of p not greater
than n by Proposition 1.11. Similarly, if p*> < n, then there are [n/p?] multiples
of p? not greater than n, and so on. We conclude the proof by adding all these
multiples. g
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Second proof 1t rests on the fact that the p-adic valuation of a product is the sum of
the p-adic valuations. Thus we get

n vp(m) 00 n
vp(n) = vp(1 X - x n) = Zup(m) IIREDY 1
m=1 k=1 k=1 m=1

and we conclude the proof by noticing that the inner sum counts the number of
multiples of p* not greater than n which is equal to [/ p¥] by Proposition 1.11. [

Example 3.38 Show that the number of zeros at the end of the decimal expansion
of n! is given by

2[5

k=1

Answer It follows from the fact that we can write n! = 10%5) x m with 10 fm,
so that the desired number is equal to vs(n!). Legendre’s theorem then gives the
asserted result.

The following functions are of constant use in analytic number theory.

Definition 3.39
1. The von Mangoldt function A is defined by

A(n) = log p, ifn= p“ for some prime p and ¢ € N
1o, otherwise.

2. The first Chebyshev function 6 is defined for x > 2 by

O(x)=) logp

p<x

while it is convenient to set 8 (x) =0 for 0 < x < 2.
3. The second Chebyshev function WV is defined for x > 2 by

W)=Y An)

n<x

while it is convenient to set W(x) =0 for 0 < x < 2.
4. The prime counting function m is defined by

n(x):Zl

p<x

while it is convenient to set 7(x) =0 for 0 < x < 2.

We will make use of the next lemma.
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Lemma 3.40
(1) Forall x > 0, we have

6(x) < W(x) <O(K) + 7 (/) logx.
(i) Forall x > 2 and all a > 1, we have

6(x) <)< a@(x)
log x logx

(xl/”).

Proof
(i) One may suppose x > 2. We first have

[logx/log pl
Y(x)—0(x)= Z log p — Zlogp— Z Z log p
pr<x pP<x p</x a=2
so that W(x) > 6(x). On the other hand
[log x/log p] log x
W) -0 =Y > logp< Y. 10gp|:10 } > logx
p<Vx a=2 PV &r PV
=7 (/x)logx.

(ii)) We have
log p 1 0(x)
=) 1= g D loep =i
px px gp g g
For 2 < T < x, we also have

1
Tw=Y 1+ ¥ i=an+ Y B cam+ 1

p<T T<p<x T<p<x

1/a

and the choice of T = x'/“ implies the asserted estimate.

The proof of the lemma is complete. U

The von Mangoldt function satisfies an important identity which is what we shall
call later a convolution identity (see Chap. 4).

Lemma 3.41

(i) For all positive integers n, we have

> A(d) =logn.

dln
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(i1) Forall x > 1, we have
X
Z A(d)[ﬂ =xlogx —x+ 1+ R(x)
d<x
where 0 < R(x) < logx.
Proof
(i) The identity is clear for n = 1. Suppose n = 2 written as
n= ptlxl . pgl‘

with distinct primes p; and positive integers «;. By the definition of the von
Mangoldt function, it is sufficient to consider in the above sum the divisors d of

nwrittenasd:pl’.s" with 1 < B; <a; fori =1, ..., k. Thus we get
ko« k
ZA(d) = Z Z log p; = Zlogp?" =logn.
din i=1 =1 i=1

(ii) One may suppose x > 1. We use (i) to obtain
D logn=Y"Y"A@).
n<x n<x dn

We will now interchange the summations. This process is of frequent use in an-
alytic number theory (see Proposition 4.17). By setting n = kd for some integer
k, we get

X
Sioen= a0 3 1= 3 aw| ]
n<x d<x k<x/d d<x
and the estimate follows by using Corollary 1.17.

The proof is complete. d

3.4.2 Chebyshev’s Estimates

One of the main goals of Chebyshev was the proof of the Prime Number Theorem
which can be stated as

(x) ~
log x
as x —> oo. Although Chebyshev did not reach this estimate, his work in this di-
rection was crucial and Chebyshev’s ideas are still often used. The following two
results are fundamental.
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Lemma 3.42 Forall x > 1, we have
0(x) < xlog4.
Proof We first prove by induction that, for all positive integers n, we have
6(n) < nlog4. (3.6)

This inequality is clearly true for n € {1, 2, 3} and we notice that, if n > 4 is even,
we have

O(n)=06(n—1)<4" ! <4,

Hence one may suppose that n > 3 is odd and set n = 2m + 1 with m a positive
integer. The idea is to use the fact that the product

[T »

m+1<p<2m+1

divides the binomial coefficient (2’"+1). To see this, it suffices to observe that a

prime p such that m + 1 < p < 2m + 1 divides (2m + 1)! because of p <2m + 1,
but does not divide m! (m + 1)! because of p > m + 1, so that

2m 41
[T » divides @m+ D!=m!(m+ D! x ( mt )
m+1<p<2m+1 m

and since the product is coprime to m!(m + 1)! by the arguments above, Gauss’s
theorem then gives the desired assertion.
Taking logarithms, we then get

2 1
Z logpglog<m+ )
m+1l<p<2m+1 mn
Using Proposition 1.9 (iii) we get
2m +1 m
02m+1)—0(m+1) = Z log p < log <log(4™) =mlog4
m+1l<p<2m+1 mn
and the induction hypothesis applied to 6 (m + 1) gives
02m+1) <mlogd+ (m+1)logd = 2m + 1)log4
which concludes the proof of (3.6). The lemma follows from
O(x) = 9([x]) < [x]log4 < x log4.

The proof is complete. g
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A better upper bound was proved in [Han72] where the author showed that n log 4
could be replaced by nlog3 in (3.6).

Lemma 3.43 Forall x > 1537, we have

0(x) > —
> —
* log4

Proof The proof follows the lines of Chebyshev’s work.
We first notice that the function f defined by

£ =Dx] - B] - B] _ E] . [;_O}

is periodic of period 30, and that (30 — x) =1 — f(x) for x € Z. An inspection
of its values when x € [1, 15[ allows us to infer that f(x) only takes the values O
or 1 if x ¢ Z. Since f is continuous on the right, we also have f(x) =0 or 1 when
x € Z. By periodicity, we infer that f(x) =0 or 1 for all x € R. Hence we get

W) > ZA(n)fCl—C)

n<x
X X X
R H R EREA R IR
X X X
= A(n)l:—i| — A(n)l:—:| — A(n)|i—i|
rg{ n ngz 2n n§3 3n
~ A(n)[i]+ A(n)[ }
ng:/S n ng/;o 30n

where we used the fact that [x/kn] =0 as soonas n > x/k for k € {2, 3,5, 30}, and
using the second estimate of Lemma 3.41, we deduce that

W(x) > xl 11— (Z10es - 4141092
> xlogx — —|zlog= — = og =
X X gx X 2 g2 2 g2

Xl X x+1+1 X Xl X x+1+1 X
—(Zlog=—= og=)—|=zlog=—= og=
398373 £3 58575 €3

+ X lo X X +1
30 30 30
= x1og(27/1°3%3/1051/6) _ 310gx +10g30 — 1.

We conclude the proof by using the first estimate of Lemma 3.40. 0

Note that log(27/1333/1051/6) ~(0.92129... which is a very good lower bound.
It was sufficient to allow Chebyshev to prove Bertrand’s famous postulate.
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Corollary 3.44 (Bertrand’s postulate) Let n be a positive integer. Then the interval
In, 2n] contains a prime number.

Proof We check numerically the result for n € {1, ..., 768} and we suppose n >
769. Using Lemmas 3.42 and 3.43, we get

2
Z logp=6(2n) —6(n) > n(— —10g4> -0
log4

n<p<2n

which implies the desired result. U
Now we are able to get good upper and lower bounds for the function 7.

Corollary 3.45 (Chebyshev’s estimates) For all x > 5, we have

1 x @) 2y 1 X
— <m(x) < — .
log4 logx * log4 / logx

Proof We first check the inequalities

1 n+1 n
— <an)<|(24+— )| ——
log4 logn log4 /) log(n + 1)

for all integers n € {5, ..., 1537} which imply the validity of the inequalities of the
corollary for all x € [5, 1357], so that we may suppose x > 1537.

The left-hand side follows directly from the lower bound of the second estimate
of Lemma 3.40 and from the lower bound of Lemma 3.43.

Using Lemma 3.40 with a = 3/2 and Lemma 3.42, we get

log4
7(x) < ?’Xi +x2/3
2logx

and the inequality logx < 3e~!3x!/3 valid for all x > 1537, implies that

3xlogd 3e 19 1 X
T(x) <

R
+log4

+
2logx log x log x

as required. d

Remark 3.46 The method of Lemma 3.43 also provides an upper bound for W (x),
and hence for 7 (x). For instance, it is easy to see that the function f defined in the
proof of the lemma satisfies the properties that f(t) = 1 forall 1 <¢ < 6, and hence

ZA(n>f<;i>> > A(n)=\v(x>—\IJ<%>

n<x x/6<n<x
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and similar computations allow us to get the following bound
W(x)— W (%) < xlog(27/1933/1951/6) 4 210g x + 1 — log 30.

Now replacing x successively by x/6,x/62, ..., x/6X where k = [logx/log6] and
summing all the resulting inequalities gives

6 logx)>  log5—1
W(x) < (x— 1)<§log(27/1533/1051/6)> + (;)ogg);) - Ofog6 logx < 1.1186x

as soon as x > 2273 (see the survey [BV09] for instance). Therefore one may won-
der whether there exist optimal linear combinations of quantities [x/n] to get better
positive numbers c¢; < ¢ such that

cix <W¥x)<cx (x =x0)?

Diamond and Erdds [DE8SO] showed that the answer is yes, and even provided some
constants arbitrarily close to 1. Thus, could Chebyshev really prove the PNT forty-
five years before Hadamard and de la Vallée Poussin, and without using complex
analysis? Unfortunately not, since Diamond and Erd6s needed the PNT to provide
the constants c1, c3. But Chebyshev’s ideas played a key part in modern analytic
number theory.

Corollary 3.45 allows us to slightly improve on the estimates of Lemma 3.40.

Corollary 3.47

(1) Forall x > 25, we have

W(x) <6(x)+ (4 + L)ﬁ
log?2

3 1
0 24— ¥
210gx{ (x)—l—( +10g4>x }

Y(x) < 2x.

T(x) <

(i) Forall x > 1, we have

(iii) Let py be the nth prime number. Then, for all integers n > 3, we have
n
Elogn < pnp <2nlogn.

Proof

(1) Follows directly from Corollary 3.45 and Lemma 3.40, the second estimate
being used with a = 3/2.
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(i1) The inequality is first numerically checked for all integers n € [1, 100], and
follows from Lemma 3.42 and (i) otherwise.
(iii)) We first check the inequalities for n € {3, ..., 337} and suppose n > 338 so
that p, > 2273. The proof rests on the fact that = (p,) = n.
> For the lower bound, we use the second upper bound of (i) above,
Lemma 3.42, the inequality x23 < x /13 valid for all x > 2273 and the
trivial inequality p, > n, which imply that

3 1 1 2 2
Pr_lioga+ —(2+ < Sbn o 2P
21og px 13 log4 logp, logn
giving the asserted lower bound for p,,.
> For the upper bound, we begin by using the inequality

n=m(py) <

log x 1
x1-log2 = log4

valid for all x > 2273. Applied with x = p,, and using the lower bound of
Corollary 3.45, we get

log pn 1 7(pp)logpn, _ nlogp,
log2 = < =

DPn log4 Pn Pn

which implies that p, < n!/1°¢2 and therefore log p, < igg; Thus, we get
n=m(py) > Pn - Pn
" log4logp, 2logn
which implies the desired upper bound.
This concludes the proof of the corollary. O

3.4.3 An Alternative Approach

In [Nai82], M. Nair had the idea to use d, =[1, 2, ..., n] to get lower bounds for
the function 7. This estimate rests on the following result.
Lemma 3.48 For all integers n > 2, we have d,, > n=2

Proof The inequality is clearly true for n € {2, 3} so that we suppose n > 4. Let

1
I, :/ x"(1 —x)"dx.
0
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We first notice that 0 < I,, <47" since 0 < x(1 —x) < 1/4 forall 0 < x < 1. Now
using Newton’s formula, we get
n 1 n k
n n\ (=1
I, = —DF [ x"hdx = _
=2 (et [e= ()

so that 7, is a rational number whose denominator is a divisor of d»,,+1. We deduce
that dr,4+1 x I, is a positive integer, which implies that for all integers n > 1, we
have

1 <dopyr X Iy <4 "dopy
and hence
dans1 227 and  dopyn > dopyr =27
which implies the asserted inequality. g

Now using Corollary 3.7 (ii), we have d,, = p‘f‘ p p,‘f", where the prime numbers
pi are distinct and satisfy p; < n and each exponent ¢; is the larger power of p; < n,

so that
I I
o = |: ogn i| < ogn
logp; | ~ log p;

and therefore
d, < 1_[ plogn/logp — 1_[ n Znn(n)

psn psn

so that

logd

logn
Using Lemma 3.48 we get

—2)log?2

2 > =Pl
logn

3.4.4 Mertens’ Theorems

Around 1875, Mertens proved two fundamental results on asymptotics for some
prime number functions.

Theorem 3.49 (First Mertens’ theorem) For all x > 2, we have

1
Z o8P =logx + 0(1).
p<x
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First proof Let n = [x]. By Theorem 3.37 we have

log(n!) =Y " logp Z[ ]

p<n

pel2) oo gle]

p<n p<n
Zﬂ+0 (6(n) +0< Zlogpz )
p<n p<n

and the use of (1.1), Corollary 1.17 and Lemma 3.42 gives

logp  log(n!) @ log p
5= eo(TR) o2 55 )

o P s PP =D

= l(nlogn +0m)+ 0(1)=logn+ O(1)
n

and we conclude the proof with

| |
3B S 2EP gl 4+ 0(1) = logx + O(1)
psx p p<Ix]

as required. 0

Second proof We first notice that

A(d) _ Z logp Z log p

p*
d<x P<X pr<Lx
az>2

and the second sum is
lo
<Y 1ogp2 Z g” = 0()
p<A/x o= 2

so that

o loep =Z%d)+0(1)

pP<x P d<x

Now appealing to Lemma 3.41 and Corollary 3.47 (ii) we get

vlogr+ 0 = 3 a@[ 5| = Z A2+ 0wen) =2 X A0+ 0w

d
d<x d<x d<x
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and hence
Z % logx + O(1)
d<x
which concludes the proof. d

By partial summation, it is fairly easy to prove that Theorem 3.49 implies the
following result.

1 1
Z—:loglogx+B+O< ) (3.7)
p log x

p<x

where B =1 — loglog?2 + f2°° t~!(log 1)"2R(t)dr and |R(¢)| < 1. This estimate
shows that (3.3) is very close to the right order of magnitude of the sum of the
reciprocals of prime numbers. Mertens studied more carefully this sum in order
to get a more manageable expression of the constant B, called today the Mertens
constant.

Corollary 3.50 Forall x > e, we have

1 1
Z — =loglogx + B + 0(1—>
PSX P 08X
where B=y +3_ {log(l — %) + %} ~(.2614972128... is the Mertens constant.
Proof Let h > 0.

> The starting point is Euler’s formula from Proposition 3.52

1\ &
H(“m) =2

p n=1

Comparing the sum to an integral, we infer

1 % dr 1
Zn1+h - ), +0(1)__+0(1)
n=1

so that

1\
H(I—W> =2 +0W

p
and taking logarithms of both sides we get

-1 1
X+ L L gt = 2ee(1 - i) =) + 000

p P a=2
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as h —> 0, so that

> i =e(;) - S e 00 09

p

> Let X > x > e be large real numbers. By (1.5), Proposition 1.27 and (3.7), we
have

> o[ w2 5)

x<p<X p x<p<t p

_ > l+h/X1 > Lol ))ar
oXh P o tlth n log x

x<p<X logx<n<logt

1 log X X 1\ dr 1
=—1 h —)—+o0o—
X Og(logx ) + /x ( Z n)t1+h + (logx>

logx<n<logt
wu(ge) or 5 [ mro(i)
logx<n<logX 8 tHh log x
e
=i <logx>

—nh __ X—h < 1 )
————+0
n logx
—nh

e 1
- ¥ o)
n log x

logx<n<log X

10gx<n <log X

so that
; ﬁ B % e:h + 0<lo<1gx)
=—log(l—¢™") - g:g e:h + 0<10;x)
=—log(l—e™") - nggx % +”§0gx l_nﬁ * 0(@)

1
= —log(1 —e™") —loglogx — y + O(hlogx) + O(1 gx)

> Now combining (3.8) with this estimate we get

1 1 —e™
Z PIEY =log( A )+1oglogx+y ZZ (1+h) + O(hlogx)

pLx
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1
+0(5o)
logx

and letting # —> 0 and noticing that 3°, 3" °%, ap =—>_,flog(1 — %) + %}
we obtain the asserted result.

Mertens discovered the identity

_ i pn) log¢ (n)

n

P a= 2

which enabled him to compute B very accurately.
From Corollary 3.50 we readily get Mertens’ second theorem.

Corollary 3.51 (Mertens’ second theorem) For all x > e, we have

[0 -0) =i+ )}

p<X

Proof We have

AU R0 s MU

p<x pP<x p<x p<x

and using the inequalities
1 <1 1>_1 ! —< ! < !
og(1—— — — < —
p 2p(p—1) = p?

1 < 1
Z 2
Pl xlogx

the estimate

and Corollary 3.50, we infer that

e [1(-5) =5 -2 -5) -5} o)

PX PX

1
=loglogx +y + O(—)
log x

and the use of ¢" = 1 + O(h) for all h — 0 finally gives

I1 <1 - %)_1 :eVlogx{l + 0(10;)6)}

p<x

which is easily seen to be equivalent to the form given in the corollary. g
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3.5 The Riemann Zeta-Function

3.5.1 Euler, Dirichlet and Riemann

Considered as one of the first analytic number theorists, Euler noticed that the func-
tion

well-defined for all o > 1, could carry some important arithmetic information, in
particular concerning the distribution of primes. Indeed, using Theorem 3.3, Euler
showed the following fundamental result.

Proposition 3.52 (Euler) For all o > 1, we have

n-2)'-5a

o
p p n=1

Proof Let N be a positive integer and o > 1 be a real number. Expanding the prod-
uct

1\! 1 1 1
(-3) =Moo

o
PN p PN

and using Theorem 3.3, we obtain
[T(1 ! _1—1+1+1+1+
AT ) T T T
where each integer n; is such that all its prime factors are < N, so that
1! 1
ni-») - X &
p<N PN
Since every integer n < N satisfies this property, we infer that

S T(-5)

PN

o0

1 1 1
DT 2 Sl

n n
n=1 Pt(m)KN n>N

We conclude the proof by noting that the latter sum tends to 0 as N tends to co. [

Euler used to work with Proposition 3.52 principally as a formal identity and
mainly for integer values of . Later, Dirichlet based some of his work upon Euler’s
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product formula but used it with o > 1 as a real variable, and proved rigorously that
this result is true in ]1, oo[.

Riemann, who was one of Dirichlet’s students, was certainly influenced by his
use of Euler’s product formula and, as one of the founders of the theory of functions,
would naturally consider o as a complex variable, renamed s = o + it € C. Since

_Z_

p<x

ot Ipl

both sides of Proposition 3.52 converge for every complex s such that o > 1. This
leads to the following definition.

Definition 3.53 (Riemann zeta-function) The Riemann zeta-function ¢(s) is de-
fined for all complex numbers s = o + it such that o > 1 by

1 1\!

The product representation, called the Euler product, enables us to see that
£ (s) # 0 in the half-plane o > 1. Furthermore, since

log p log p
) ‘_1‘<Zm

S
158 p PSX

for all s =0 + it € C such that 0 > 1 + ¢, we infer that the series of the left-
hand side is uniformly convergent in this half-plane, and this allows us to take the
logarithmic derivative of both sides of Definition 3.53 and justifies the change of the
order of summations, which gives

¢'(s) ! 1 o
g(j) Z ogp ZZ og ZZ ng
P a=1 p

P P a=l

and hence we get

e Am)
£(s) nt

n=1

3.9)

The series in (3.9) converges absolutely and uniformly in the half-plane o > 1 + ¢
for all € > 0, so that (3.9) holds for o > 1 by analytic continuation.
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3.5.2 The Gamma and Theta Functions
» Euler defined the Gamma function for all real numbers o > 0 as
o
I'(o) :/ x® e dx
0

the convergence of the integral being ensured by the estimates x% e ~ xo~1
when x —> 0 and x°'e™ = o(e™*/?) when x —> oo. Clearly, we have
I'(c) > 0 for all ¢ > 0, '(1) = 1 and integrating by parts gives the recursion
I'(c +1) =0T (o) for all o > 0. In particular, we get by induction the identity
I'(n) = (n — 1)! for all positive integers n.

Let s = o + it € C. Since |x®| = x°, the integral above defines an analytic
function I' in the half-plane o > 0, which still satisfies the functional equation
I'(s+ 1) =sI'(s) for o > 0, as can be seen by repeating an integration by parts. For
—1 <0 <0,weset I'(s) =s'I'(s + 1) so that the function I" has a simple pole at
s = 0. Similarly in the range —2 < o0 < —1, we define I'(s) =s (s + 1) "' '(s +2)
which gives a simple pole at s = —1. Continuing in this way, we see that the func-
tional equation extends I" to a meromorphic function on C, which is analytic except
for simple poles at s =0, —1, —2, —3,... One may check that the residue at the
pole —n is given by (—1)"/n!.

Let us mention the following useful formulae [Tit39, 4.41]. For any s € C we
have’

1 sinms
Fr—s) =«

and!?

C(s) =n_1/22S_1F<%>F<S * 1>. (3.10)

Stirling’s formula may be generalized as follows [Tit39, 4.42].

Theorem 3.54 (Complex Stirling’s formula) For any s € C, we have
1
logT'(s) = <s — 5) logs — s +logv/2m + O(Is| ™)

as |s| —> oo and uniformly for |args| < w — & (§ > 0), where the complex loga-
rithm is chosen by taking the principal value of its argument. This implies in partic-
ular that, if o € o1, 02] is fixed, then

(o +it)| =117 e ™22 (14 0 (1t 7))

when |t| 2 ty, the constant implied in the error-term depending on o1 and o7.

9This identity is called the reflection formula.
10This identity is called the duplication formula.
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We will see later that most of the Dirichlet series arising in analytic number
theory satisfy functional equations of the same shape,!! namely as in Theorem 4.58
where products of Gamma functions appear. Theorem 3.54, showing that I" (s) tends
to zero exponentially fast as |[f| —> oo in vertical strips, is then used to shift the
contours of integration. This enables us to get important results which are out of
reach by other methods, as in Theorem 7.178.

» Replacing x by 7n’x in the integral defining I" gives

n—fﬂr(%%—f = f T ot g (3.11)
0

for all o > 0. The purpose is to sum both sides of this equation. To this end, we
define the following two functions. For all x > 0, we set

w(x)= Zefnznx and 0(x) =2w(x)+1= Zefnznx‘

n=1 nez

The function g : t —> e’ 7 satisfies fR g(t)dt = 1. This implies that its Fourier

transform is
7'[142

gw)=e"

2 . .. . .
Set f :t+—— e """ Using the transposition formula stating that the Fourier
transform of 1 —> g(at) is the function u —> || ' (u/a) for all real numbers
a # 0, we obtain with a = x1/2

fA(u) _ xfl/Zefuzn/x.

Then Lemma 6.27 implies the following result: for all x > 0, we have

9(1) =x'20(x). (3.12)
X

Now we may return to (3.11). Summing this equation over n and interchanging
the sum and integral, we get for all o > 1

7T_‘Y/2F<£>§'(S)=/ o (x) dx.
2 0

The process is justified since the sum and integral converge absolutely in the
half-plane o > 1. Splitting the integral at x = 1 and substituting 1/x for x in the
first integral yields

n‘”%(f)g(s):/ x"/z_la)(x)dx—i—/ x_“/z_lw(l> dx
2 1 1 X

''The set of these functions is now called the Selberg class.
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and using (3.12) in the form

1 172 _q
w(_> =x'o(x) + i
X 2

finally gives

, 1 1 % , L oodx
220 (S ) e(s) = - + —— +/ wx) (2 + x99 = (3.13)
2 s s—1 1 X

forallo > 1.

3.5.3 Functional Equation

The computations made above eventually lead to the functional equation of the Rie-
mann zeta-function. Thus, Riemann’s idea to consider s as a complex variable is
very fruitful. However, it is interesting to note that Riemann did not think of a
piece-by-piece extension of the function represented by Y >, n~* in the way that
analytic continuation is usually used today, but rather searched a formula which re-
mains valid for all s (see [Edw74] for instance). The following result, whose real
version was conjectured and partially proved by Euler, is fundamental.

Theorem 3.55 (Functional equation) It is customary to set
() =T (s/2)5 (5).

Then the function £(s) can be extended analytically in the whole complex plane to
a meromorphic function having simple poles at s =0 and s = 1, and satisfies the
functional equation £(s) =&(1 — s).

Thus the Riemann zeta-function can be extended analytically in the whole com-
plex plane to a meromorphic function having a simple pole at s = 1 with residue 1.
Furthermore, for all s € C\ {1}, we have

¢(s) =27 sin(?)r(l — )t —s).

Proof

> Letx > 1 be areal number and s = o +if witho > 1. By (1.7) witha=1,b=x
and f(x) =x"", we get

I 1 1—x"= v T (u)
n_S:§+ST_ i 1 uH_ldu (3.14)
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so that making x — oo we obtain

1 4 (u)
(=478 e

du. (3.15)

Since | (x)| < %, the integral converges for o > 0 and is uniformly convergent
in any finite region to the right of the line o = 0. This implies that it defines
an analytic function in the half-plane o > 0, and therefore (3.15) extends ¢ to
a meromorphic function in this half-plane, which is analytic except for a simple
pole at s = 1 with residue 1. Also notice that (3.15) can be written in the shape

{(s):L s/oo i du
1

s—1 - us+1
and since limj5| .0 5 /(s — 1) =1, we deduce that
lc(s)| < Is]

as |s| —> oo.
> By (3.13), we have for o > 1

1 1 o /oy dx
E(s):——-|——1+/ a)(x)(xs/z—}—x(l*")/z)—.
N S — 1

X

Since w(x) K e™™* as x —> 0o, we infer that the integral is absolutely conver-
gent for all s € C whereas the left-hand side is a meromorphic function on o > 0.
This implies that

a. The identity (3.13) is valid for all o > 0.

b. The function &£(s) can be defined by this identity as a meromorphic function
on C with simple poles at s =0 and s = 1.

c. Since the right-hand side of (3.13) is invariant under the substitution § <—
1—s,wegeté(s) =& —ys).

d. The function s —> s(s — 1)&(s) is entire on C. Indeed, if o > 0, the factor
s — 1 counters the pole at s = 1, and the result on all C follows from the
functional equation.

> It remains to show that the functional equation can be written in the form

£(s) =27 sin(?)r(l — (1 —s).
Since £(s) = &(1 — s), we have

I(s/2)¢(s) = ns—1/2r<l%s>c(1 —5)
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and multiplying both sides by 7 ~1/225~1 F(l%) and using (3.10) we obtain

s—1 1—s 1+s
I'(s)¢(s) =2n) 1"( 7 >F<T)g‘(l—s).

Now the reflection formula implies that

sinms

J— s—1 VAT EN
¢(s) = (2m) (sin(n(l +5)/2)

)F(l — )51 =)
and the result follows from the identity sinzws = ZSin(%) sin(%(l + 5)). The
proof is complete. U

Remark 3.56 We may deduce the following basic consequences for the Riemann
zeta-function.

1. ¢(s) has simple zeros at s = —2, —4, —6, —8, ... Indeed, since the integral in
(3.13) is absolutely convergent for all s € C and since w(x) > 0 for all x, we
have

£(=2n) = i — ; + /oow(x)(x—n +xn+1/2)d_x >0
2n  2n+1 1 X
for all positive integers n. The result follows from the fact that I" (s /2) has simple
poles at s = —2n.
These zeros are the only ones lying in the region o < 0. They are called trivial
zeros of the Riemann zeta-function.
2. Forall 0 <o < 1, we have ¢ (o) # 0. Indeed, since for all o > 0

s W
co =g [ e

s—1

we infer that, for all 0 < o < 1, we get

o—1

© dx
<0 —_— =
/1 yo+l1

which implies that £ (o) <1+ 0/(oc — 1) forall 0 < ¢ < 1. Hence ¢ (o) < O for
all % < o < 1, and the functional equation implies the asserted result.

o
‘C(G)——

The functional equation is very important, but also may be insufficient in some
applications for it does not express ¢ (s) explicitly. The following tool will be useful
to get some estimates of ¢ (s) in the critical strip, especially when o is close to 1.

Theorem 3.57 (Approximate functional equation) We have uniformly for x > 1 and
s € C\ {1} such that o > 0

1 xl—s
()= —+— +Rols;0)

n<x
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with
I/f(X) I/f(u)

Ro(s;x)=———3 Py

and hence
_ Is|
|Ro(s; )| < .
ox°®

Proof Follows by subtracting (3.14) from (3.15). O

3.5.4 Estimates for | (s)|

In this section, we set T = |t| + 3 forall r € R.

» The next lemma gives inequalities for | (s)| near the right of the line o = 1.

Lemma 3.58 Foralloc > 1 andt € R, we have

1 @) o
—<l(0) < ——
—1 ¢ o—1
and

¢ .
—— (o +1ur
{(rr i) <

Furthermore, for all o > 1 and t € R, we have

1 1
o) <o +in| < {(0)<ﬁ+0.64

where the last estimate is valid forall 1 <o < 1.12

food” ¢(0) /md”+1
—_— << o)< —_—
1 u® 1 u®

giving the first line of inequalities and the second line follows from Abel’s summa-
tion which implies that

@)=Y 1<’)1g0n - Zlog(l + %) 3

h=n+1

Proof We start with

1 > du
Xl
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For the next result, we first have

o0

1
co+in| <Y — =t

n=1

and

o0

1 1 1 1
C@ +in| ‘U( ) <1+ 57) < X =

)4 n=1

Now using (3.15) and integrating by parts we get

1 1
(@)= —+5-o@+D) [ JReliy

and using 0 < —yn(u) < % and o < 1.12 we get the asserted result. O

» Using Theorem 3.57, we are in a position to estimate |£(s)| near the left of the
line o = 1.
> For o > 2, we have trivially

2
2(s)] <z<o><¢<2>=%.

> For 1 —c¢/logt < o <2 for some 0 < ¢ < %, we use Theorem 3.57 with
—1

x = 7. Note that 7'77 < ¢° and, for all n < 7, we also have n=% < en~!, so
that'?

e d () e Sor)
n<t n<rt

<e(logt +3) <4elogr.

In particular, we have |¢ (1 +it)| <4logt forall r e R.
> For 0 =0 and t # 0, we have from the functional equation

e =n" smh( )\F(l —in||c —in)|
and Theorem 3.54 implies that
ID(1 —in)| < t'/2e7 ™7/

so that by above we get

c(in) <« t'/? logt.

12The constraint ¢ < % ensures that o > % for t > 3.
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This inequality also holds for t = 0 since it can be shown that £ (0) = —5
> For 0 <o <1 and t > 0, we use the Phragmén—Lindeldf principle, which
may be stated as follows.

Let a < b be real numbers and suppose that f : C — C is a
continuous, bounded function in the strip a < o < b, and analytic in
a<o<b. If, forallt € R, we have

|fla+in)| <A and |f(b+it)|<
then, for all s such that a < o < b, we have
|f(s)| < (Abfd Bcrfa)l/(b*a)'
Applied here with the above estimates this result gives
o(s) < t1=9)/2 logt

forall0 <o < 1.
> By differentiation of the equation of Theorem 3.57, for s € C satisfying 1 —
c¢/logt <o <2, we get

logn  x'Slogx X
/ = — — — R )
() > P 1 G2 1(53%)

with

Ri(s; x)| < | 1ogx+a < —|S| (logx +2).
(e
oXx

Proceeding as before and using the easy inequality

2
Z logn < (logzr) 011

n<t

we obtain |¢/(0 +i1)| < 9e¢ (log )2

We may summarize these estimates in the following result.

Theorem 3.59 Let 0 < c < %, t € R and set T = |t| + 3. Uniformly in o, we have

, o=
o+it) K
3 ) r(l"’)/zlogr, if 0 <

Furthermore, in the region 1 —c/logt < o <2, we have

|§(U+zt)| 4elogt  and }g“ (a+zt)| 9¢¢ (logr)
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More elaborate techniques can be used to improve on this result, as will be seen
in Chap. 6. It is customary to denote by (o) the lower bound of numbers o such
that, for all |¢| > 1, we have

L(o +it) < |t]”.

From the theory of Dirichlet series, it may be proved [Tit39, §9.41] that this function
is never negative, non-increasing and convex downwards, and hence continuous. By
above, we get ,bL(O) =0 for all ¢ > 1 and using the functional equation, it may be
shown that (o) = 5 — o for all ¢ < 0. These equalities also hold by continuity for
o = 1 and o = 0 respectively. However, the exact value of 1 (o) in the critical strip
is still unknown. The simplest possible hypothesis is that the graph of this function
consists of two straight lines y =5 —o if o < 5 L and y=0ifo > 2 This is known
as the Lindeldf hypothesis and is then equivalent to the statement that

1+'t < tt
52 it <

for all ¢ > 0 and ¢ > 3. The best value to date is due to Huxley [Hux05] who proved
that we have'?

¢ (l + it) « 132/205+e.
2

3.5.5 A Zero-Free Region

It can be shown [Tit51, §3.7] that a weak version of the Prime Number Theorem,
i.e. w(x) ~ x/logx when x —> 00, follows from the next result, which goes back
to Hadamard and de la Vallée Poussin (1896).

Theorem 3.60 For all t € R, we have ¢ (1 +it) # 0. Furthermore, if T = |t| + 3,
we have

1
l+in]>—
g +in]> 221 184(log7)?

Proof Since 1 is a pole of ¢, we suppose that 1 + i1y is a zero or order m of ¢ (s) for
some fg # 0, so that there exists £ % 0 such that

. t(o +ity)
lim ——

o1t (0 — DM

13See Exercise 7 in Chap. 6.



3.5 The Riemann Zeta-Function 103

Let o > 1 and ¢ € R. Using (3.9), we have

Re(3log¢ (o) +4logt (o +it) +logi (o + 2ir))

o0
A(n)
= E (3 +4cos(rlogn) + cos(2t logn))
1 n°logn

n=

A(n) 2
=2 E 1 t1 =0
2 27 logn ( ~+ cos( ogn))

which implies that
|t(@) ¢ +intc(o +2in] > 1

Therefore we get
(0 = 1*¢(0) (0 = D¢ (0 +itg)*¢ (o +2it0)| > (0 — 13",

Now making 0 —> 17 gives a contradiction, since the left-hand side tends to a
finite limit, whereas the right-hand side tends to co if m > 1.

For the lower bound of £ (1 +it)|, we proceed as follows. The inequality above
and the estimates of Lemma 3.58 and Theorem 3.59 give for 1 <o <2

1

_ 3/4 (174 VA, 1v3/4 a
|§(0+”)|<C(a) l¢(o +2in)|"* < 32)V4(0 — 1) 4 (ogT) /4,

so that by Theorem 3.59 we getfor 1 <o <2

|c(1+in)| > |¢(o +it)] —9(o — D(logT)?
> (32log7) V4o — 1)** = 9(c — 1)(log 7)?

and the choice of o = 1 + 6635527 (log 7) ~° gives the stated result. g

The proof given above follows essentially the lines of de La Vallée Poussin’s.
Hadamard’s argument, also exploiting the link between ¢ (1 + ify) and ¢ (1 + 2itp),
is similar in principle. The trigonometric polynomial used above may be replaced
by any trigonometric polynomial P(0) = Z,A,;[:o ap cos(mB) satisfying a,, > 0 and
P(0) > 0, which implies that, for o > 1, we have

o~ A
m=0 n=1

Since ¢ (s) # 0 for o > 1, we infer that, apart from the trivial ones, the function ¢ (s)

has all its zeros in the so-called critical strip 0 < o < 1. It is customary to call these

zeros the non-trivial zeros of {(s) and they are denoted by p =  + iy. Since the
Riemann zeta-function is real on the real axis, we have {(s) = ¢ (s) by the reflexion
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principle, so that, if p is a zero of ¢ (s), then so is p. By the functional equation, we
deduce that 1 — p and 1 — p are also zeros of £ (s).

For a stronger form of the Prime Number Theorem with an estimate of the error-
term (see Sect. 3.7), a larger zero-free region to the left of the line ¢ = 1 and some
fine estimates of ¢ (s) in this region are needed. This is the purpose of the next result.

Theorem 3.61 Set v = |t| + 3. The Riemann zeta-function has no zero in the region

1

o2l——— and teR
5556379(log 7)°
in which we also have the estimates
|t +it)| > - —g—/(o +it)| <5556379(log 7)°
442368 (log )’ e '

Proof Let 0 < ¢ < % be the constant appearing in Theorem 3.59 and let s be a
complex number such that 1 — ¢/logt < 0 < 2. From

1
c(14it) —¢(o +it) :/ ¢'(u+it)du
(e
and Theorems 3.59 and 3.60, we get

lt(o +in)| > |¢d +in)| —9e“(1 — o) (logT)?
S S 9¢(1 — o) (log 7)?
221184(log t)7
so thatif o > 1 — 3981 312_le_c(log 1')_9, we infer

1

2@ +iDl > 380z )

and by Theorem 3.59 we also obtain

/
’—%(a +ir)| <9e'/? x 442368 x (log 1)’ < 5556379(log 7)°

as required. g

We will now prove that the function —¢’(s)/¢ (s) has an analytic continuation to
the line o = 1.

Proposition 3.62 The function —¢'(s)/(s) has an analytic continuation to o = 1
with only a simple pole at s = 1 with residue 1.
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Proof By (3.14), we have (s — 1)¢(s) = s¢(s) for all o > 0, where

°° {x}

PO =1-G-1 | < dr

so that ¢(s) is analytic in the half-plane o > 0. We deduce that, for all o > 1, we
have

) () +5¢'(s)
—_
C(S) C(S) s—1t

as required. g

—(—)

3.6 Prime Numbers in Arithmetic Progressions

Let a and g be two positive integers. The question of the infinity of the prime num-
bers p =a (mod gq) arises naturally. First note that we may suppose that (a,g) =1,
otherwise the terms of the sequence (gn + a) are all divisible by (a, ¢). Thus the
condition (a, g) = 1 is necessary to this problem. Dirichlet’s tour de force was pre-
cisely to show that this hypothesis is also sufficient. The purpose of this section is to
provide a proof of Dirichlet’s theorem.

Theorem 3.63 (Dirichlet) Let a, g be positive coprime integers. Then there are
infinitely many prime numbers p such that p =a (modgq).

3.6.1 Euclid vs Euler

Let us go back in time. Before Euler, there were many attempts to generalize Eu-
clid’s method to the problem of primes in some fixed arithmetic progressions. The
following lemma shows that the method works for at least two of them.

Lemma 3.64

(1) There are infinitely many prime numbers p such that p =3 (mod4).
(ii) There are infinitely many prime numbers p such that p =1 (mod4).

Proof

(i) Suppose the contrary and let P43 = {p1, ..., pn} the finite set of all prime num-
bers p such that p =3 (mod4). Set M =4p;--- p, — 1. If M is prime, then we
get a prime number of the type M = 3 (mod4) such that M > p,,. Suppose now
that M is composite. Then there exists at least an odd prime divisor p of M of
the form p = 3 (mod4), otherwise all prime factors of M are = 1 (mod4) since
M is odd, and we have M = 1 (mod4) which is not the case. On the other hand,
we have p & P4 3, otherwise we have p | M + 1. Thus we have found a prime
number p such that p =3 (mod4) and p & P4 3, leading to a contradiction.
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(i1) Suppose the contrary and let P41 = {p1, ..., pn} the finite set of all prime num-
bers p such that p =1 (mod4). Set M =4(py---p,)> + 1. If M is prime, then
we get a prime number of the type M = 1 (mod4) such that M > p,,. Suppose
that M is composite and let p be a prime factor of M. Since M is odd, we have
p # 2 and also p & Py 1, otherwise it divides M — 1. Since p | M, we have
4(p1---pn)* = —1 (mod p) and hence —1 is a quadratic residue modulo p.
By Example 3.35, we infer that p = 1 (mod4). Thus we have found a prime
number p such that p =1 (mod4) and p & P4 1, leading to a contradiction.

The proof is complete. O
This argument may be generalized to certain arithmetic progressions.

Proposition 3.65 Ler g be an odd prime number. Then there are infinitely many
prime numbers p such that p =1 (modgq).

Proof

> Leta > 1 be an integer such that ¢ |a andset M =1 +a+a*>+---+a9!. Let
p be a prime divisor of M. Note that p t a, otherwise we have M =1 (mod p)
which contradicts p | M. Hence p # q. Using Lemma 1.6, we get p | (a? — 1)
and hence ord,(a) divides g. Since g is prime, we infer that ord,(a) =1 or q.
If ord,(a) =1, then we get M =g (mod p) and hence g = 0 (mod p) which is
impossible, since p and ¢ are two distinct prime numbers. Therefore ord, (a) = ¢
and then g | (p — 1) by Theorem 3.25. In other words, we have proved that

p=1(modg).

> Suppose that there are finitely many primes py, ..., p, such that p; =1 (modg).
Consider the integer a = gp; - - - p, which is a multiple of ¢g. By above, the integer
M=1+a+---+a?" ! has a prime divisor p such that p = 1 (modg) and also
p # p; otherwise we have p | (M — 1), giving a contradiction. O

The proofs above use a Euclidean argument, in the sense that we have at our
disposal a polynomial P € Z[X] with degree > 0 and whose integer values have
prime divisors, almost all lying in some arithmetic progressions. For instance, The-
orem 3.13 uses the polynomial P = X + 1, Lemma 3.64 uses the polynomials
P =X —1and P = X2 + I respectively and Proposition 3.65 uses the cyclotomic
polynomial ®; = X9~ + X972 + ... + 1 (see Chap. 7, Sect. 7.2.9).

One may wonder whether such arguments may be generalized to all arithmetic
progressions. The following curious result, due to Schur (1912) for the sufficient
condition and Ram Murty (1988) for the necessary condition, shows that such a
proof cannot exist for all cases.

Proposition 3.66 Let a, g be positive coprime integers. Then there exists a Eu-
clidean proof for the sequence a (mod q) if and only if a> = 1 (mod gq).
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For instance, Euclid’s argument may be used to show the infinity of the set of
primes such that p = 8 (mod9) but cannot be used to prove that there are infinitely
many prime numbers p such that p =7 (mod9).

Thus, a new idea is needed. Around 1837, Dirichlet succeeded in using a gen-
eralization of Euler’s proof of Theorem 3.13 and some group-theoretic tools. More
precisely, Dirichlet proved the divergence of the series

2

1
p=a(modgq) p
by discovering a clever expression for the characteristic function

1, ifn=a (modgq)

lg.a(n) = {0, otherwise (3.16)

(see Proposition 3.68) and showing

1
lim Z 7(1’“(13) =00
p

o1+ p°

An alternative way is to estimate partial sums of the above series. Let us examine
this in the following example taking ¢ =4 and a = 1. Dirichlet used the function
14,1 defined for all odd positive integers n by

1 . (nmw
14’](11) = 5(1 + Sln(7>>.

One may readily check that, for all odd n, we have

|1, ifn=1 (mod4)
14,1(n) = {0, if n =3 (mod4).

Thus, for all N > 1, we get

1 1 1 1 1 sin(zwp/2
Z 1_ Z 4,1(1!7)2E _+§ Z (P/).
pev Posen P saov P “aen P
p=1(mo

By Corollary 3.50, the first sum tends to co when N — oo. We will prove in
Theorem 3.73 that the series
Z sin(p/2)

7 p

converges, which establishes the divergence of the initial series

2

1
p=1(mod4) p
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3.6.2 Dirichlet Characters

Dirichlet introduced the characters which was the main tool in the proof of his
theorem. Although these characters may be defined on any finite abelian group, we
may restrict ourselves here to the so-called Dirichlet characters as extensions over
Z\ {0} of homomorphisms of the multiplicative group (Z/qZ)*.

Definition 3.67 Let g be a positive integer. A Dirichlet character modulo ¢ is a
map y : Z \ {0} — C satisfying the following rules for all a, b € Z \ {0}.

(i) x(a)= x(a (modq))
(i) x(ab) = x(a)x(b)
(iii)) x(a)=0 if (a,q) > 1.

In fact, (i) and (ii) mean that these characters are homomorphisms of the mul-
tiplicative group (Z/qZ)* and (iii) extends these maps to Z \ {0}. We shall make
frequent use of the g-periodicity of the characters. One can prove that the set of
Dirichlet characters modulo ¢ is a group isomorphic to the multiplicative group
(Z/]qZ)* of the units of the ring Z/qZ. In particular, there are ¢(q) Dirichlet char-
acters modulo ¢. The identity element of this group is called the principal, or trivial,
character modulo ¢ and is usually denoted by xo. Thus, xg is defined for all a € Z
by

(1, ifag =1
XO(a)_{O, otherwise.

Let x be a Dirichlet character modulo ¢. We define ¥ by ¥ (a) = x (a). Clearly, X
is also a Dirichlet character modulo ¢ called the conjugate character of y. Itis also
not difficult to see that, if (a,q) =1, then x(a) is a ¢(g)th root of unity. Indeed,
denoting by a the residue class of the integer a in (Z/qZ)*, we have

(x(@)*? = x(a*@) = x (1) = 1.

Dirichlet succeeded in proving that a suitable linear combination of these characters
provides the desired characteristic functions 1, ,.

Proposition 3.68 Let a, g be positive coprime integers and define 14 ,(n) as

_J1, ifn=a (modg)
lg.a(n) = {0, otherwise.

For all positive integers n we have

1
Lam=— Y T@xm
@ i

where the summation is taken over all Dirichlet characters modulo q.
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Proof
> Suppose first that a = 1. If n = 1 (mod g), then we have by Definition 3.67 (i)
dYooaxm= Y x(h= Y 1=9@.
x (modq) x (modq) x (modq)

Now assume that n % 1 (modg) and (n, g) = 1. Then there exists a character x
such that x1(n) # 1. When y ranges over all Dirichlet characters modulo g, so
does the character x| x and hence

Yo=Y uom=xm Y x

X (modgq) x (modq) x (modgq)

which implies that 3~ (104) X (1) = 0 as required.

> Suppose that a # 1 and let a~! be the inverse of a in (Z/qZ)*. From the relations
x(@)x(a)=1and x(a)x(a ") = x(1) = 1, we infer that ¥ (a) = x (a~!). Hence

— _ -1y )0 ifa~'n=1 (modg)
Z X(@x(m) = Z x(a™'n) = {0, otherwise
x (modq) x (modq)
by above, which completes the proof. O

This result thus provides an expression of the partial sums that we wish to esti-
mate.

Corollary 3.69 Let a, g be positive coprime integers and N > 1 be an integer. Then
we have

1 1 1
> i =g T )ZX(p)
v PPy (p 1 XF#X0 PN

p=a(modq) (p.q)=1

Proof By Proposition 3.68 we get

Z lz Z lq,a(P) _ 1 Z %(@) Z X(P)
= T ¢ @D, modey  pn
p=a(modq

and we split the first sum according to x = xo or x # xo, leading to the asserted
result. O

It is fairly easy to see the first sum of Corollary 3.69 tends to co as N —> o0

since it only differs from the sum ) p<n 1/p of a finite number of terms. The
crucial point is then to show that the series

)
25
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converges for all x # o, implying the divergence of the series
>
p=a(modq) p

It should also be mentioned that the result of Corollary 3.69 may be easily general-
ized to any complex-valued arithmetic function f in the following form.

> f(n)=$ > Fo+ —— Y oX@ Y xmfm).  GBa7)

¢(q)
n<x n<x n<x
n=a(modgq) (n,q)=1 X#XO =

The next result uses the periodicity of the characters to bound partial sums of
non-principal Dirichlet characters.

Proposition 3.70 For all non-principal Dirichlet characters x modulo q and all
non-negative integers M < N, we have

N

> xm

n=M+1

< ().

Proof Let K =q[(N — M — 1)/q]. As in Proposition 3.68, one may check that, for
all x # xo, we have
Y. x@=0

a (mod q)

and hence, by periodicity, we get

M+K K/q M+jq K/q M+q
2oam=3, D, xm=) >, xm=0.
n=M+1 j=1 n=M+1+(j—1)q j=ln=M+1
The interval ]M + K, N] contains at most g integers ni,...,n, with r < g and

denoting by n; the residue class of the integer n; in (Z/qZ)*, we obtain

N r
Dooxm|< Y x| < )Y 1=0)
n=M+1 i=l1 n<q
(nj.q)=1 (n,q)=1
as asserted. O

Using Abel’s summation as in Remark 1.15 and the trivial bound ¢(g) < g, we
may readily deduce the following useful consequence.

Corollary 3.71 Let F € C'[1, +o00[ be a decreasing function such that F > 0 and
F(x) — 0 as x —> o00. For all non-principal Dirichlet characters y modulo q
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and all real numbers x > 1, we have

<2qF(x).

D xm)F(n)

n>x

We end this section with the following definitions. A Dirichlet character is called
real if its values are real, i.e. x (n) € {—1, 0, 1}. Otherwise a character is complex. A
character is said to be quadratic if it has order 2 in the character group, i.e. x> = xo
and x # xo. Thus a quadratic character is real, and a real character is either principal
or quadratic.

3.6.3 Dirichlet L-Functions

It is remarkable that Dirichlet had the idea to introduce generating series of his char-
acters nearly sixty years before the analytic proofs of the Prime Number Theorem
and the Prime Number Theorem for Arithmetic Progressions given by Hadamard
and de La Vallée Poussin. Not less remarkable is the fact that the infinity of the
set of prime numbers in an arithmetic progression is essentially due to the non-
vanishing of these generating series at s = 1. This very fruitful idea proved to be
one of the most crucial points in almost all problems in number theory, whose treat-
ments mimic Dirichlet’s work.

Definition 3.72 (L-functions) Let x be a Dirichlet character modulo g > 2. The

L-function, or L-series, attached to y is the Dirichlet series of x, i.e. for all s =
o +it € Csuchthat o > 1, we set

)_ZX(W).

As in Proposition 3.52, it may be shown that, for all & > 1 and all x > 2, we have

x(p) _1_ x(n)
[(-42) - » 2

pO'
p<x Pr(n)<x

Lets =0 +it € C. Since

2

p<x

Z_

p p<x

both sides of the above identity converge absolutely for all complex s such that
o > 1 and therefore, as in Definition 3.53, we have

—1
L(s, x) :]‘[(1 - X;?) (3.18)

p
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for all s € C such that o > 1. Note also that

1 1
L(s, xo)= ) ;=;(s>]"[(1—ﬁ) (3.19)

n=1
P plq

and if x # xo, then the series converges for all o > 0 by Corollary 3.71. This result
is the best possible since the terms in the series do not tend to 0 when o = 0.

3.6.4 The Convergence of the Series ) _ » X(P) p!

In this section we intend to prove the main tools which enable us to show Dirich-
let’s theorem. There are many ways to get the desired result. We choose a rather
elementary proof which is due to Shapiro. It has the advantage of relating Dirich-
let’s theorem to quadratic fields, another area in which Dirichlet showed his talent
(see Chap. 7).

Theorem 3.73 If x # xo is a non-principal Dirichlet character modulo q satisfying
L(1, x) # 0, then the series

ZM

S P
converges.
Proof Let N > 2 be an integer. The idea is to estimate the sum an N n~'x(n)logn
in two different ways.
> By Lemma 3.41 (i) we have

Z X(n)nlogn _ Z xfln) ZA(")‘

n<N n<N din

Interchanging the order of summation (see also Chap. 4) and using Defini-
tion 3.67 (ii), we get

Z X(n)nl()g” _ Z A(d) Z x(n)

ngN a'gN ndg‘N n
x (kd)
= A —_—
D A@ ) o
d<N k<N/d

(d)A(d) (k)
=§XT >
<N

k<N/d
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=L(Lx) Y. w_ ) x(d)A(d) 5 xk)

d<N d<N k>N/d

Since L(1, x) # 0, we infer that

x(@Ad) 1 x(n)logn x(d)A(d) x (k)
Z d _L(1,X){n;V n +Z d Z k}‘

d<N d<N k>N/d
(3.20)
Using Corollary 3.71 we get
x(d)A(d) X(k) 2q 2qV(N)
Ad)= ——
2 2 N 2 A==
d<N k>N/d d<N
and Corollary 3.47 (ii) gives
d)A(d k
ZX() (d) Z X()‘<4
d k
d<N k>N/d
Inserting this bound in (3.20) provides the estimate
d)A(d 1
> DD (| ). o
d<n | ( OIS
> By partial summation we get
n)logn 2)log?2 n)logn
ZX() gn _ x(2)log + Y x (n)log
n 2 n
n<N 3<n<N
x(2)log2 logN
=—F  F > xm
3<nN
Nlogr —1
+/3 p ( > x(n))dt
3<n<t

so that using Proposition 3.70 we obtain

Z x(n)logn

n

) 2 3 ¢

10 2 10 N N 10 t— 1 10 2 10 3
n<N

Inserting this bound in (3.21) gives

3.22
IL(1 0l 322

3 X(d)A(d)‘

d<N
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> We have
[log N/log pl
x(p)logp x(d)A(d) x(p%)
> Hloer 5 HOMD 5y, Ty A
PN d<N PN a=2
and the second sum is bounded since
[log N/log p] o [log N/log p]
x(p%) 1 log p
D lozp Y e <D logp ) F<Zm<‘
PN a=2 PN a=2 p

where we used a result from [Rn62] in the last inequality. Now by partial sum-
mation we get

x(p) 1 x(plogp [N/ x(plogp\ dr
2 p _10gNZ +/2 (Z )t(IOgI)2

PSN PSN P Pt P

so that by above we obtain

x| _ 1 X (@A)
X w2 )

p<N d<N
N d)A(d dr
+/<ZX()()‘+1) .
) i< d t(logt)

and estimate (3.22) provides

Zx(p)‘< 1 ( 5q +1>
p log2 \ |L(1, x)]

PN

which completes the proof.

3.6.5 The Non-vanishing of L(1, x)

By Theorem 3.73, the non-vanishing of L(1, x) for all x # xo is the main point of
the proof of Dirichlet’s theorem. Once again, there are many ways to show this. For
complex Dirichlet characters, one may mimic and adapt the proof of Theorem 3.57
as follows.

Theorem 3.74 For all complex characters x modulo q, we have L(1 +it, x) #0
forallt e R.
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Proof If x # xo, the function L(s, x) is analytic for ¢ > 0. On the other hand, by
(3.19), the function L (s, xo) is analytic in this half-plane except for a simple pole at
s = 1 with residue ¢(q)/q. Using (3.18), we deduce that in either case a logarithm
of L(s, x) is given by

X (M)A (n) o X(P)
Z nslogn _zp:; aps
for o > 1. Furthermore, for all characters x, one may write

iw(n)

x(n) = xo(n)e

where w : N — [0, 27 [. Now let o > 1 and t € R. Setting 6 (n, t) = w(n) —tlogn,
we have

Re(3log L(o, x0) +4log L(o +it, x) +log L(o +2it, %))

> A(") {3+ 4cos6(n, 1) +cos(20(n, 1))}

n=2 n? log
):
o0
A(n) 2
=2 1 O(n,t)t" =20
; nalogn{ +cos6(m )}
(n,q)=1

which implies that
|L(o, x0)’L(o +it, \)*L(o +2it, x*)| > 1.

Now suppose that 1 + ifg is a zero of order m > 1 of L(s, x) for some #y € R, so
that there exists £ # 0 such that

L(o +itg, x)
o1t (0 — 1)m

=£.

By above we infer that
(0 = D3L(o, x0)* (0 = )™ L(o +ito, x)*L (0 + 219, x*)| = (0 — 1)>74".

Since x2 # xo, the function L(s, x?) is continuous at all points on the line o = 1 and
thus does not have a pole at s = 1. Therefore letting o —> 1% gives a contradiction
as in Theorem 3.57. g

It should be mentioned that this proof extends to the case of real characters,
proving in this case that L(1 4 it, x) # 0 for all + € R\ {0}. The difficult point is
thus a proof of L(1, x) # 0 for all quadratic Dirichlet characters. Once again, there
exist many proofs, almost all related to certain results from algebraic number theory.
Before stating the theorem, we shall make use of the following definition.
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Definition 3.75 Let x be a Dirichlet character modulo g. The conductor of x is the
smallest positive integer f | ¢ such that there exists a Dirichlet character x* modulo
f satisfying

X =xox™. (3.23)

A Dirichlet character x modulo g is said to be primitive if the conductor f of
x is such that f = ¢g. In (3.23), the character x* is then primitive and uniquely
determined by x. We will say that x* induces x or that x is induced by x*.

Example 3.76

> It is noteworthy that each Dirichlet character modulo ¢ is induced by a unique
primitive Dirichlet character modulo a divisor of ¢q. Furthermore, a character y is
imprimitive if and only if there exists d | g with d < ¢ such that, for all positive
integers a, b satisfying (a, q) = (b,q) =1 and a = b (modd), we have x(a) =
x (b). This implies that the principal character xo modulo ¢ > 1 is imprimitive,
by taking d = 1.

> There is only one primitive character modulo 4 defined for all odd positive inte-
gers n by

xam) = (=102,

> There are two primitive characters'* modulo 8 defined for all odd positive inte-
gers n by

2_ — 2_
xsm) = (=D and  xaxs(n) = (=107 DEFTEDE,

> If ¢ = p“ is a prime power, the only real primitive characters of conductor g
are x4, X8, x4x8 and x,. Every real primitive character can be obtained as the
product of these characters. This implies that the conductor of a real primitive
character is of the form 1, m, 4m or 8m where m is a positive odd squarefree
integer.

> Lemma 7.107 gives another useful characterization of the real primitive charac-
ters.

> Let x be a Dirichlet character modulo ¢ induced by x*. Then we have for o > 1

* —1 * —1
L(s,x)zl—[<1— Xo);s(l’)> :1—[<1 X @)

\)
p rlq P

=L(Sax*)l_[(1 - Xi@)

A
plg p

41¢ is noteworthy that the Dirichlet characters x4, xg and x4 xg are the characters attached to the
quadratic fields Q(+/—1), Q(+v/2) and Q(v/=2) respectively. See Chap. 7.
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and if x # xo, we get

L(l,x):L(l,X*)l_[<1 = X*(p)). (3.24)

rlq p

We are now in a position to prove the following result.
Theorem 3.77 For all quadratic characters y modulo q, we have L(1, x) #0.

First proof By (3.24), we may suppose that x is primitive since the Euler product
of the right-hand side is non-zero. By Lemma 7.107, the real primitive characters
modulo ¢ are of the form (x(—1)g/n) and (7.26) and the fact that the class number
is a positive integer give the asserted result. g

Second proof As above, we may suppose that y is real primitive, and hence is the
character attached to a quadratic number field K. Following [Mon93], for all ¢ €
[0, 1[, let

o
xmr”
1) =
fo=3 7
n=1
be the Lambert series associated to x. By [PS98, Theorem VIII-65] and Proposi-

tion 7.131 (see also Example 4.11), we have

e¢]

f)= Z(Z x(d))t” =Y vr(mt"

n=1 " dn n=1

where the function v is defined in Definition 7.117. This implies that f () — oo
as t —> 1. Now suppose that L(1, x) = 0. Then we have

o l [n o
—f@ =Z(n(1 5 1 _[n>x(n) = anx(n).
n=1 n=1
Observe that we have
1 1 " 1
1—1t — =—— —
(=0 —n)= = =
1 t"

Tamtl) (IF (A F 1)
and using the arithmetic-geometric mean inequality we get forall 0 <7 < 1

n—1 n—1

th >n 1_[ i = (=072 5 yn/2
j=0 j=0
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and
n
th > (n+ DHe"?
j=0
so that
1 t"
(I =0)(an —ant+1) 2 =0

nn+1) B nn+ DHr*

and hence the sequence (a,) is non-increasing and tends to 0. By Corollary 3.71 we
get

| = O] <2g+Dar =2 +1
contradicting the unboundedness of f on [0, 1[. U

Now we may conclude this section.

Proof of Theorem 3.63 Theorems 3.73, 3.74 and 3.77, along with Corollary 3.69,
give the complete proof of Dirichlet’s theorem. 0

3.7 Further Developments

3.7.1 Sieves

Let n > 2 be a fixed integer. The well-known sieve of Eratosthenes asserts that an
integer m € |4/n, n] which is not divisible by any prime number p < 4/n is prime.
Let P, be the set of prime numbers p < n and S, be the set of positive integers
m < n which are not divisible by all prime numbers < /. We then have

P, C S, U, ..., /n}
and hence

w(n) < ISyl +[v/n].

More generally, let r > 2 be an integer. We define 7 (n,r) to be the number of
positive integers m < n which are not divisible by prime numbers < r (hence |S,| =
7 (n, [/n])). Similar arguments as above give

amn)<ma(n,r)+r. (3.25)

One may bound 7 (n,r) by appealing to the inclusion-exclusion principle which
generalizes the well-known formula

|AUB|=|A| +|B|—|ANB.
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There exist many statements of this result, but in number theory we often use the
following one.

Proposition 3.78 Consider N objects and r properties denoted by pi,..., pr.
Suppose that N1 objects satisfy the property p1, No objects satisfy the property
D2, ..., N12 objects satisfy the properties p1 and pa, ..., N123 objects satisfy the
properties pi1, pz2 and p3, and so on. Then, the number of objects which satisfy none
of those properties is equal to

N—-N—Ny—--+ =Ny +Nig+Niz+---+ Ne—1r — Nizz — Niga — - -

For instance, the identity max(a, b) = a + b — min(a, b) can be generalized into
the following one

max(ap,...,a,) =ay +---+a, —min(ay, ap) — --- — min(a,_1, a,)

+ .-+ min(ay,...,a;).

Applied to 7 (n, r) and using Proposition 1.11 (v), we get

JT(n,r):n—Z[%]—i— 3 [” ]— 3 [ ! ]+~-(3.26)

1p2 1p2p3
p<r pP1<p2<r pp P1<p2<p3<r pip2p

Since x — 1 < [x] < x, we obtain

w(n, r)<n—Z Z

SEEE D Y8 R Y PR

P<V PI<p2<r pip2 P<r PI<p2<r
w(r w(r
—n Z > ...+((1)>+<(2)>+...
p<r p1<p2<r P1p2
_nl_[< )+2"(’> 1.
p<r

Now inserting this bound in (3.25) implies that

w(n) <n 1_[(1 — —) +270) 1.
p<r
Using the inequalities log(1 — x) < —x and (3.2), we get

1 1 1/2
00-5)(20)
p p logr

P<r P<r
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so that
1/2
w(n) < +2"+r—1.

logr

Choosing r = 1 + [logn] with n > 7 implies that

3n
r(n) < .
loglogn

This is a weaker result than Corollary 3.45, but the ideas developed above are very
fruitful and eventually gave birth to an efficient new branch in number theory called
sieves methods. Nevertheless, it is interesting to note that this inequality is sufficient
to assert that the prime numbers rarefy, i.e. m(n) = o(n) as n — oo.

Let us adopt a more arithmetical point of view. The Mobius function is one of
the most important functions in number theory, and we will prove in Chap. 4 the
following convolution identity

1, ifn=1
Z,u (d)= { 0, otherwise
d|n

and hence the characteristic function of the integers n having no prime factor less
than a parameter z > 2 and lying in a set P of primes is given by

Z u(d)

d|(n, P;)

where P, =[]
thenes.
Now let A be a finite set of integers. It is customary to denote

peP, p<z P- This sum could be identified with the sieve of Eratos-

SAP= Y I

neA
(n,P;)=1
so that by above we get
SAP;2) =Y pu(d)Aq (3.27)
d|P;
where
Ag=>)_ 1. (3.28)
ndE‘.A

Assume that, for all positive integers d, we have

Ay — Xp(d)

+rq (3.29)
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where X > 0, p(d) > 0 is multiplicative and the remainder term satisfies |rg| <
p(d). Inserting this estimate into (3.27) implies that

u(d)p(d) r(p)
SAP=X) ===+ ndra=X[] (1 - 7) + 2 ndra.
lez d|Pz sz lez

Suppose we want to count the number of prime numbers in an interval ]x, x + y]
with x, y € Z>o. We take A =]x, x + y] N Z, P the set of all primes, and since

e 3 i1

x<n<x+y
din

we have X =y, p(d) = 1 which gives with z = \/x and setting P = P

wensmroms 1 (- proil-[)

p<xl/2

and using Corollary 3.51 gives

2ve YV
=Bt (3]

d|P

A crude estimate of the remainder term then shows that it is larger than the main
term, partly because of the fact that as z increases, the factors of P, become very
large and their number too. It seems to be very difficult to take account of some
cancellations of the summands. This is the limitation of the sieve of Eratosthenes.

In 1915, Brun [Brul5] came up with a simple, but very efficient idea. Suppose
that we have at our disposal a function g such that

D ou@d <) g).

din din

Then by repeating the computations above, we get

S(A,P;z)éXH<l—%f7))+0<

pIP;

> !g(d)rd|>.

d|P;

The problem is then to find a suitable function g which is easier to handle than the
Mobius function, and to minimize the right-hand side of this inequality. Moving
from the classic world of exactness to the world of inequalities, Brun proved that

Yo omd< Y pd< Y pd)

di(n,Pz) di(n, P,) di(n,P;)
w(d)<2k+1 w(d)<2k
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for all integers n, k > 0 and all z > 2, where w(n) is the usual additive arithmetic
function counting the number of distinct prime factors of n. This implies that

Y wDAISSAPiD< Y udAdg (3.30)
w(dt)”gpzzkﬂ w(‘tiil)z 2k

for all integers k > 0 and all z > 2. These inequalities, named Brun’s pure sieve,
are related to the so-called Bonferroni’s inequalities stating that, if Ay, ..., A, are
subsets of a finite set S, then we have

2k+1 2k
D DS <TAIN - NA <Y (=S,
j=0 Jj=0

for all integers k > 0, where A_, is the complement of A; in S and

Sh = Z IAil ﬂﬂAlh|
{i1,....intell,...,n}

Let us try Brun’s ideas on the example of twin primes. We call a twin prime every
prime p such that p 4 2 is also a prime number. Let 72(x) be the number of twin
primes less than x. In this problem, we work with P the set of all primes, A =
{n(n+2):1<n<x—2}sothat Ay is the number of solutions of the congruence
n(n+2) =0 (modd) with d squarefree. Writing d = 2°d’ with d’ odd and ¢ € {0, 1}
and applying the Chinese remainder theorem, we deduce that (3.29) holds with X =
x and the strongly multiplicative function p defined by p(2) = 1 and p(p) = 2 for
all odd prime numbers p, and we have rqy < p(d). Now if p is a twin prime less
than x, then either p < z or the number n(n 4 2) has no prime factor < z, and hence

m(x) <KSA, P;2) +z.

Using (3.30) we get

M) < Y pd)Ad+z

d|P;
w(d)<2k
u(d)p(d) 2
—+4+z4+ 0 d)p(d
Z g z ( ; 12 d)p( ))
w(d)<2k w(d)<2k
u(d)p(d) 12 (d)p(d)
ZXZT+Z+O( Z ,uz(d),o(d)—i-x Z T)
d|P; d|P; d|P;
w(d)<2k w(d)>2k
X 2 w2 (d)p(d)
=5 I1 (1—;>+z+0 Y wAdpd) +x Yy T)‘
3<pLz d| Py d|P;

w(d)<2k w(d)>2k
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Using 1% (d)p(d) < 2°@ gives

Y e < Y 2D < ek logz

1% (“11‘)2 2k d g ZZk
and
1 (d)p(d) (d)p(d) (d)p(d>2w<d> 4‘”(‘” (2e2k)4 4
Z 4k Z d 4k Z 4k (logz)
d|P; d|P d<z2k
w(d)>2k

for all z > 2, where we used Example 4.29. By Corollary 3.51 we have

X X
— l——><2x (1——><—
2 3<1;[<Z< p H (logz)?

P<z

and choosing k = [log x /log(z>)] and z = exp(zofgg%) implies that

loglog x )2

m(x) K x(
log x

By partial summation, we obtain Brun’s theorem [Brul9].
Theorem 3.79 (Brun) The sum of reciprocals of twin primes converges.

Iwaniec [Iwa77] proved that, under certain circumstances, the sieve of Eratos-
thenes yields an asymptotic formula for S(A, P;z). Let 0 <k < % and assume the
following hypotheses with A, B, C, D > 1.

(i) Forall 2 < w < z, we have

—AL Z ’O(mi_l(gB_

wLp<z p

(i1) max,c4 |n| < CX.
(iii) |rq| < Dp(d).
iv) 0< p(p)/p<1—B forall peP.

Define the function f by f(u) =u™" for all 0 < u < 1 and, for all u > 1, by the
continuous solution of the differential-difference equation

uf'(u) +xf ) =«f—1).

It can be shown that f(u) =e™VI'(1 —k) + O(e™) as u —> 0.
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Theorem 3.80 (Iwaniec) Under the assumptions (i)—(iv), we have

erX p(p))
S(A, P; At
AFD=rg mn< p

5 {JC(IOﬁ) N 0<A(logx/10gz+ l)aogz)zk_])}
logz 1 -2k

3.7.2 Other Approximate Functional Equations for ¢ (s)

According to the periodicity of the function ¥, the error-term of Theorem 3.57 is
expected to be small. Using the techniques of exponential sums from Chap. 6, we
may prove the following result bearing out this conjecture.

Theorem 3.81 (Approximate functional equation) Let op > 0. We have uniformly
forx>1,0 >200and |t| <mx

cm=2%

n<x

Proof Let y > x > 1 be real numbers and s = ¢ + it € C satisfying the hypotheses
of the theorem. We have

1 1 1
(=) —+ D S+~
n<x x<n<y n>y

By (1.7), we infer

s

1- —s ) 1—s —s
Zizy Yy _s/ LAC T +0(sly™).
y

ns  s—1 2 us+l s—1 2
n>y

For the second sum, we use partial summation from Theorem 1.14 which gives

Z nisz Z n°n —it _ —cr Z n_”—i—a/ ( Z n—it)%.

x<n<y x<n<y x<n<y x<n<u

Now Lemma 6.28 is applied with f(v) = —(27) " 'rlogv to estimate the sums.
Since |t| < wx, we have | f'(v)| < % for all x < v < u < y, so that in this case
Lemma 6.28 may be written in the following simpler form

1—it 1—it

> w= X eltm)= [ erw)avsom =i v om.

x<n<u x<n<u
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Hence we get

1—s faxlfit

1 _y7 =y —o
Z s 1—it +0(y )

v (it _ it |
”/x { A —in | 0<u°+1>}d”

1—s 1—s y
f u_sdu+0(x_“)
x

y X o
= - +
1—it 1—it 1—it

1—s 1—s
=X X _4onx)

1—5 1—5

Therefore we obtain

1 xlfs yfs Y Y
(o)=Y — =1 = +0(sy?) +0(x)

and letting y —> oo gives the asserted result. O

However, it should be noticed that this result has the disadvantage that ¢(s) is
approximated by a sum of length > |¢| which is difficult to deal with in many appli-
cations. Hardy and Littlewood provided another tool that works with some shorter
sums.

Theorem 3.82 (Hardy—Littlewood’s approximate functional equation) Let x, y,t >
¢ > 0 such that 2 xy =t and set O(s) = 257 sin(rws /2)T' (1 — 5) so that {(s) =
O(s)¢(1 — s) by the functional equation."> We have uniformly in o € [0, 1]

1 1
¢(s) = Z ; + ©O(s) Z = + O(x_d +t1/2—:7y(r—1)’

n<x n<y

In [Ivi85], Ivi¢ derived an analogous equation for the function ¢ (s)> which is the
Dirichlet series of the divisor function t(n) counting the number of divisors of n
(see Chap. 4).

Theorem 3.83 (Approximate functional equation for §(s)2) Let x,y,t >c >0
such that (271)2xy =12 and O(s) as in Theorem 3.82. We have uniformly in
o€]0, 1]

2T 2\ T 1/2-0
¢(s) —Z pr +O(s) an_s—i-O(x log?).

n<x n<y

15Some authors use the symbol x instead of ©, but we keep this symbol for the Dirichlet characters
in this book.
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Obviously, these two results are also valid for r < 0 with 7 replaced by |¢| in the
error-term. Ivi¢’s proof of Theorem 3.83 relies on the use of the important Voronoi
summation formula [Vor04] which may be stated as follows.

Let 0 < a < b be real numbers which are not integers, f € Cz[a, b] and
Yo, Ko are Bessel functions of the second and third kind. Then we have

b o b
Y T f) = / fx)(ogx +2y)dx + ) 1(n) / f0)a(nx) dx
a<n<b a n=1 a

where
a(x) =4Ko(@m/x) — 2nYo(4m A/x).

These functions may have the following integral representations valid for x > 0.
o0
Ko(x) = / cos(x sinhr) dt
0

and

2 o
Yo(x) = - / cos(x cosht)dr.
0

3.7.3 The Prime Number Theorem

The proof of the Prime Number Theorem was first given independently by
Hadamard and de La Vallée Poussin in 1896. Not only did they provide a proof
of the estimate

T(x) ~

log x

as x —> 00, but they also gave a quite accurate error-term which has only been
slightly improved up to now. The strategy follows the lines of estimating some com-
binatorial objects, for which one usually computes their generating series giving in
return some information by the use of some extraction theorems. The following tool
is the basic result of the theory.

Theorem 3.84 (Truncated Perron summation formula) Let f(n) be any complex
numbers with Dirichlet series F(s) = Z;’lozl f(m)n=*. Assume that F(s) is abso-
lutely convergent in the half-plane o > o, for some o, € R. Then for all real num-
bers x, T > 4 such that x € Z and all complex numbers s such that o < 0,4, we
have

fn) 1 /KHT F(s + u)x"
= — " du

ns 2mi Jo_; u
n<x k—iT
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. . x X o | f ()]
+0{x x/2§<2x|f(n)|m1n(l,—T|n_x|>+TZ prawe }

where k =0, — 0o + 1/logx.

Many proofs exist in the literature (see [MVO07, Ten95, Tit51] for instance). In
practice, the second sum in the error-term is a Dirichlet series often easy to bound,
whereas the first term can be handled as follows. Suppose first that, for all positive
integers n, we have

|fm)] < B@) (3.31)
where B(n) is a positive non-decreasing function. Split the sum into three subsums
X
(1, —* )=
O (E D ST SR
x/2<n<2x x/2<n<x—1  x—l<n<x+1 x+1<n<2x

and take 1 for the minimum in the second sum and the other term in the two other
sums, and hence, for all x > 4 such that x ¢ Z, we get

3 |f(n)|min<1,L>
T|n— x|

x/2<n<2x
X 1 X 1
<<<— Yoo —+= > —+1)B(2x)
r x/2<n<x—1 r=n r x+1<n<2x n=x

xlogx
< T +1)B(2x).

If in addition we have for some o > 0

YU L 050 (332)

n® (P
n=1

then, under the hypotheses of Theorem 3.84 with 4 < T < x logx, we get

Z f(n) L/K-HT F(s+u)x”

—iT u

du + 0{ (logx)* + B(2x)

x%a= x!=e logx}
n<x

(3.33)

The idea is to apply (3.33) to von Mangoldt’s function A (n). By (3.9), we know that
its Dirichlet series is the function —¢’(s)/¢ (s) whose main property is to have an
analytic continuation on the line o = 1 by Proposition 3.62. We have o, =« =1,
B(n) =logn and therefore we get withs = 0,4 < T <x,x ¢Zandk =1+1/logx

k+iT 2
W(x) = L/ Ox o (@) (3.34)

2i Je—it C(s) s
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The strategy is then to apply Cauchy’s theorem to treat the integral of (3.34) taken
over a rectangle surrounding the point 1. Since the residue at this point is known by
Proposition 3.62, it remains to evaluate the integral on the three other sides of the
rectangle. This strategy is successful only if we have at our disposal estimates of the
function in a region to the left of the line o = 1. This is done by Theorem 3.61.

Set @ < 55563797 and A = 1 — a(log2T)~°. Let R be the rectangle with ver-
tices k =iT and A £ iT. By Theorem 3.61 and Proposition 3.62, the function
—¢'(s)/¢(s) has a simple pole with residue 1 at s = 1, and is otherwise analytic
within R. We integrate over R in the anticlockwise direction and by Cauchy’s
residue theorem, we get

1 § (s) x*

- —ds =x.
2wi Jr C(s) s

If H1 and H; are the two horizontal sides and V is the other vertical side of R, we

deduce that
2 Z'(s) x* { (s) x* x(logx)?
S O [ L0 (st
o L) s v ) s T
Now using Theorem 3.61, we get

(S) 9 / x7 (log T)° / «
—d logT d 7d
‘/ ‘<<(Og ) T o K T . x%do

x
Za 8
<<T(ng)

for j € {1,2}, and

/ RACOE I
v §(s) s

so that we get

T
< x)‘(logx)10

< x* (log T)9 / L
P e
W(x) = x + O (x(logx) (T~ 4 x~/ 02’ CDY),
We choose T = %exp{(a logx)l/ 10y which implies that the error-term is
<« x(logx)'° exp{—(a logx)l/lo} < xexp(—a(logx)'/1%)
for x sufficiently large since 0 < o < 1. By Corollary 3.47, we deduce that
Ox)=x+0 {x exp(—a(logx)l/w)}
and using Exercise 8 in Chap. 1 we infer that, for all x sufficiently large, we have

m(x) =Li(x) + O{x exp(—a(logx)l/m)}.
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We may state the above result in the following theorem called the Prime Number
Theorem (PNT).

Theorem 3.85 (Prime Number Theorem) There exists an absolute constant o €
10, 1[ such that, for x —> o0, we have

m(x) =Li(x) + O{x exp(—a(logx)l/w)}.

Note that by repeated integration by parts we get for a fixed positive integer N

N-1

L= —+x Y R 1o al
"~ logx (log x)*+1 (log x)N+1

k=1

which allows us to have at our disposal several more or less precise versions of the
PNT. For instance, for x —> 00, the estimate

) = X 4 X +0< X )
T = logx  (logx)? (log x)3

is useful in many applications.

With more work and using tools from complex analysis,!® one may prove that
there is an absolute constant ¢ > 0 such that ¢ (s) # 0 in the regiono > 1 —c¢/logt,
which enables us to replace the exponent % in Theorem 3.85 by %

M. Vinogradov’s method of exponential sums (see Theorem 6.42) allows us to
get estimates of ¢ (s) in the form

|c(5)] < ArP0=0" (g ) (3.35)

for all s = o + it € C such that % <o <1 and ¢ > 3. This in turn implies the best
zero-free region for ¢ (s) up to now which was obtained by Korobov and I.A. Vino-
gradov, who proved that there exists an absolute constant ¢y > 0 such that ¢ (s) has
no zero in the region

€0
1 —
(log|t)?/3(loglog [t)!/?

and |t] >3 (3.36)

giving the best error-term in the PNT to date, namely
7(x) = Li(x) + O{x exp(—ci(logx)*/°(loglogx)~'/)} (3.37)

with 0 < ¢; < 1 being absolute. In fact, any order of magnitude of ¢ (s) in a certain
domain implies a zero-free region as may be seen in the next result devised by
Landau (see [MVO07, Tit51]).

16Such as Jensen’s inequality or Borel-Carathéodory’s lemma.
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Theorem 3.86 Let 0(t) and ¢ (t) be positive functions such that 0(t) is decreasing,
@ (1) is increasing and e~ *® < 0(r) < % Assume that ¢(s) < e®® in the region
o 21—0(t) andt > 2. Then the following assertions hold.

(1) There exists an absolute constant cy > 0 such that ¢ (s) has no zero in the region

02t + 1)
%2+ 1)

o>1—c¢

(ii) In the region o > 1 — (co/2)0 (2t +2)¢ (2t +2)~', we have

1 0Qi+2) ¢ 02t +2)
AT g Sy« D
(o Searrry MM T

The link between (3.36) and (3.37) is underscored by the following result proved
by Ingham. For all x > 2, we set

Ai(x) =m(x) — Li(x)

Ap(x) =TI(x) — Li(x) =Y

n=1

Az(x)=0(x) —x and Au(x)=WV(x)—x.

n(xl/”)

—Li(x)

Theorem 3.87 Let ¢(t) be a positive decreasing function of t > 0, having a contin-
uous derivative and satisfying the following hypotheses

1
—, lim ¢'(1)=0 and ¢@)> (logr)~".
2 t—00

0<o(<
Assume that £ (s) has no zero in the region o > 1 — ¢(|t|). Let ¢ €10, 1[ and define
wx; @)= m>i111(<p(t) logx + logt).
(>
Then, fori € {1, ..., 4}, we have

1
Ai(x) <<xexp{§(8 —Do(x; (p)}.

In particular, if (t) = co(log(t + 3)) P with B >0, then if ¢ (s) # 0 in the region

co
>1-—
(log(|t| +3))#

then we have

Ai(x) < xexp{—cy (logx)!/F+D],
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The PNT enables us to improve on estimates for some functions of prime num-
bers by proceeding as follows. Let x > 2 be a large real number and f € C2[2, x].
Similarly as in Chap. 1, one has

> rw= [ rwdr

158

= f)mx) — /ZX f/ @) Liu) du — /ZX S @) (7 (u) — Li(w)) du
= /; lfo(?”u) du+ f(Q)LiQ2) + f(x)(7(x) — Li(x))
- [ st - Liw) a
and if the integral

[ - tiw)a

converges, then we get

Zf(p)=/2x

P<X

1{)2 dutcp+ f () (m ()~ Li(x)) + f @) () —Li(w)) du

with
¢r = FOLIQ) - /2 F/(u) () — LiG)) dut.

For instance, with the latest version (3.37) of the PNT we get

> L~ loglog + B + 0{exp(—c1(logx)*> (loglog x)~'/%)}
p<x

Z logp _ logx — E + O{exp(—ci(logx)*’ (loglogx)~'/%)}
p<x

-¥
1—[ (1 — l) — £ + O{exp(—q(logx)3/5(loglogx)_l/5)}
P log x

p<x

for some absolute constant ¢; > 0, where B ~ (0.261497212... is the Mertens con-
stant and £ ~ 1.332582275...
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3.7.4 The Riemann—von Mangoldt Formula and the Density
Hypothesis

We have seen that the non-trivial zeros p = 4 iy of the Riemann zeta-function are
of crucial importance in the distribution of prime numbers. Leto € [0, 1]and T > 1
be real numbers. It is customary to define

N@.T)=|{p=B+iy:B>oand|y|<T}|= )1

Bzo
VIST

and
NT)=|{p=B+iy:p€l0,1[and0 <y < T}

If T =y, then we set N(T) = %(./\/'(T+) +N(T)).
The first important result was conjectured by Riemann and proved by von Man-
goldt. For a proof, see [Ivi85, MV07, Ten95, Tit51].

Theorem 3.88 (Riemann—von Mangoldt formula) We have

NIy =0t = L L7 semy+of X
o 807 T ox 8 T

with

1 1
St)=— argg“(— + it>
b4 2
where the argument is defined by continuous variation of s in ¢ (s) starting at s =2,
then vertically to s = 2 + it and then horizontally to s = % + it. Furthermore, we
have S(t) = O(logt).
This implies in particular that

N(T +1)=N(T)=0(ogT) (3.38)

and using partial summation, we also get

1 T logu 2
> o< == du+log T < (logT)°. (3.39)
1
P

lyl<T
Similarly, since N (y, — 1) <n < N (¥, + 1), we infer that, for n —> oo, we have

2nn

V™ logn’
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Table 3.1 Zero density estimates

(A(0). D) (.5) (2. 44) (2,9
Range of validity %gogﬁ %gagl %gagl
Author Ingham (1940) Huxley (1972) Huxley—Ingham-Ivi¢

By adapting the method to the L-functions attached to primitive Dirichlet characters,
one may also show that

T qT T
N(T, x)=—1log=— — — + O(logqT) (3.40)
2 27 2w

where x is a primitive Dirichlet character modulo g > 1 and A/ (T, x) is the number
of zeros p =B +iy of L(s, x) intherectangle 0 < S <land 0 <y < T.
Let us now have a look at estimates of the form

N(o, T) < TAO0=9) (1og T)P (3.41)

for some A(c) > 0 and D > 0. In view of Theorem 3.88, we must have A(c) > 2.
In many applications, such as the gaps between consecutive primes, the results that
we may get using the Lindelof or the Riemann hypothesis can be obtained via a
weaker conjecture, namely the density hypothesis stating that, for all % <o <1and
T > 3, we have A(o) < 2 so that

N, T) «T*1=]ogT.

A great deal of effort has been made to establish estimates of the form (3.41). We
may summarize the main results in Table 3.1.

3.7.5 Explicit Formula

Let us return to (3.34). Instead of integrating over a rectangle containing only 1,
suppose we integrate over a contour that proceeds by straight lines from « —iT to
k+iT to —2K +1)+iT to —(2K + 1) —iT with K > 1 integer. In the interior
of this contour, the integrand has poles at s = 1, at zeros p of {(s) and at the trivial
zeros s = —2k. Since x* decays quickly as 0 —> —o0, one may expect that we can
pull the contour to the left and thus get a totally explicit formula for ¥ (x). In order
to show this rigorously, we first need an important result.

Proposition 3.89 Lets = o +it with —1 < o < 2 and t not equal to an ordinate of
a zero of £(s). Set T = |t| + 3. Then we have
¢’ 1

_?(S)zs—l

1
— Z —— 4+ O(logr).
S—=p

lr=yI<1
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Proof Set F(s) =s(s — 1)&(s) =s(s — 1)71_5/2F(s/2)§(s). F (s) is an entire func-
tion of order 1, so that by the Hadamard factorization theorem, there exist suitable
constants a, b such that

F(s) =ea+bs 1_[(1 _ i)es/p

P p

where the product runs through all zeros p = 8 4+ iy of F(s) which are exactly the
non-trivial zeros of ¢ (s). The logarithmic differentiation provides

F’ 1 1

where the sum is absolutely convergent. Taking s = 0 gives b = F’(0)/F(0), and
using Theorem 3.55 gives F(s) = F(1 —s), so that

F'0)  F'(1) 1 1
b= =— =b->(-+—).
FO) ~ F(D) Zp:< i )

p l1=p

Now if p is a zero of F (s), so are p and 1 — p. Using this observation in the equation
above we get

Therefore (3.42) becomes
F’ 1 1 1
Fo=3 2+
P
Now using the definition of F gives

Froo1 1 logn ¢’ 1T (s
FEO=c+ - +?(S)+——(—)

s s—1 2 2T \2

and by logarithmically differentiating the function equation I'(s + 1) = sI'(s) we
obtain
!/ /7

r =
F(S-i- )—;‘FF(S)

so that
F’ 1 lognm ¢’ LT (s
(¢ = _ 2 ey R |
F(s) 1 > +§(S)+2F 2+
and hence
¢’ 1 log

—=—(s)

1T (s 1 1 1
= ——=+1)-= . (343
¢ s—1 2 +2F<2+> 2;<s—p+s—ﬁ> ( )
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By logarithmically differentiating the Hadamard product of I"(s) and denoting tem-
porarily C ~ 0.5772 ... the Euler-Mascheroni constant, we get using Theorem 1.22

N

J— —_ —— — J— —_ = =10 —_— = P
r s K o n+s n g s n:ln—i—s s

for all positive integers N > |s|, and by Corollary 1.32 with f(¢) = (t + s)~!and
letting N —> oo we infer for all s such that |s| > § and |args| <7 —§ (with § > 0)

/

r 1
T =logs — =+ o(IsI™?)

and therefore the Gamma-term in (3.43) is < logt. Applying this estimate and
(3.43) to s and to 2 + it and subtracting gives

Co=—"1y(! L L)+ 0aogn)
—(s)= - = — — 0gT
{S s—1 Zp s—p 24it—p s—p 2+4+it—p g

1 1 1
= — - o .
s—1 Xp:<s—p 2+it—p)+ (log7)

By (3.38) we have

1
Xp: m<< Z 1 K logr.

P
l1—y|<1 lr=yI<1
Now let k € N and consider the zeros p satisfying k < |y —¢| <k + 1. Since

1 1 ‘ 2—o 3 3
-—|= . < <
s—p 24it—p| |(s—p)Q+it—p)| |y —1> "k

we infer that such zeros contribute
<k 1+ Y 1) < k2 log(t + k)
t+k<y%t+k+l t—k—léy«—k

by (3.38). Summing over k gives the asserted result. g

In fact, such a result is also a consequence of a more general tool due to Borel
and Carathéodory which may be stated as follows.'”

T This exposition is due to Ramaré [Ram11].
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Let sg € C and F be an analytic function in the disc |s — so| < R satisfying
in this disc the bound |F (s)| < M and such that |F (so)| = m. Then, for all s
such that |s — so| < R/4, we have

F'(s) 1 8 M
’F(s) > ‘< Ek’g(Z)

-
o—sol<k2” P

where the sum runs through the zeros p of F such that |p — so| < R/2.

Using this result with F(s) = ¢(s), so = 1 4 ity for some 9 > 4, R =2, a bound
1£(s)] < |s]3/2 for —1 < o < 2 and the lower bound of Theorem 3.61, we get for all
s such that [s — 1 —ifg| < %

_%(s)z_ 3 —_1p+0(logto).

lo—1=it|<1

Note that the first term in the identity of Proposition 3.89 is significant only for
|t] < 1. This result enables us to get a finer estimate of —¢’(s)/¢(s) in a larger
region than that of Theorem 3.61.

Corollary 3.90 For every real number T > 2, there exists T' € [T, T + 1] such that,
uniformly for —1 < o < 2, we have

/

—%(a+iT/)=O(log2 T).

Proof Indeed, by (3.38), the number of zeros p such that y € [T, T + 1] is < logT.
Subdividing the interval into < log T equal parts of length ¢/log T for some ¢ > 0
chosen so that the number of parts exceeds the number of zeros, we deduce that there
is a part that contains no zeros by the Dirichlet pigeon-hole principle. Hence for 7’
lying in this part, we must have |7’ — y| > 1/log T. We infer that each summand
in Proposition 3.89 is « log T and since there are < log 7 summands by (3.38), we
get the stated estimate. O

It should also be noticed that, using an asymmetric form of the functional equa-
tion of ¢ (s), it can be proved that for o < —1, we have

—%(s) = O(log(|s| + 1)) (3.44)

provided that circles of radii % around the trivial zeros s = —2k are excluded (see
[MV07, Lemma 12.4]).
We are now in a position to prove Landau’s explicit formula for W (x).
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Theorem 3.91 (Landau) Let Ty > 2 be a real number. Uniformly for T > Ty, we
have

p 1 1
U =x— Yy Y log2m — 51og(1 — ;) + 0(%(1ong)2 +1ogx>.

IST

Proof We may suppose that x ¢ Z. Let T’ be the number supplied by Corollary 3.90,
K be alarge positive integer and call fR the rectangle with vertices k —iT', k +iT’,
—Q2K +1)+iT' and —(2K + 1) —iT’. By (3.43), we see that —¢'(s)/¢(s) has a
simple pole at s = —2k with residue —1. Since the residue at s = 1 is equal to 1, we
get by Cauchy’s residue theorem

1 Z'(s) x* xP x 2k
27i Jw C(s) s T A= e 2 —2k _(O)
R IyI<T 1<k<K+1/2
It can be shown that ¢’(0)/¢(0) =log 2. By (3.34), we get
xP X2k 2
\IJ(.X')ZX— — + Z T_Ingn_ZI’HJ_IV
IyI<T’ 1<k<K+1/2 j=1

1 2
+0(%+1 gx>

where [;; denotes the integrals taken over the two horizontal sides and 1y, is the in-
tegral taken over the vertical side. Using Corollary 3.90, (3.44) and the easy estimate
T’ =< T, we obtain

K
I3y <<f
2K -1

-1 loglo +iT’|
& X =" _do+ (logT /
/_21(—1 lo +iT’| (logT)

/

—%(a+iT/)

xU’

S, 1
lo +iT’|

70’
1|U+ZT|

log T)? [* log T)?
<(0g ) / xgd0<<x(0g )
T 2K—1 T

for j € {1,2} and

T/
Iy <<f
T

and letting K — oo completes the proof. 0

—2K—1 x—2K—1

T
dr log(KT
ok 1 S kg ekD

—%(—2K—l+it)
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This result has been slightly improved by Goldston [Gol83] where it is proved
that the error-term x7~! (log xT')? may be replaced by

X
—1 loglogx.
T ogx loglogx

3.7.6 The Prime Number Theorem for Arithmetic Progressions

Let a, g > 1 be integers such that (a, g) = 1. It is customary to define the function

n(x;q,a)= Z 1.

p<x
p=a(modq)
By Theorem 3.63, we have lim,_,, 7 (x; g, a) = oo and hence the question of its
order of magnitude arises naturally. We expect the prime numbers to be well dis-
tributed in the ¢(g) reduced residue classes modulo g. Therefore, applying the
method of the former section to the function

W(x, )=y Am)x(n)

n<x

where x is a non-principal Dirichlet character modulo ¢ and to its Dirichlet series
’
_LT(Sv X)5 we get

Li(x) e losx
w(x;q,a)= + 0, (xec0@vlogx
0= o )

for some constant 0 < cg(q) < 1 depending on ¢, the constants implied in the error-
term depending also on ¢g. This dependence makes this result useless in practice.
A great deal of effort has been made to prove some efficient estimates where the
constants do not depend on the modulus. One of the most important results in the
theory is called the Siegel-Walfisz—Page theorem or Siegel-Walfisz theorem.

Theorem 3.92 (Siegel-Walfisz) Let a,q > 1 be coprime integers.

(1) For all A > 0, there exists c1(A) > 0 not depending on q such that, for all
q < (logx)A, we have

w(x;q,a)= Litx) + OA(xe*CI(A)x/@).
¢(q)

(i) Forall A>0andall g > 1, we have

_ a)_Li(x) Lo ( X )
Y= T M QognA )
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Obviously, if we define the Chebyshev type functions

0(x;q,a)= Z logp and WY(x;q,a)= Z A(n)

p<X n<x
p=a(modq) n=a (modgq)

similar estimates hold for these functions, namely

0(x;q,a) } X + 0,4 (xe—cl(A)«/logx)

Vixig.a) [ o(q)

in the first case, and

0(x;q,a) x X >
‘V(X;qaa)} 9(q) A((logX)A
in the second case.

The proof of Theorem 3.92 rests on an explicit formula for W (x, x) similar to
that of Theorem 3.91, namely

xP X
W(x, x) =Eo(x)x — Z —+0(T(logqx)2+xl/4logx>
lyI<T

where

), it x=x0
Eo(x) = {O, otherwise

which implies using Proposition 3.68

X xP x
Y(x;q,a)= ﬁ—i_ Z Z —+0(T(logqx)2+xl/4logx>.
¢ x (mod) lyI<T ¥

The other important tool is the knowledge of a zero-free region for the function
L(s, x). The arguments generalize those of the function ¢(s), except that there is
an unforeseen difficulty in connection with the possible existence, still unproven,
of an exceptional zero B; € R near the point 1 of a function L(s, x) attached to a
quadratic Dirichlet character. More precisely, we have the following result.

Theorem 3.93 (Zero-free region for L-functions) Let g € N and t = |t| + 3. There
exists an absolute constant co > 0 such that if x is a Dirichlet character modulo q,
then the function L(s, x) has no zero in the region

J—
log(qt)

unless x is a quadratic character, in which case L(s, x) has at most one, necessarily
real, zero B1 < 1 in this region. This zero is called exceptional.
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At the present time, we do not know much more about this exceptional zero.
Nevertheless, Landau, Page and Siegel provided some very important results, show-
ing in particular that such a zero occurs at most rarely. We summarize their main
discoveries in the next theorem.

Theorem 3.94 Let g be a positive integer and T = |t| + 3.

(i) (Landau). There exists an absolute constant c¢1 > 0 such that the function
]_[X (modgq) L(s, x) has at most one zero in the region

1 ‘1
log(gt)’

If such a zero B exists, then it is necessarily real and associated to a quadratic
character x1. This character is called the exceptional character.
(i) (Page). If x is a Dirichlet character modulo q, then L(o, x) # 0 in the region

1 @
q'/?(log(g + 1))?

where ¢y > 0 is an effectively computable absolute constant.
(iii) (Siegel). Let x be a quadratic Dirichlet character modulo q. For all ¢ > 0,
there exists a non-effectively computable constant ¢, > 0 such that

Ce
L(1, x) > E
This implies that, if x is a quadratic character modulo q, then L(o, x) #0 in

the region

Ce
q

The proof relies on the following lemma due to Estermann providing the lower
bound of certain Dirichlet series at s = 1, which may have its own interest (for a
proof, see [MV07, Was82]).

Lemma 3.95 (Estermann) Let f(s) be an analytic function in the disc |s — 2| < %
satisfying the bound | f (s)| < M in this disc. Assume that, for all o > 1, we have

f@e@=3 =
n=1

with a1 > 1 and a,, > 0 for all n. Finally, suppose that there exists o € [%, 1[ such
that f(a) > 0. Then we have
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In the proof of Theorem 3.94, one usually considers a primitive quadratic char-
acter x1 modulo g; such that the associated Dirichlet L-function has a real zero
B1 = 1 —¢/4 and one applies Lemma 3.95 to the function f(s) = L(s, x)L(s, x1) X
L(s, x x1) where x # x1 is a primitive quadratic character. This implies that f (1) >
c1(e)q~¢ and since f(1) < L(1, x)(log qql)z, the result of Theorem 3.94 (iii) fol-
lows for primitive characters. It may be extended to imprimitive Dirichlet characters
by using (3.24).

It should be noticed that we have no way of estimating the size of the smallest
possible modulus g1, so that the constant ¢, of Siegel’s theorem is ineffective when
e < % All attempts at providing a value to ¢, for a sufficiently small ¢ > 0 have
been unsuccessful.

There are slightly more accurate versions of Theorem 3.92 where the error-term
is similar to that of the PNT.

Let a, q be positive integers such that (a, q) = 1 and assume that there is an
exceptional real Dirichlet character 1 modulo q and B is the concomitant
zero. Then there exists a constant co > 0 such that

Li(x)  xi(@Lix")
¢(q) v(q)

n(x;q,a) = + O(x ec0Vloex), (3.45)

The term containing B can be removed if the exceptional zero does not exist.

In practice, especially when an upper bound is sufficient, the Brun-Titchmarsh
inequality (see Theorems 4.73 and 4.80) is often used because of its larger range of
validity.

3.7.7 Explicit Estimates

In the last decade, several explicit bounds for (3.35), (3.36) and (3.37) were dis-
covered. The best results until now were obtained by Ford [For02b, For02a] which
proved respectively for (3.35), (3.36) and (3.37) the following estimates.

> Foralls=a~|—ite(Csuchthat%gaglandt>3,wehave

|2(5)] < 76.264450- (1og 1?3,
> ¢(s) has no zero in the region

1
 57.54 (log|t)2/3(loglog |¢])!/3

and |t| > 3.

o>

> The PNT can be written as follows.

7 (x) = Li(x) + O{x exp(—0.2098 (log x)*/* (loglog x)~'/5) }.
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In another direction, one may consider zero-free regions of the type

1
l—————— and |t| =1 (3.46)
Rlog(|t]/d)

trying to get the lowest positive real number R in order to increase the region. Such
zero-free regions are generally determined with the help of the real part of the func-
tion —¢’(s)/¢(s). There are two classical ways to deal with this real part.

1. The global one. Used by de La Vallée Poussin in 1899, the formula has the form

¢ B r’ log 1 1
Re(—?(s)> - 5R6<F<S - “) - +Re<s = 1) B ;Re<s —p)

where the sum runs through all non-trivial zeros p of the Riemann zeta-function.
2. The local one. Used by Landau, the formula takes the form

¢\
w(fo)r T (G

Is—pl<c/loglt]

>+ O(log |t]).

In [KadO05], an intermediate way is considered with circles of radius < 1. The main
tools are then the knowledge of more and more zeros of ¢(s) lying on the critical
line 0 = % and Weil type explicit formulae as follows. Let > 0 and f € C2[0, r]
with compact support in [0, r[ and satisfying f(r) = f'(0) = f'(r) = f"(r) = 0.
We denote F(s) the Laplace transform of f, i.e.

F(s) = /r e f(t)de
0

and set F» the Laplace transform of f”. One can prove the following formula.

For all complex numbers s, we have

o An) 1T (s logm
Re(ZTf(logn)> = f(O){Re<§F<§ + 1)) - }

n=1
Fa(s)
+ReF(s—1)— Ep ReF(s—,o)+Re( 2 )

T Re(T(L L
2 N
) o \T\4 "2

XRe(M) d
(s —1/2—it)2
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With an appropriate choice of f, it is proved in [Kad05] that ¢ (s) has no zero in the
region

l—— t| =3.
5.7 log |t| 1

This region supersedes the above region given by Ford as long as |¢| < ¢°**° and the
method may be generalized to zero-free regions of L-functions, as it can be seen in
[Kad02] where it is proved that the functions L(s, x) never vanish in the region

1
 6.4355log(max(q, g7))

>

except for at most one of them which should be real and vanishes at most once in
this region.

In [Rn75, Lemma 8], the authors established the following effective version of
Theorem 3.91.

Proposition 3.96 Let x > 1,0<d6 <1 — x~ 1 be real numbers and R, d be real
numbers satisfying (3.46). Set

1 1
Ex)=W(x)—{x —log2mr — -log{1— = ) .
2 x2
Then we have
3
|[E@)|<(2+287" +58) <x Y F) +0.0463ﬁ> + %
y>A

with

F )_i (_ log x )
=2 P\ T Rlog(u/d)

and A is the unique solution of the equation

A (AN A 7
A= ZLog( L)L 42
N =~ 0g<27‘r) w8

where N'(A) is the number of zeros p = B +iy of (s) such that 0 < y < A.

Rosser and Scheenfeld showed that one can take R & 9.6459...,d = 17 and with
the knowledge of non-trivial zeros on the critical line at that time, they were able to
take A ~ 1894438.512... The sum is treated by partial summation which enables
us to estimate integrals of the form

/OO F(u)log<i) du
A 2
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Table 3.2 Rosser &

Schoenfeld’s explicit bounds ~ nequality Validity
6(x) < 1.000081 x x>0
6(x)>0.75x x >36

lower bound: x > 17
X p(x)  L25506x Z

logx = logx upper bound: x > 1
8.686 x

1000) — x| < $E58s x>1

Y () — x| < 520 x>1

which in turn may be written as combinations of Bessel functions of the second
kind. After using fine estimates of these quantities and choosing § appropriately, we
arrive at the following explicit result.

Theorem 3.97 (Rosser and Scheenfeld) Define

3.0015 1
€(x) =o.110123<1 + @>(logx)3/8ex;,<_ o;b;x)

with R 2 9.6459 ... Then, for all x > 0, we have
O(x) —x <P(x) —x <xe(x)
and for all x > 39.4, we have
Yx)—x>260(x)—x > —xe(x).

For instance, the next result summarizes some of the estimates the authors ob-
tained with Theorem 3.97.

Corollary 3.98 The following estimates hold (see Table 3.2) in the specified range
of validity.

The usual functions of prime numbers may be handled as in the previous section
(see [Rn62]).

Corollary 3.99 The following estimates hold (see Table 3.3) in the specified range
of validity. p,, is the n-th prime number, y ~ 0.5772... is the Euler—-Mascheroni
constant, B ~ 0.261497212... is the Mertens constant and E ~ 1.332582275...

The lower bound for p,, is due to Dusart [Dus98].

Explicit estimates for the functions w(x; g, a), 6(x; g, a) and ¥(x; g, a) have
been established by McCurley [McC84], Ramaré and Rumely [RR96] and Dusart
[Dus01]. In the second paper, the authors showed an analogue of Proposition 3.96
for W(x; g, a). This result is refined in the third paper, where the following estimates
are proved.
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Table 3.3 Explicit bounds for usual functions of prime numbers

Inequality Validity

1 bound: n > 2
n(logn +loglogn — 1) < p, < n(logn + loglogn) ower bounc-n
upper bound: n > 6

logx—E_ﬁ<Zp<xlolg;p<logx_E+$ x>32
loglogx—i—B—m<Zp§x%<10g10gx+3+_(log1x)2 x>1
71 1_; 1—l B 71 1 T 1
¥ logx Tiog <]_[p<x - < eV logx +(logx)2 x>

Theorem 3.100 (Dusart) Let g be a positive integer and define

g*logx l/4 logx
e(x) = =3 exp| —
Ro(q) R
where R ~9.6459... is as in Theorem 3.97. Then, for all x > xo(q) where xo(q) is
an effectively computable constant, we have

X
‘\Il(x; q,a) — ——| <xe(x).

¢(q)
The same inequality holds with ¥ (x; q, a) replaced by 6(x; q, a).

In fact, Dusart’s result is slightly more accurate and makes use of a constant
C1(g) in the function €(x) which is quite complicated to define. We use here the
fact that, under the conditions of the theorem, we always have C(g) > 9.14. Dusart
then gave some applications of Theorem 3.100. For instance, if a € {1, 2}, then we
have

0.55
T 3.a) < 2% (x >229869)
log x
and
X
mw(x;3,a) > —— (x > 151).
2logx
Also
0.262
0(x:3.a) — =| < T (x> 1531).
2 log x

3.7.8 The Piatetski-Shapiro Prime Number Theorem

A great deal of effort has been made in the search for other types of sequences
containing infinitely many prime numbers, and several problems still remain open.
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For instance, it is yet not known whether there are infinitely many primes of the form
n? + 1, and we do not know if there are infinitely many Mersenne primes, i.e. of the
form 2" — 1, or Fermat primes, i.e. of the form 22" 41, However, in 1953, Piatetski-
Shapiro supplied an example of a sequence sparser than the sequence (gn + a)
by studying the distribution of prime numbers of the form [n¢], where 1 < ¢ < ¢g
is a fixed real number. This sequence is somewhat the simplest generalization of
polynomials with non-integer degrees. Clearly, there are no prime numbers in the
sequence n2, but it is generally believed that 2 is the correct upper bound in this
problem.

It is customary to denote by m.(x) the number of positive integers n < x such
that [#€] is a prime number. Piatetski-Shapiro proved that, if 1 < ¢ < ¢g = % ~
1.0909.. ., then we have for x — o0

7)™~ clogx’

The best result to date in this problem is due to Rivat and Sargos [RS01] who showed
that, using latest estimates in exponential sums of type I and II (see Chap. 6), if

1<c<coz%%1.16117...,thenwehaveforx—>oo

7e(0) ~ clogx’

3.7.9 The Riemann Hypothesis

The following quotation is attributed to Hilbert.

If Iwere to awaken after having slept for a thousand years, my first question
would be: Has the Riemann hypothesis been proven?

This shows the crucial importance of what has proved to be one of the most dif-
ficult problems in mathematics. In 1859, in his benchmarking Memoir, Bernhard
Riemann formulated his conjecture, called today the Riemann hypothesis, which
makes a very precise connection between two seemingly unrelated objects. There
exist many great old unsolved problems in mathematics, but none of them has the
stature of the Riemann hypothesis. This is probably due to the large number of ways
in which this conjecture may be formulated. This is also certainly due to the person-
ality of Riemann, a true genius ahead of his time and one of the most extraordinary
mathematical talents. Finally, the Riemann hypothesis was highlighted at the 1900
International Congress of Mathematicians, in which Hilbert raised 23 problems that
he thought would shape the next centuries. In 2000, the Clay Mathematics Institute
listed seven hard open problems and promised a one million-dollar prize. Curiously,
any disproof of the Riemann hypothesis does not earn the prize.

Riemann’s formulation of his conjecture does not make arithmetic statements
appear directly. We have seen that the non-trivial zeros of ¢(s) are all in the strip
0 <o < 1, and by the functional equation, if there is a zero in 0 < o < % there is



3.7 Further Developments 147

also a zero in the region % < o < 1. Therefore, the following conjecture represents
the “best of all possible worlds” for the zeros of the Riemann zeta-function.

Conjecture 3.101 (Riemann, 1859) All non-trivial zeros of ¢ (s) are on the critical

; 1
llnea—z.

Numerical computations have been made since 1859. It was Riemann himself
who calculated the first zero of ¢(s) on the critical line, whose imaginary part is
~ 14.13 (see [Tit51] for instance). The usual way is the use of the Hardy function
Z(t), also sometimes called the Riemann—Siegel function, defined in the following

way. First set for r € R
9 (1) = arg( 7 1"/°T 1 + i
4 2

where the argument is defined by continuous variation of ¢ starting with the value 0
atr =0, and let

Z(t) = e“?“);(% —l—it).

The functional equation of ¢(s) implies that Z(t) = Z(¢) so that Z(t) is a real-
valued function for r € R and we have

1
|Z(t)| = ‘((E-i-it)

Therefore, if Z(#1) and Z(#;) have opposite signs, ¢{(s) has a zero on the critical
line between % +it; and % + ity. Using Theorem 3.82 at s = % + it withx =y =

V1t1/@2m) and multiplying out by ¢!”® | we deduce that for N = [/[t][/(27)] we
have

N N
< 1 ; 1
_ v —id () 14
Zn=¢ an/2+it te an/Zfit +0(™7)
n=1 n=1

N
—tl
:22 cos(z?(ti/ﬁt ogn) n 0(t*1/4)

which is a concise form of the Riemann—Siegel formula. Siegel discovered this iden-
tity among Riemann’s private papers in 1932. It enables us to get an improvement
over Euler—MacLaurin’s summation formula in approximating values of ¢ (s). More
precise formulae exist (see [Ivi85, Tit51]) that aid computations and add to the em-
pirical evidence for the Riemann hypothesis. The best result up to now is due to
Gourdon [Gou04] who found out that the 10'3 first zeros of z(s) are on the critical
line.

The minimal necessary condition for the Riemann hypothesis was proved by
Hardy in 1914 [Har14].

n=1
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Theorem 3.102 (Hardy) There are infinitely many zeros of ¢ (s) on the critical line.
There exist several proofs of this result (see [Tit51]), all of which rely on the

consideration of moments of the form f t" f (t) dt. A useful tool is then the following
lemma due to Fejér.

Let a > 0 be a real number and n be a positive integer. The number of sign
changes in the interval 10, a[ of a continuous function f is at least the number
of sign changes of the sequence

f(0), faf(t)dt, /atf(t)dt,...,/at"f(t)dt.
0 0 0

Proof of Theorem 3.102 Recall the function

s 2
w(x)= Ze_" X
n=1

of the functional equation (3.13). One can show [Tit51] that
> 71
/0 5(5 + it) cos(xt)dr = n(2e_"/2w(e_2x) — /).

Putting x = —iy gives

o 1 . iv/2 2y 1 y
/ g = +it ) cosh(yt)dr =27 { ™/ w(e™)+ <) —cos=t.
, °\2 2 2

By Theorem 3.59, we have ¢ (3 + if) < |t|'/* so that £(% + it) < [t|!/4eTII/4
and hence the above integral may be differentiated with respect to y any number of
times provided that y < 7 /4. We then get

© /1
/ g(- + it>t2n cosh(yt) dr
0 2

e 2 2i 1 15=2 M
= 27T{dyﬁ (e'y/ <C{)(€ ly) =+ 5)) =+ (—1)n+ 2~ n COoS E}

Now using (3.12) one can prove that the first term on the right-hand side tends to 0
as y tends to /4 for a fixed integer n, and thus

© /1
lim f g = +ir )7 cosh(yr)dr = (=112 217 cos =
y—m/4 0 2 8

Let m be a large positive integer. From above we infer that, if a,, > 0 is large enough
and y,, is close enough to /4, the integral

am 1 . 5
& 3 + it )t7" cosh(yp,t) dr
0
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has the same sign as (—1)"*! forn =0, 1, ..., m. By Fejér’s theorem, we infer that
E(% + it) has at least m changes of sign in ]0, a,, [, as required. Il

It is customary to define Ny(T) to be the number of zeros p = % + iy with
0 <y < T, so that the Riemann hypothesis may be written as

N(T) = No(T)

for all T > 0. Hardy’s theorem states that No(T) —> oo as T —> oo and his
method yields

No(T) > CT

for some constant C > 0.
The second important result was given by Selberg who proved that a positive
proportion of zeros lies on the critical line and more precisely that

No(T) > CTlogT

for T sufficiently large. Selberg’s method could be used to yield an effective estimate
of C, but this value was not made specific until 1974 when Levinson found an
explicit estimate of this constant by proving that at least 1/3 of the zeros lie on the
critical line (see [Ivi85, Chap. 10]). The best result to date is due to Bui, Conrey and
Young [BCY11] who proved that more than 41% of the zeros lie on the critical line,
slightly improving the previous record due to Conrey who showed in 1989 that at
least 2/5 of the zeros of ¢ are on the critical line.

3.7.10 Some Consequences of the Riemann Hypothesis

» The first corollary of the Riemann hypothesis is to provide the best error-term in
the Prime Number Theorem. Indeed, suppose that all the zeros of ¢ (s) have real
parts equal to % By (3.39), we then have forall T > 2

P
3 x—‘ < x"2(log T)?
yI<T

so that by Theorem 3.91 we get
172 2, X 2
\IJ(x)zx—i—O(x (logT) +?(long) +10gx>

and choosing 7' = x!/? we obtain

W(x) =x+ 0 (x'?(logx)?).
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This implies that
O(x)=x + O(xl/z(logx)z)
and
7(x) =Li(x) + O(x'/*logx)
by Exercise 8 in Chap. 1. In fact, one can prove that the Riemann hypothesis is
equivalent to the estimate

\IJ(.X) —x + 0(x1/2+8)

for all ¢ > 0 (see [Ten95]).

» Perhaps one of the most arithmetic formulations of the Riemann hypothesis can
be made with the Mobius function. This function w(n) has already been studied
above in the sieves section, and will be defined in Chap. 4 where we shall see that
the Dirichlet series attached to this function is ¢(s)~'. We need here the sum-
matory function M (x) of w(n), called the Mertens function, and hence defined
by

M) =) nn).

n<x

It can be proved that the PNT is equivalent to the estimate
M(x) =o0(x)
for x — o0, and that the Riemann hypothesis is equivalent to
M(x) = O(x'/*1%) (3.47)

for all ¢ > 0. Indeed, this estimate implies by partial summation the convergence
of the series Zfloz] w(m)n™ =¢(s)~" in the half-plane o > %, and hence ¢(s)
has no zero in this half-plane, which is the Riemann hypothesis. Conversely, if
the Riemann hypothesis is true, then Littlewood proved that, for all ¢ > 0, we
have

1 -1
§(§ +¢€ ~|—it) < 1)

and Theorem 3.84 gives (3.47). Several authors improved on the necessary con-
dition. The best result to date is due to Soundararajan [Sou09] who proved that,
if the Riemann hypothesis is true, then the estimate

M(x) < x'/? exp{(logx)"/*(loglog x)*}

holds for large x. It has long been believed that the Mertens conjecture stating
that, for all n € N, the inequality

|M(n)| <n'/?
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would be true. In 1885, Stieltjes announced he had found a proof of the weaker
bound M (n) < n'/? but he died without publishing his result, and no proof was
found in his papers posthumously. We know now that Mertens’ conjecture is
false since Te Riele and Odlyzko [OtR85] showed that

M M
lim sup @) >1.06 and liminf @)

n—00 n n—oo n

< —1.009.

These bounds were subsequently improved to 1.218 and —1.229 respectively
[KtRO6], and it is also known that the smallest number for which the Mertens
conjecture is false is exp(1.59 x 10*°), improving on a previous result of Pintz
[Pin87].

» The Riemann hypothesis also relies on arithmetic functions. For instance, let
o (n) be the sum of the positive divisors of n (see Chap. 4). Robin proved that, if
the inequality

o(n) <e¥nloglogn

holds for all n > 5041, then the Riemann hypothesis is true. On the other hand,
Lagarias showed that the Riemann hypothesis is equivalent to the elegant in-
equality

o(n) < e log H, + H,

where H, =) }_; k=" is the nth harmonic number.
» The Riemann hypothesis implies the Lindeldf hypothesis, so that we have for all

e>0andt >t >0
1+'t < tf
§2 i

if the Riemann hypothesis is true. Furthermore, it also implies the best error-term
in the Dirichlet divisor problem (see Chap. 6), namely

Z‘E(n) =x(logx +2y — 1)+ O(x1/4+5)

n<x

for all & > 0, where 7(n) is the number of divisors of n and y is the Euler—
Mascheroni constant.

» In 1977, Redheffer [Red77] introduced the matrix R, = (r;;) € M, ({0, 1}) de-
fined by

1, ifij]jorj=1
rij = .
0, otherwise

and has shown that

detR, = M(n)
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where M (n) is the Mertens function.'® Hence by above the Riemann hypothesis
is equivalent to the estimate

|det R,| = O(n'/?+%)

for all ¢ > 0. This bound remains unproven, but Vaughan [Vau93] showed that
1 is an eigenvalue of R, with (algebraic) multiplicity n — [logn/log2] — 1, that
R, has two “dominant” eigenvalues A+ such that |A+| =< n!/?, and that the other
eigenvalues satisfy A < (logn)?/. However, it seems to be very difficult to ex-
tract more information from the eigenvalues of R, by using tools from matrix
analysis. For instance, Hadamard’s inequality, which states that

n
|det M|> < TIILi I3
i=1

for all matrices M € M,,(C), where L; is the ith row of M and ||...||2 is the
Euclidean norm on C", gives

n [n/2]
2 Y — on—in/21 n n—[n/2] ”+[”/2]>
(M) <”££<”LD—2 ”,E(H[i])@ ( n

which is very far from the trivial bound |M (n)| < n.

» In another direction, the authors in [BC09] investigated the following integer
upper triangular matrix. For all integers i, j > 1, set mod(}j, i) to be the remain-
der in the Euclidean division of j by i. Let T, = (t;;) € M, (Z) be the upper
triangular matrix of size n such that

mod(j,2) — 1, ifi=land2<j<n
P mod(j,i +1) —mod(j,i), if2<i<n—landl<j<n
YL if (7, j) € {(1, 1), (n, n)}

0, otherwise.

For instance with n = 8, we have

1 -1 0 -1 0 -1 0 -1
0o 2 -1 1 1 0 0 2
0 0 3 -1 -1 2 2 =2
r_|00 0 4 -1 -1 -1 3
810 o o o 5 -1 -1 -1
O 0 0 0 0 6 -1 -1
o0 0 0 0 0 7 -1
o0 0 0 0 0 0 1

One can prove the following result [BC09, Corollary 2.6].

18See Exercise 21 in Chap. 4.
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Theorem 3.103 Let o, be the smallest singular value of T,. If the estimate o, >
n~1Y2=¢ holds for all & > 0, then the Riemann hypothesis is true.

This criterion is probably at least as tricky to show as the Riemann hypothesis
itself. However, it is interesting to note that this result is in accordance with the
heuristic proofs concerning the smallest singular value'® of a random matrix of
size n. For instance, it is shown in [RV08a, RVO08b] that this singular value has
a high probability of satisfying the estimate o, =< n~!/2. More precisely, let A €
M, (R) whose entries are i.i.d centered random variables with unit variance and
fourth moment bounded by B. Let o, be the smallest singular value of A. The
authors show that, for all ¢ > 0, there exist K1, K> > 0 and positive integers n1, ny,
depending polynomially only on B and ¢, such that

]P’(o,, > Kln_l/z) <e (mm>=ny)

and
P(o, < K> n_1/2) <e (n>=ny)

where P(E) is the probability of the event E.
But we have plenty of examples in number theory showing that, from a heuristic
argument to a rigorous proof, the way is very long and hard.

3.7.11 The Mean Square of the Riemann Zeta-Function

Another approach for bounding ;(% + it) rests on the study of the integral

T /1
I = —_ |
W(T) /O ¢<2+z;)

Indeed, in view of the following inequalities

1 2 1+(log1)? 1
{(——Ht) < / §<—+iu>
‘ 2 t—(log )2 2

< |{n(t +log?t) — I (t —log?t) + 1} logt

2
dr.

2
du—i—l}logt

< {E(t + log2 t) — E(t - log2 t) + (10gt)3} logt

where E(t) is the error-term in the asymptotic formula

T
1L(T) = T(logE +2y — 1) + E(T)

19The singular values o7 > - - - > 0, > 0 of a matrix A € M,,(C) are the square-roots of the eigen-
values of the hermitian positive semidefinite matrix AA*, where A* is the hermitian adjoint of A.
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proved in 1918 by Hardy and Littlewood, we see that any estimate of the form
E(t) < t“ implies the bound

1
;(E + it) < 1Y% (logt)!/?.

Numerous bounds have been provided by many authors for E(¢). For instance,
Ingham proved in 1926 that E(¢) < t'/?>logt whereas Balasubramanian obtained
in 1978 the bound E(r) « 1346/1067+¢ The best result till now is due to Huxley
[Hux05] who showed that

E(t) « t131/416+¢

T 71
o 1
«(T) foq<2+n>

The long-standing conjecture is that I (T) ~ T P2(log T') where P2 is a polyno-
mial of degree k2. So far asymptotic formulae have been only proved for the cases
k =1 and k = 2. Ivié¢ considers kth moments of E(¢) in short intervals to deduce
bounds for I (T) in the following way. Assume that the integral

More generally, set

2k
dr.

3T
/ [|EG+2G) — E(t —26)|* + |E( + G/2) — E(t — G/2)|} dr
T/3

is bounded by estimates of the form
& TGP
where = a(k) >0, B=B(k) <k—1and T¢ <G = G(T) < T'/3. Then we have
Nk—p(T) K THHOTE,

Another way to get bounds for 71(7) is the use of the following result, which relies
on the techniques of exponential sums we shall see in Chap. 6. It is due to Heath-
Brown who used Atkinson’s formula (see [Ivi85]). It should be mentioned that Ivi¢’s
proof [Ivi85] does not deal with this formula.

Theorem 3.104 Let T >1,T° <G <TY?* ¢ and define
fr(n) = (27[)_1{2T sinh-‘< /’2’—;> + n2n2—|—2nnT}

S =Y (=D'tme(fr(n).

K<n<K+x

and
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Then uniformly in G, we have

! + it
¢ 5 l
e~ G°K/T

—1/4
<T Z KA 032K|S(u)‘+logT.

2
dr

1 T+G

G Jr—c

Kk=2k
T13<Kk<«TG2(logT)?

3.7.12 Additive Characters and Gauss Sums

The Dirichlet characters modulo g are characters from the multiplicative groups
(Z/qZ)* to the multiplicative group C* of non-zero complex numbers, and are thus
called multiplicative characters. The dual concept of additive characters is defined
in a similar way. Let a, g be positive coprime integers with 1 < a < g and consider
the primitive gth roots of unity e, (a). From the well-known identity

Z (eq (a))k =0

k (modq)

we get

1, ifn=a (modq)

L > eq(—ka)ey(kn) = (3.48)

 (mod) 0, otherwise

which is the analogue of Proposition 3.68. Thus the characteristic function of the
integers n = a (modg) may be written as a linear combination of the sequence
(eq(kn)). These functions are called additive characters since they are characters
from the additive groups (Z/qZ, +) to the multiplicative group C*.

Let f be an arithmetic function of period ¢. Multiplying both sides of (3.48) by
f(n) and summing over n running through a complete residue system modulo ¢,
we obtain

k
f@= Y ¢a(ka) > fn)eg(—kn).
k (mod q) 4 n (mod q)
The function
o~ 1
fy==">"" fn)es(—kn)
n (modgq)

is called the finite Fourier transform of f, and we thus have

fy= " Fkyey(kn).

k (mod q)
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For all g-periodic arithmetic function f, we have
1 2 N2
~Y oIl =) |Fwl
q n=1 k=1

which is the analogue of Plancherel’s formula for functions f € L>(R) or Parser-
val’s formula for functions f € L>(R/Z).

It may be interesting to deal with a discrete inner product of the multiplicative
character x and the additive character e,. To this end, we define the sum

=Y, x@eq(.

a (modgq)

This is called the Gauss sum of x and is an important tool connecting additive num-
ber theory and multiplicative number theory. One of its most important properties
is to express any primitive Dirichlet character as a linear combination of additive
characters.

Theorem 3.105 Let x be a primitive Dirichlet character modulo q. For all positive
integers n, we have

1
XM =—— > X(aeyna).

T(X) a (modq)

It can be proved that, for all primitive characters x modulo ¢, we have |t(x)| =
+/q. This result may be used to estimate twisted exponential sums of the form

> xme(fm)

N<n<2N

arising in many problems in number theory (see [Bor10] for instance).

3.7.13 Incomplete Character Sums

In many applications the bound of Proposition 3.70 may be not sufficient. The next
result provides a nearly best possible estimate for these character sums (for a proof,
see [MVO07, Theorem 9-18], for instance).

Theorem 3.106 (Pélya—Vinogradov inequality) For all non-principal Dirichlet
characters x modulo q and all integers M and N with N > 1, we have

D SR BN

M<n<M+N
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If N <« ¢'/?, the Pélya—Vinogradov inequality is weaker than the trivial bound
provided by the triangle inequality. In the early 1960s, Burgess [Bur63, Bur86] dis-
covered another method to estimate character sums whose bound depends on the
length of the range of summation.

Theorem 3.107 (Burgess) For all non-principal primitive Dirichlet characters x
modulo q, all real numbers 0 < ¢ < 1 and all integers M and N with N > 1, we
have

.

r+1
Y xm < N'TVrgare
M<n<M+N

forre{l,2,3}.
The proof uses in a crucial way the Riemann hypothesis for curves over finite

fields which was proved by Weil [Wei48a, Wei48b], implying that for prime p and
Dirichlet character x modulo p of order d, then

p

> x(P@)

x=1

<(m—1)p

where P € F,[X] is not a dth power of a polynomial and m is the number of dis-
tinct roots of P. Applying Theorem 3.107 with r = 1, we recover a slightly weaker
version of the Pélya—Vinogradov inequality. Hence this result generalizes Theo-
rem 3.106.

For incomplete Gauss sums, Burgess [Bur89] obtained the following result.

Theorem 3.108 (Burgess) For all non-principal Dirichlet characters x modulo g
and all integers a > 0, M and N with 1 < N < g, we have

Y x(m)eglan) < N*3q'B(logq)®.
M<n<M+N

If ¢ = p* is a prime power with p > 3, Burgess [Bur92] showed that the term
N?/3¢/8 may be replaced by N3/4¢!/12. This improves on Theorem 3.108 as long
as N < ql/ 2

A Kloosterman sum is a character sum of the form

q

Z eq(an + bn)

n=1
(n,q)=1
where a, b, g are positive integers and 7 is defined by n x n =1 (modgq). Weil’s
bound for such sums states that

q

Z eq(an + bn)
(nr.l;lzl

<t(g)y/dq
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where d = (b, ¢) and t(g) is the number of divisors of g. For incomplete Klooster-
man sums, we have the following estimate due to Hooley.

Theorem 3.109 (Hooley) For all real numbers 0 < & < 1, all integers 1 <a <b
andm,q > 1 withd = (m, q), we have

b
D eg(m -y < q'*ed" 2 +dgT (b - a).

n=a
3.8 Exercises
1 Is the integer 3% + 4% a prime number?

2 Show that, for each integer n > 33, we have 7 (n) < %

3 Let k > 2 be an integer. Show that the number of prime numbers in the sequence
6> +2, 77 42,...,(6k)> +2

is < k.

4

. 1
(a) Show that the series ), STozp
(b) Using Exercise 7 in Chap. 1 and Corollary 3.98, prove that** 3~ |

is convergent.

logp _ 1
< 5.
pr 2

5 (Putnam, 1977) Let p be a prime number and a > b be non-negative integers.

Show that
pa a
- dp).
(pb) <b> (modp)

6 Let p be a prime number. Determine the number of positive integer solutions of
the Diophantine equation

200ne may also use the inequality

]
3 2P 0484

p<100

evaluated using the PARI/GP system.
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2— . .
7 Determine the prime numbers p such that pTl is also a prime number.

8 Solve the Diophantine equation
x+y+z4+xy+yz+zx+xyz=2009

where 1 < x < y < z are integers.

9 Let a be a positive integer such that (a, 10) = 1.
(a) Show that ® =1 (mod 10) and that, for all non-negative integers k, we have
a¥1% = 1 (mod 10%+1). Deduce that

800000001 — (11164 10°).

(b) Determine a non-negative integer x such that the decimal expansion of x> ends
with 123456 789.

10 Prove that, for all integers a > 1, k > 0 and all primes p t a, we have

k+1 k+1)

a? " =g (mod p

11

(a) Letn e N and p > 5 be a prime number such that p | (n® 4+ n + 1). Show that
ord,(n) = 3 and deduce that p =1 (mod 6).
(b) Show that there are infinitely many prime numbers of the form p =1 (mod 6).

12 Let n € N. Show that, for all primes p < n, we have

n—p logn n—1
p—1 logp

and deduce that
vy (n!) = —— + O(logn).
p—1

13 Show that n € N is a difference of two squares if and only if n £ 2 (mod4).
Deduce the values of n for which n! is a difference of two squares.

14 Let P € Z[X] be a polynomial of degree n > 1. Show that if there exist at least
2n + 1 distinct integers m such that | P (m)| is prime, then P is irreducible®! over Z.

Are the polynomials Py = X* — X*> +2X — 1 and P, = X* —4X?> — X + 1
irreducible over Z?

21See Definition 7.21 and Proposition 7.28.
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15 Using Dirichlet’s theorem (Theorem 3.63) and the sequence 7 + 151, show that
there exist infinitely many prime numbers p not lying in a pair of twin prime num-
bers (g, r).

16 Letn > 3 be an integer and 1 =dj <dz < --- < dy = n be all the divisors of n
in increasing order. Show that

k
2
Zdj—ldj <n-.
j=2

17 Letn e N.

(a) Let a, b be two positive coprime integers and P = ¢, X" +---+c1X +cp €
Z[X]. Show that, if a/b is aroot of P, thena | coand b | c,.

(b) Deduce that if P is a monic integer polynomial, then the roots of P are either
integer or irrational.

(c) Use the preceding question to show that, if p is a prime number, then ,/p & Q.

18 (Serret’s algorithm) This exercise uses the notation and results of Exercises 2
and 3 in Chap. 2.

Part A. The purpose of this section is to show that if p is a prime number, then p is
a sum of two squares if and only if either p =2 or p =1 (mod4).

(a) Let p be an odd prime number such that p = a? + b? for some a, b € Z. Show
that p =1 (mod4).
(b) Let p be a prime number such that p = 1 (mod4) and define x < p such that

Prove that x> = —1 (mod p).
(c) Using Exercise 2 in Chap. 3, show that p can be expressed as a sum of two
squares.

Part B. Let x > 1 be an integer, p > x be a prime number such that p = 1 (mod4)
and let (r¢) be the finite sequence of remainders in the Euclidean algorithm associ-
ated to p and x.

(a) Explain why there exists a positive integer k such that rx—1 > /p 2> 7.

(b) Using Exercise 3 in Chap. 2, show that the pair (u, v) = (f, i) satisfies the
conditions of Thue’s lemma.

(c) Express p =9733 as a sum of two squares.

19 Let n € N. Determine an asymptotic formula for [T, p!*/71.



References 161

20 Let o > 1 be a real number and N be a positive integer. Show that
o0

Lt
> e < e

n=N

and if N > 3, then

Z logn < {(a)logN.

<
ne No—l
n=N

21 (Unitary divisors) Let n € N. A divisor d of n is called a unitary divisor
if (d,n/d) = 1. The unitary greatest common divisor of m and n is denoted by
(m,n)*.

(a) Show that (m, n)* is a unitary divisor of (m, n).
. e f . o,
(b) Let p be a prime number. Show that (p®, pf)* = {" orpl.if e_f_
1, otherwise.
(c) Setn=p{'---p/ andd = p{‘ p, a divisor of n with 0 < f; < ¢;. Prove
that d is a unitary divisor of n if and only if either f; =0 or f; = ¢;. Deduce the

number of unitary divisors of n.

Example Provide the unitary divisors of 3024 and 6615.

fl fr

(d) Setn=p{' - p;” and m = p] with ¢;, f; € Z.. Prove that

e; or f,', ife,' =fl'

m,n)*=ps' ... p¥  with g =
( ) P pr 8i 0, otherwise.

Example Compute (6615, 3024)*.
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Chapter 4
Arithmetic Functions

4.1 Definition and Fundamental Examples

Definition 4.1 An arithmetic function is a map f : N — C, i.e. a sequence of
complex numbers, although this viewpoint is not very useful.

Example 4.2 We list the main arithmetic functions the reader may encounter in his
studies in analytic number theory. In what follows, k > 1 is a fixed integer.

> The function e; defined by! e1(n) = {1’ ifn:l_
0, otherwise.

> The constant function 1 defined by 1(n) = 1.

> The kth powers Idy (n) = nk. We also set Id; = Id.

> The function w defined by w (1) =0 and, for all n > 2, w(n) counts the number
of distinct prime factors of n.

> The function 2 defined by (1) =0 and, for all n > 2, 2(n) counts the number
of prime factors of n, including multiplicities.

> The Mobius function u defined by u(1) =1 and, for all n > 2, by

[ (=D®™ if n is squarefree
pwn) = {0, otherwise.

This is one of the most important arithmetic functions of the theory.

> The Liouville function X defined by A(n) = (—1)%®,

> The Dirichlet—Piltz divisor function t; defined by2 71 =1, and for k > 2 and
n>=1,by

wn) =) n-1(d).

din

'Some authors also use the notation § or i.

2Some authors also use the notation dy.

O. Bordelles, Arithmetic Tales, Universitext, 165
DOI 10.1007/978-1-4471-4096-2_4, © Springer-Verlag London 2012
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It is customary to denote 72 by t and hence

r(n):Zl

d|n

so that (n) counts the number of divisors of n.
> The Hooley divisor function Ay defined by A1 =1, and for k >2 andn > 1, by

Ar(n) = max oL

up,....up—1€R
Lyeensllk—1 dydydy I

i <d; <eMi Tl

It is customary to denote A, by A.

> The function 7, defined to be the number of k-free divisors of n (k > 2). Note
that T2 = 2%,

> The function y; defined to be the greatest k-free divisor of n (k > 2). The function
2 is sometimes called the core, or squarefree kernel, of n.

> The divisor function oy defined by

o (n) = Zd".
d|n

It is customary to denote o1 by o. Also note that o = 7.
> The Euler totient function ¢ defined by

pm= ) 1L

m<n
(m,n)=1

> The Jordan totient function ¢y defined by

or(n) = Z 1.

(my ,...,mk)eZl_"_,mi <n
my,..., my.n)=1

Note that ¢ = ¢.
> The Dedekind function ¥V defined by

W (n) =n1_[<1 + %)

pln

> The function w; defined to be the characteristic function of the set of k-free num-
bers (k > 2). Note that o = 2.

> The function s; defined to be the characteristic function of the set of k-full num-
bers® (k > 2).

3There is no official notation for this function in the literature. For instance, Ivi¢ [Ivi85] uses the
notation f.



4.2 Additive and Multiplicative Functions 167

Table 4.1 Values of the

z-function n 1007 1008 1009 1010 1011 1012 1013 1014

T(n) 4 30 2 8 4 12 2 12

> The functions 7(¢ and o (© are respectively defined to be the number and the sum

of exponential divisors.
Recall that if n = p‘l’“ ~pfrand d = p’lg' ~--pfr is a divisor of n, then d is

called an exponential divisor if B; | «; foralli € {1,...,r}.

> The function B defined by B8(1) =1 and, for all n > 2, B(n) is the number of
square-full divisors of n.

> The function a(n) defined to be the number of non-isomorphic abelian groups of
order n.

> Let K/Q be an algebraic number field. The function vk is defined by vk (1) =1
and, for all n > 2, vk (n) is the number of non-zero integral ideals of Ok of norm
equal to n (see Chap. 7).

> The generalized von Mangoldt functions Ay defined by

k
A(n) = Zu(d)<10gg> .

d|n

Note that, by Lemma 3.41 and Mobius inversion formula (Theorem 4.13), we
have A1 = A.
> The Dirichlet characters x (n) modulo q.

Clearly, sums and products of arithmetic functions are still arithmetic functions.
It should also be mentioned that the behavior of such functions can be erratic, as we
can see in Table 4.1 showing values taken by 7 at certain consecutive integers.

Hence the idea is to study these functions on average, i.e. to get estimates for the

sums
> f.

n<x

This is the aim of this chapter. In view of this purpose, we first need some definitions.

4.2 Additive and Multiplicative Functions

Definition 4.3 Let f be an arithmetic function.

> f is multiplicative if f(1) # 0 and if, for all positive integers m, n such that
(m,n) =1, we have

f(mn) = f(m)f(n). (4.1)
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> f is completely multiplicative if f(1) £ 0 and if the condition f(mn) =
f(m) f (n) holds for all positive integers m, n.

> f is strongly multiplicative if f is multiplicative and if f(p%) = f(p) for all
prime powers p“.

The condition f(1) # 0 is a convention to exclude the zero-function of the set
of multiplicative functions. Furthermore, it is easily seen that, if f and g are multi-
plicative, then so are fg and f/g (with g # O for the quotient).

The dual notion of additivity is similar.

Definition 4.4 Let f be an arithmetic function.

> f is additive if, for all positive integers m, n such that (m, n) = 1, we have

f(mn) = f(m)+ f(n). (4.2)

> f is completely additive if the condition f(mn) = f(m) + f(n) holds for all
positive integers m, n.

> f is strongly additive if f is additive and if f(p®) = f(p) for all prime pow-
ers p“.

Similarly, f is said to be sub-multiplicative if, for all positive coprime integers
m, n, we have

f(mn) < f(m) f(n)

and f is said to be super-multiplicative if, for all positive coprime integers m, n, we
have

fmn) = f(m) f(n).

The notions of sub-additivity and super-additivity are defined in a similar way, as
well as the notions of completely sub-multiplicative, sub-additive, super-multiplica-
tive and super-additive.

In order to show that a given function is multiplicative or additive, one can use
the relations (4.1) or (4.2). However, one often needs to know that a function is
multiplicative or additive precisely in order to use (4.1) or (4.2). The following
result is then a useful criterion.

Lemma 4.5 Let f be an arithmetic function.

(1) f is multiplicative if and only if f(1) =1 and for all n = p‘f' -+ " where the
pi are distinct primes, we have

fo =TT r(pe) (4.3)
k=1
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(i) f is additive if and only if (1) =0 and for all n = p<' --- pi" where the p;
1
are distinct primes, we have

fy=>"f(pt). (4.4)
k=1

Proof The two proofs are similar, so that we only show (i). Assume first that f
satisfies f(1) =1 and (4.3). Letn = p(f“ o plrandm = qlﬂ' ~--qf’ be two positive

coprime integers. Using (4.3) and the fact that p; # g; we get

famy=f(pi - prglt ) =T () [ £(al¥) = F@) £ m)
k=1 k=1

and hence f satisfies (4.1). Since f(1) =1 # 0, we infer that f is multiplicative.

Conversely, let f be a multiplicative function. Using (4.1) with m =n =1 gives
f(H=f()f(QA)sothat f(1) =1 since f(1) #0. Now let ny, ..., ny be pairwise
coprime integers. By induction using (4.1), we get

fy--np) = f(ny)--- fng).

Thus, if n = p‘f‘ .- p¥" where the p; are distinct primes, we infer that f satisfies
(4.3) as required. O

Example 4.6 In Example 4.2, the functions w and 2 are additive, the first one
strongly, the second one completely. All the other functions, except the Hooley divi-
sor function Ay and the generalized von Mangoldt function Ay, are multiplicative.

> The functions e, 1, Idg, A and the Dirichlet characters are completely multiplica-
tive.
> It is easily seen that, for all positive integers m, n, we have

w(mn) =w(m) + w(n) — a)((m, n))

since in the sum w(m) + w(n), the prime factors of (m, n) have been counted
twice. This implies easily the additivity of w.

> The functions wx and s are clearly multiplicative.

> Now let us have a look at the Mobius function. Using its definition, we have
w(1) =1 and, for all prime powers p*, we also have

oy -1 ifa=1
u(p )_{O, otherwise

so that, if n = p{' -+ p;” where the p; are distinct primes, we have

« N[ ife==a =1
M(Pll)"'/’“(pg)_{o, otherwise '
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and hence u( p‘l’”) - u(pf") = u(n). Therefore, the p-function is multiplicative
by Lemma 4.5.

> The multiplicativity of the function vk will be established in Proposition 7.118.

> It has been shown in Corollary 3.7 (i) that the function t is multiplicative.

> In order to prove the multiplicativity of the function 7, let us write uniquely n
in the form n = ab where (a, b) = 1 and pui(a) = si(b) =1 witha = p{" - pi”

and b = pffl' ... p% where the p; are distinct primes, and consider the product
r S
H(1+pi+-~-+pf"') x H (1+pi+--+pFh).
i=1 i=r+1

Each term in the expansion of this product is a k-free divisor of n and, conversely,
each k-free divisor of n is a term in the expansion of this product. This implies

T (n) = T(@)k*®

and therefore 7y is multiplicative.
> Let n be uniquely written in the form n = ab where (a,b) =1 and pus(a) =
s2(b) =1 with a = p{' -+ p}" and b = pffll ... p&* where the p; are distinct
primes and o; € {0, 1} fori=1,...,rando; 22 fori =r+1,...,s. A divisor
d= p’fl ‘e pfs of n is square-full if and only if d = 1 or d | b. This is equivalent
toBi=00r2<B; <a;fori=r+1,...,s. Therefore we get

pmy =[] «

i=r+1

and hence g is multiplicative.

> Let n be uniquely written in the form n = p‘fl .- ps . A divisor d = p’fl ‘e pf‘?

is an exponential divisor of #n if and only if B; | o;. We readily deduce that

) =] e

i=1

and hence 7© is multiplicative.
> Let G be an abelian group of order n = p‘f‘ ... p&*. From (3.1), we have the
decomposition

G~ Hl DD Hs
where H; is the p;-Sylow subgroup of G of order pf” , which implies that

s

a@m) =[Ta(p")

i=1
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so that the function a is multiplicative by Lemma 4.5. Furthermore, let G be an
abelian group of order p®. Then G may be factorized in the form

G~Gi - &G,

for some positive integer r, where the G; # {eg} are cyclic subgroups of G of
order p# for some f; | a by Lagrange’s theorem (Theorem 7.1 (i)). We infer that
the number of abelian groups of order p* is equal to the number of decomposi-
tions of the form

a=pi++p

i.e. the number of unrestricted partitions of «. Denoting by P («) this number, we
finally get

a(m)=[]P).

i=1
> The multiplicativity of the other functions is not obvious. We shall see another
tool which will prove to be very useful in this problem.

4.3 The Dirichlet Convolution Product

Definition 4.7 Let f and g be two arithmetic functions. The Dirichlet convolution
product of f and g is the arithmetic function f x g defined by

(f xg)n) = Zf(d)g(%> = Zf(%)g(d).

d|n dln

It should be noticed that the second equality above follows from the fact that the
map d —> d’ such that dd’ = n is one-to-one.

Example 4.8 We have Ay = uu » log", T =1 % 1 and by induction

Tr=1%---x1.
;\/_/
k times
Also o = Id; = 1. We shall see later that other arithmetic functions may be written

as a convolution product of two simpler arithmetic functions. This will be a powerful
tool to get estimates for averages of these functions.

The next result shows that this operation behaves well.
Lemma 4.9 The Dirichlet convolution product is commutative, associative and has

an identity element which is the function e1. Furthermore, if f(1) # 0, then f is
invertible.
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Proof The commutativity follows at once from Definition 4.7. Now let f, g and &
be three arithmetic functions and » be a positive integer. We have

d
(fr)*xh)m) =) (f *g)(d)h(%) =y > f(8)g<5)h(?—l>
dln din 8ld
and
(f*(gxm)m) =" fd)(g *h)(g) =) f@ Y, g(5>h(;—8>.
din din Sl(n/d)
Setting d’ = d§ in the last inner sum gives
d/
(f*@rm)m=>">" f(d)g<g>h<§) =((f ) *h)(n)
d'\n d|d’
establishing the associativity. We also have obviously
(e1 % () = dZel (d)f<§> = f.

Finally, we prove the invertibility by constructing by induction the inverse g of an
arithmetic function f satisfying f (1) # 0. The function g is the inverse of f if and
only if (f *g)(1)=1and (f x g)(n) =0 for all n > 1. This is equivalent to

fhgh=1
Zg(d)fG) =0 (n>2).
d|n

Since f(1) # 0, we have g(1) = f(1)~! by the first equation. Now let n > 1 and
assume that we have proved that there exist unique values g(1), ..., g(n — 1) satisfy-
ing the above equations. Since f (1) # 0, the second equation above is equivalent to

1 n
) Zg(d)f(g)

dln

d#n
which determines g(n) in a unique way by the induction hypothesis, and this def-
inition of g(n) shows that the equations above are satisfied, which completes the
proof. 0

Therefore the condition f(1) # 0 is necessary and sufficient to the invertibility
of f. By Lemma 4.5, we infer that every multiplicative function is invertible.

The next result is of crucial importance.

Theorem 4.10 [f f and g are multiplicative, then so is f * g.
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Proof Let f and g be two multiplicative functions and let m, n be positive integers.
By Corollary 3.7 (iii), each divisor d of mn can be written uniquely in the form
d =ab witha |m, b |n and (a, b) =1 so that

(f*9)mn) =Y f(d)g(%) =3y f(ab)g(%>
d|mn alm bln
and since f and g are multiplicative and (a, b) = (m/a,n/b) = 1, we infer that
(f * 8)mn) = %ﬂj ; f(a)f(b)g<%)g(g> = (f *©)m)(f *&)(n)

as required. g

This result enables us:

1. to show that a given arithmetic function is multiplicative by writing it as a product
of at least two multiplicative functions;
2. to show by multiplicativity several arithmetic identities.

Example 4.11

1. Since t =11 and 1 is multiplicative, we deduce that t is multiplicative. The
same conclusion obviously holds for 7.
2. We intend to prove the following identity

ifn=1
3 ) = { L (4.5)

i 0, ifn>1
ie.
uxl=e. (4.6)

Now since x and 1 are multiplicative, so is the function u x 1 by Theorem 4.10
and hence (4.6) is true for n = 1. Besides, it is sufficient to prove (4.6) for prime
powers by Lemma 4.5, which is easy to check. Indeed, for all prime powers p®,
we have

(xD(p Zu =u()+p(p)=1-1=0

as asserted.
3. Let us have a look at Euler’s totient function. By (4.5), we have

1, if(m,n)=1
d) =
Z w(d) {O, otherwise

d|(m,n)
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so that using Proposition 1.11 (v) we have

pim= Y 1= 3 u(d>=Zu(d>Zl=Zu(d>[ﬂ

= mndin dinmen dln
n

=D )

d|n

and therefore
o=uxId. 4.7

We first deduce that ¢ is multiplicative by Theorem 4.10. Furthermore, if p* is a
prime power, then ¢(p®) counts the number of integers m < p® such that p tm,
and hence ¢(p%) is equal to p* minus the number of multiples of p less than p?,
so that by Proposition 1.11 (v) we get

p” - 1
o(p%) =p* - [—]=p"‘—p°‘ 1=p"‘(1 ——)
p p

which gives using Lemma 4.5

1
(p(n):nl_[(l — ;>. (4.8)

pln

4. Let k > 2 be an integer and let us prove the following identity

D u(d) = pi(n) (4.9)
d*|n
ie.
Mk = fix1 (4.10)
where
O

Since f is clearly multiplicative, we deduce that f 1 is also multiplicative. We
easily check (4.10) for n = 1. For all prime powers p“, we have

i D(p*) =14 fi(p))
j=1

_ o
0, otherwise —,U«k(l’ )

14 0, ifa<k_ 1, ifa<k
B w(p), ifa>k

and therefore (4.10) holds by Lemma 4.5.
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5. By Example 4.8, we have 0 = Idx1 and hence ¢ is multiplicative. Now let us
prove the following identity

O=T*xQ. 4.11)

(4.11) is true for n = 1 and if p® is a prime power, then we have

(T*o)(p Z<p )
—a+l+< p)pr(a—]+1)

Jj=1
:7_ =0 o
> (P%)

establishing (4.11).

6. Letd € Z\ {0, 1} be squarefree and K = Q(v/d) be a quadratic field with dis-
criminant dg. By Lemma 7.107, the Dirichlet character x defined by x(n) =
(dk/n), where (a/b) is the Kronecker symbol, is the quadratic character associ-
ated to K. Now Proposition 7.131 implies

vk = X * 1. (4.12)
7. Let us prove the convolution identity
T(k) =1*,uk. (4.13)

(4.13) is easy for n = 1. Since the two functions are multiplicative, it suffices to
check this identity for prime powers. Now

: a—i—l ifa<k
1 = o
A * ) (p E wi(p ifa>k T (P%)

as required.
8. For all prime powers p®, we have

(f *»w(p*) = f(p*) = £(P*7").
We end this section with the next result which generalizes Theorem 3.15.

Theorem 4.12 (Euler—Fermat) Let a, n be positive integers such that (a,n) = 1.
Then

a®™ =1 (modn).



176 4 Arithmetic Functions

Proof Write n = p‘f' -~ py" where the p; are distinct primes. By Proposition 2.13
(vi), it suffices to show

a®™ =1 (mod p")
fori e {1,...,r}. Now by (4.8) we have

@™ — Il D)
and hence the result follows if
bpafl(p—l) =1 (modp(l)

holds for all integers b, « > 1 and all primes p 1 b. Using Exercise 9 in Chap. 3 with
a=bandk=uoa — 1 gives

b?" =P (mod p*)

which is equivalent to the preceding congruence by Proposition 2.21 (v), which
concludes the proof. g

It should be mentioned that one can also prove this result by mimicking the proof
of Theorem 3.15. More generally, Euler—Fermat’s theorem is a direct consequence
of Lagrange’s theorem (Theorem 7.1 (i)) which implies that, if G is any finite group
of order |G| and identity element eg, then, for all a € G, we have

albl = eg.

Theorem 4.12 then follows at once by applying this result with G = (Z/nZ)* since,
by Theorem 2.30, we have

(a,n)=1 << ae(Z/nZ)*

and [(Z/nZ)*| = ¢(n).

4.4 The Mobius Inversion Formula

The identity (4.6) may be seen as an arithmetic form of the inclusion-exclusion
principle, and then is the starting point of Brun’s sieve (3.30). On the other hand,
this identity means algebraically that the Mobius function is the inverse of the func-
tion 1 for the Dirichlet convolution product. One can exploit this information in the
following way. Suppose that f and g are two arithmetic functions such that

g=fx«1
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By Lemma 4.9, we infer that
g=f*1 < grxu=frxAxp)=r

This relation is called the Mébius inversion formula, and is a key part in the esti-
mates of average orders of certain multiplicative functions. Let us summarize this
result in the following theorem.

Theorem 4.13 (Mobius inversion formula) Let f and g be two arithmetic functions.
Then we have

g=f*1 <— [f=g*u

i.e. for all positive integers n

g(n) =Zf(d) — f) =Zg(d)u<g>.

d|n d|n

Our first application is a second proof of Proposition 3.30 stating that, for each
prime number p, there exists a primitive root modulo p.

Proof of Proposition 3.30 One can suppose that p > 3. If d | (p — 1), let N(d)
be the number of elements of a reduced residue system modulo p having an order
equal to d. For each divisor 8 of d, a solution of the congruence x? = 1 (mod p) is
also a solution of x¢ = 1 (mod p). By Example 3.28, this congruence has exactly d

solutions, so that
Z N@)=d
sld

or equivalently

Nx1=1d.
By the Mobius inversion formula and (4.7), we get N = pu+Id = ¢ and hence N (p —
1) = @(p — 1), so that there are ¢(p — 1) > 1 primitive roots modulo p. O

Our second application concerns the number of monic irreducible polynomials
of degree n in F,[X].

Proposition 4.14 Let p be a prime number, n be a positive integer and N, , be the
number of monic irreducible polynomials of degree n in IF ,[ X]. Then we have

1
Nn,p = ; Z M(d)Pn/d-
dln
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Proof Let P € IF,[X] be a monic polynomial. Since P may be factorized uniquely
as a product of monic irreducible polynomials in F,,[ X], we have

Z TdegP: l_[ (1+TdegQ+T2degQ+_“)
PeFp[X] QeFp[X]
P monic Q monic irreducible
- [ -1y
Q€Fp[X]

©Q monic irreducible
&)
=[] —14)~".
d=1

Since the number of monic polynomials of degree n in F,[X] is equal to p", we
deduce that

Zp ™" — l_[ Ta’)—Nd,p

d=1

and taking logarithms of both sides gives

o oo
log(1 — pT) = ZNd plog(1—T9) = Z p Y 87T?
d=1 d=1 =
and hence
o0
> T =3 N L0 T =S T Y
n=1 d|n
and comparing the coefficients of 7" implies that
pl= Zde’p.
din
Now Theorem 4.13 gives the asserted result. U

The Mobius inversion formula may also be used to count the number of primitive
Dirichlet characters modulo g. We shall actually prove the following slightly more
general result.

Proposition 4.15 Let g > 2 be an integer and k € N such that (k,q) = 1. Then

Yo ax= Y e@nq/d

x (modgq) d|(q.k—1)
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where the star indicates a summation over primitive Dirichlet characters. In partic-
ular, the number ¢*(q) of primitive Dirichlet characters modulo q is given by

P*(q) = (@ )(q).

Hence ¢* is multiplicative and there is no primitive Dirichlet character modulo 2m
where m is an odd positive integer.

Proof Let k € N such that (k,q) = 1. Since each Dirichlet character modulo ¢q is
induced by a unique primitive Dirichlet character modulo a divisor of g, we have

, otherwise

> Y = 3 x<k>—lql(k><p(q)—{“’@ ifk=1(modg)

dlg x (modd) x (modgq)

where we used Proposition 3.68 in the second equality. Now by Theorem 4.13 we
get

S a0 =Y 1a®edug/d =Y. edulg/d)
x (modq) dlq d|(q.k—1)

as required. Taking k = 1 gives the formula for ¢*(¢) and hence ¢* is multiplicative
by Theorem 4.10. Furthermore, ¢*(2) = ¢(2) — ¢(1) = 1 — 1 = 0 and therefore by
multiplicativity, for all odd positive integers m, we get ¢*(2m) = ¢*(2)p*(m) =0
as asserted. O

Example 4.16

1. By Lemma 3.41 (i), one has log = A x1 and hence A = uxlog by Theorem 4.13
as asserted in Example 4.2.
2. Let us prove that

Y _ed)=n

d|n

M(d) _ l—[<1 B _)

d|n pln

and

Indeed, from (4.7) and Theorem 4.13, we get Id = ¢ x1 which is the first identity.
For the second one, we have using (4.7)

,U«(d) _ _Z (d)_ _ (pxIdn) _ o)

n n
din dln

which implies the asserted result.
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4.5 Summation Methods

In this section, we intend to provide some tools to estimate sums of the form
S =Y (f*)m)=Y > fld)gn/d)
n<x n<x din

with x > 1. The first idea which comes to mind is to interchange the order of summa-
tion, which amounts to rearranging the terms of the sum favoring the factorization
by the terms f (1), f(2),... We thus get

S =Y f@d))_ gn/d).

d<x n<x
dln

Making the change of variable n = kd in the inner sum and noticing that n < x and
d | n is equivalent to k < x/d, we finally obtain

S =Y fd) Y g

d<x k<x/d

We may thus state the following result.

Proposition 4.17 Let x > 1 be a real number and f and g be two arithmetic func-
tions. Then

D= fd Y g

n<x d<x k<x/d

Example 4.18

1. Since t =1 1, we get using Proposition 4.17 and the easy equality [x] = x +
o)

Y= Y 1=Z[f} =x21+0(x)=xlogx+0(x).
n<x d<xk<x/d d<x d dgxd

We shall see later how to improve on this result.
2. Since 0 =1x1d, we get using Proposition 4.17

1 X X
Yow=3 3 k=3 [ 7]([5] )
n<x d<xk<x/d d<x
and using [x] = x 4+ O(1) we obtain

x2 1 1
ZJ(H)ZEZC[_Z_FO(XZE)

n<x d<x d<x
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and since
1 &1 1 1
—2=Z—2—Z—2=¢<2>+0(—)
dgxd d=1d d>xd X

where we used Exercise 19 in Chap. 3, we finally get

2
Y om=" 2(2) + O(xlogx). (4.14)

n<x
3. Since 1 = e, we get using Proposition 4.17
X
1= 1 = d 1= d)| =
D uamy =Y pud) Y 1= ul )M
n<x d<x k<x/d d<x

so that

X
Z,u(n)l:—i| =1 (4.15)
n

n<x

which is a very important identity. A variant of this identity may be obtained as
follows.

5 o2 5 el 5 ol

n<x+y n<x+y n<x+y
X X
=1—- — | = —
Zu(n)[n] > u(n)[n]
n<x x<n<x+y
=1-1=0

since in the last sum we have [x/n] = 0. This implies that

£ =gl )

x<n<x+y n<x

Set N = [x]. Using (4.15) we get

N Z @: Z“(”)[g}—}_ ZM(H){%}ZI-}- Z M(n){%}

n<N n<N n<N n<N-1

so that

Z M(n)

N 1+N—-1
1+ /L(n){—})g—zl.
< néZN:—l n N
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4. Using Proposition 4.35, we shall see that the Dirichlet series of the Mobius func-
tion is ¢ (s)~! which is absolutely convergent in the half-plane o > 1. This im-
plies in particular that, for all integers k > 2, we have

Z po) 1 (4.16)

Using Proposition 4.17, one may provide another proof of (4.16). It is first
easily seen that the series of the left-hand side converges by Rule 1.20, since
l(n)|/n* < 1/n*. Now applying Proposition 4.17 with f(n) = w(n)/n* and
g(n) = 1/n* we get for all positive integers N

=Y Grm=Y NP >

n<N d<N m<N/d
(d) — 1 (d) 1
=Y =F Z D B ) B
d<N d<N m>N/d
d
=c(k) Y % — R(N)
d<N

with
1
[RWI< Y = >
d<N m>N/d
Now using Exercise 19 in Chap. 3, we obtain
Y —< c(k)(—)
k
m>N/d mn N

and thus

E(k) 1 _ {(k)log(eN)
Z d < Nk-1

and hence
pd) 1 (logN
2w =t O(Nk—1>

giving (4.16) by letting N — oo.
5. Using (4.9), Proposition 4.17, the estimate [x] = x + O(1), (4.16) and Exer-
cise 19 in Chap. 3, we get

D=y ud= Y ud Y1

n<x n<x dk|n d<x1/k k<x/dk
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X
- 0 l/k_
to Fo)

One may improve on Proposition 4.17 by inserting a parameter which may be
optimized. This is indeed a very fruitful idea leading to the next result, called the
Dirichlet hyperbola principle.

Proposition 4.19 (Dirichlet hyperbola principle) Let 1 < T < x be real numbers
and f and g be two arithmetic functions. Then

D= fm) Y g+ Y gk) Y fn)

n<x n<T k<x/n k<x/T n<x/k
=Y fm Y g
n<T k<x/T

Proof Splitting the sum of the right-hand side of Proposition 4.17 gives

DU =) f@ Y g+ D fd) Y g

n<x d<T k<x/d T<d<x k<x/d
and
Yoor@ Y go= Y gk Y fd
T<d<x k<x/d k<x/T T<d<x/k
= g(k)( > r@ - Zf(d))
k<x/T d<x/k d<T
as required. O

Historically, it was Dirichlet who discovered this principle when he succeeded in
improving the error-term in the sum

Zr(n).

n<x
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Fig. 4.1 Dirichlet hyperbola
principle

The name comes from the following observation. Since, by above,

s3]

n<x d<x

we are led to count the number of integer points (m, n) with 1 <m < x lying under
the hyperbola mn = x.

Dirichlet used the symmetry of the hyperbola to deduce that the number of in-
teger points is equal to that of the interior of the square [1, \/x]? plus twice the
number of integer points (m, n) such that \/x < m < x, see Fig. 4.1. This gives

Yrm=IxP+2 Y [ﬂ

n<x Jx<m<x
=[xl +2 [f} —2 [f]
—WaP+2) tm -2 Y [ﬂ
n<n me

and therefore we get

Yrm=2 Y [%] Ve (4.17)

n<x N

It is easily seen that using Proposition 4.19 with f = g =1 gives (4.17), so that
this result generalizes the geometric method of Dirichlet. We are now in a position
to show the following estimate which is the first result in the so-called Dirichlet
divisor problem.
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Corollary 4.20 (Dirichlet) For x sufficiently large, we have

> () =x(logx 42y — 1) + O(Vx).

n<x
Proof Using (4.17), the estimate [x] = x + O(1) and Theorem 1.22, we get
Yoty =2x ) %+ O = (Vx+ o)’
n<x m</x
=2x(logv/x +y + O(X_I/z)) —x+ 0K/x)
=xlogx +xQ2y — 1)+ O(/x)

as asserted. O

For a presentation of the Dirichlet divisor problem and related problems, see the
introduction in Chap. 6. For more information about this problem, see [Bor09].
The next result provides another application of the Dirichlet hyperbola principle.

Corollary 4.21 Let x be a non-principal Dirichlet character modulo q. For each
real number x > q'/* sufficiently large, we have

2
Z(X *1d)(n) = %Z’X) —x Z X’(j)wCI—C) + 0(x2/3q1/610gq).

n<x n<x2/3g1/6

Proof Let T satisfy 1 < T < x. Using Proposition 4.19, we get

Y xrIdm =D xm) D k+ Y 0 Y xR —=Y xm) Y n

n<x n<T k<x/n n<x/T k<x/n n<T n<x/T

= %’gx(n)[;—c]q%} +1> +O{H§Tn kgzx/nx(k)H
+0{<H§Tn> > xm }

n<T
Now the use of the Pélya—Vinogradov inequality (Theorem 3.106) and the estimate

X X xz  2x X
n n n n n
gives

2
Yoram=2 2 APy

n<x n<T n<T

X;n) 1ﬁ<%> + O(XZT_2q1/2 logg +T).
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Now we have

X (n) X (n)
Z?ZL(Z’X)_Z )
n<T

n>T

and, as in Corollary 3.71, we get by Abel’s summation and the Pélya—Vinogradov
inequality the estimate

2./3qlogq
<
T2

)
> %

n>T

so that the choice of T = x2/3¢1/% gives the asserted result. g

When x is a quadratic character modulo ¢, and thus is the Dirichlet character
attached to the quadratic field K = Q(v/d) where d = x(—1)g by Lemma 7.107, it
can be proved that

n
(x*1dy(n) =D vk (. m))
i=1
(see Definition 7.117 and Exercise 10) so that Corollary 4.21 is used in the problem
of the composition of the gcd and the multiplicative function vk (see [Bor10]).

4.6 Tools for Average Orders

4.6.1 Introduction

Let f be an arithmetic function. By an average order of f, we mean finding an
asymptotic formula of the form

> fm)=gx)+ O(R))

n<x

where the main term g (x) lies in the set of usual functions (polynomials, logarithms,
etc) and the error-term R(x) satisfies R(x) = o(g(x)) for x sufficiently large. Under
these conditions, we shall say that the function x — x~!g(x) is an average order
of f on [1, x] for x sufficiently large. For instance, by Corollary 4.20, the function
x +—> logx + 2y — 1 is an average order of the divisor function t on [1, x] for x
sufficiently large.

One of the most important problems in number theory is to find the smallest error-
term admissible in the above asymptotic estimate. This problem is sometimes open,
as for instance in the PNT, where the best error-term to date (3.37) is presumably
far from the conjectured remainder term given by the Riemann hypothesis.

In this section, we consider a certain class of arithmetic functions satisfying the
following hypotheses. We shall say that f € M if f is a non-negative multiplicative
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function such that for all x > 1, we have

1
=Y f(plogp<a (4.18)
. p<x
o
o 1 o
sz(l? )aOgP <b (4.19)
p<xa=2 p

where a, b > 0 are independent of x. The purpose of this section is to provide a
proof of the following important result.

Theorem 4.22 Let f be a non-negative multiplicative function satisfying (4.18) and
(4.19). Then, for all x > 1, we have

Zf(n) <eb(a+b+1)log%exp(z @)

n<x P<X p

In other words, only knowing the values of f € M at prime numbers is sufficient
to determine an upper bound which in many cases proves to be of the right order of
magnitude.

It should be mentioned that M is not empty. Indeed, the function 1 is positive,
completely multiplicative and using Lemma 3.42 or Corollary 3.98 and (2.7) with
k=2and x =1/p we get

1 %
=Y 1(p)logp = 09 < oga
X

X
pPEx

and

3 i 1(p*)log p* _ 3 2p—1Dlogp <6y logp _,
pe plp=1 = .
pSx =2 psx
where we used the inequality

1 1
S EE (4.20)
p 2

PSX

from Exercise 4.(b) in Chap. 3, so that one may take (a, b) = (log4, 3). The reader
may also check that the functions 2“ and t lie in M since one can take (a, b) =
(log 16, 6) for the first one and (a, b) = (log 16, 14) for the second one. The next
result provides a useful sufficient condition for a function f to lie in M.

Lemma 4.23 Let f be a multiplicative function satisfying the Wirsing condi-
tions, i.e.

0< f(p*) <rag™! (4.21)
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for all prime powers p* and some real numbers A1 > 0 and 0 < Ay < 2. Then

f e Mwith

(a,b) = (Al log4, M)

(2-22)?
Proof We will use the inequality

1 2
<
p—2X2 pR2—Ai)

4.22)

which readily comes from the fact that A» < 2 < p. Note first that f is non-negative
by multiplicativity. Furthermore, we have

- Zf(p)l ( ) < A log4

p<x

by Lemma 3.42. Next we have, using (2.7), (4.22) and (4.20),

f(p)Ing (2p —r2)logp
Ly e Sy (7)) = T O

p<xa=2 p<x pP<X

< AA2(4 —22) Z log p < )»1)»2(4—);2)
2—2 s p(p—A2) 2—-212)

as asserted. O

Lemma 4.23 enables us to increase the number of arithmetic functions lying

in M.
Lemma 4.24 The following arithmetic functions lie in M:
et, 1, wr, s, B, a, k%, t@), 9 and 1.
Proof All these functions are non-negative multiplicative by Example 4.6. Further-

more, if f is such that 0 < f(n) < 1, then the Wirsing conditions (4.21) are obvi-
ously satisfied, and this is the case for the first four arithmetic functions. We have

1, ifaefo,1)

o, ifa=2

B(p”) ={

and hence B(p®) < max(l, ), so that the Wirsing conditions are readily satisfied.
By [Kri70], we have P () < 5%/* so that

a(p“) < 51/4(51/4)0!—1
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and therefore the function a satisfies (4.21) with 4| = A, = 5!/4. Since

ke — i
k® satisfies (4.21) with A1 = k and A, = 1. Similarly, since 7' (p%) = 7 () and

k, ifa >k

T “) =
O =101 e <k

we easily see that these two functions satisfy (4.21). Finally, tz (p®) is the number

of solutions of the equation x - - - x;y = p, and setting x; = pﬂf for some B; € Z>o,

we see that we have to count the number of solutions in (Z>o)k of the Diophantine

equation

k
Y Bi=a
i=1

.....

where D(j . 1 is the denumerant defined in Chap. 2. Therefore*

k+a—1
w(p®) = ( ) (4.23)
o
and hence
1 ko
= w(p)logp = M) ko
X X
p<x
Using (2.7) we get
i an (p”) K {(1 1 >—k—1 1}
o p p
and the inequality
(1 —x) <14 kx + k(k 4 12K 1,2
valid forall 0 < x < % implies that
i": ot (p*) _ k(k+ 1)2k+2
= 2
— P
Tt is noteworthy that 7 (p%) = D(1,..,1)(ar) where the vector (1,..., 1) has k components. See

also Proposition 7.118.
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so that

1 > Oll'k(Pa) k42
Z ngZT <k(k+1)2

DX a=2
and therefore 1, € M. O

4.6.2 Auxiliary Lemmas

Lemma 4.25 Let n € N. For all x > n, we have
log(ex) <logn —I— —

Proof Indeed, the function x — logn + x/n — log(ex) is non-decreasing on
[, +oo[ and vanishes at x = n. O

Lemma 4.26 Let x > 1 be a real number and f be a positive multiplicative function

satisfying (4.19). Then
fm) _ f(p)
E ; <e exp( E —)

n<x <X p

Proof Expanding the product

(143 707)

p<x a=l1 p

and using Theorem 3.3 and the multiplicativity, we infer that this product is equal to

Since each positive integer n < x satisfies the condition P (n) < x and since f >0
we get

ALy (1+Z f;p >) (ZZ f(p“))

n<x pP<x a=1 p<xa=l1

AT f(p) fp
cen( D10 ) < e 1)

PLX p<xa=2 p<x

where we used (4.19). O
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4.6.3 The Proof of Theorem 4.22

We are now in a position to prove Theorem 4.22. But instead of dealing with the
sum of the theorem, we shall estimate the sum

> fmgm)

n<x

with a suitable choice of the weight g(n) which makes the treatment of the new
sum easier. The function g is often chosen among the functions logn or (N /n)? for
some real B > 0. This last choice is called Rankin’s trick and proves to be a very
fruitful idea.

We will choose here the function g(n) =logn on account of its complete addi-
tivity. Hence, if n = p{' --- p/", then

r
logn = Z log p;’
i=1

and therefore

Do fmlogn= )" > f(kp)logp*= Y Y fGk)f(p*)logp®.

n<x D‘<x k<x/p% 0‘<x k<x/p®
ptk ptk

Interchanging the summations and neglecting the condition p { k gives
Y fmlogn <Y fky Y f(p¥)logp®. (4.24)
n<x k<x pr<x/k

We split the inner sum into two subsums according to either « = 1 or & > 2 and,
in the second subsum, we use the fact that p* < x/k is equivalent to 1 < x/(kp%)
which gives

> f(pM)logp*= D" f(plogp+ Y f(p)logp”

pe<x/k p<x/k Pk
< Z f(p*)log p® (a +b)x
pe k
p¥<x/k

a>2
where we used (4.18) and (4.19). Reporting this estimate in (4.24) we get
k
> fmlogn<(a+b)x )y & (4.25)
k
n<x k<x
By Lemma 4.25, we infer

D Fm< log

n<x

i A
xk<x k

n<x
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and combining this inequality with (4.25) we get

f k)
> < (a+b+1)1 g Z

n<x

and we conclude the proof by using Lemma 4.26. g

Example 4.27 Theorem 4.22 enables us to get several bounds for average orders of
usual arithmetic functions. The sole tool we need is Corollary 3.50 used under the

weaker form ) p<x 1/p < loglogx. We leave the details to the reader.

1. Let k > 2. We have
> s L
n<x

2. The estimate

Zf(n) <Lx

n<x

holds with f =8, f=a, f =19 and f = u (k >2).
3. Let k > 2. We have

Z Ty (n) K xlogx.

n<x

4. Let k > 1. The estimate

Y [ < x(logn)*!

n<x
holds with f =k and f = .

It should be noticed that almost all these bounds are of the right order of magni-
tude. Indeed, we saw in Example 4.18 that

1/k
y;cﬂk(n) C(k) O (x"¥).

Further, it can be shown that (see [SW00, Wu95, Sur71] respectively)
Y a(m) = Arx + Axx'? + Azx'P + 0(x7* P (logx))
n<x

Z t©(n) = Bix + Byx /2 + 0(x1057/4785+s)

n<x

> Ty () = ' (logx F2y —1— ke (k)> O(x™)

n<x
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where A; = Hjil,j#i §(%), and

=H<”ZW> and 32_n<1+z’§;;)
p a=2

with
T=t@—tl@—1)—1(@0—2)+ (0 — 3) (4.26)
fora > 5, and
Vk:{l/k, ifk e {2,3)
131/416 +¢, itk >4.
Furthermore we shall see in Exercise 13 that
> nm) = xi((l,fg_xi;l + O(x(logx)*~2)

n<x
and using Theorem 4.55 with k =k € Z>> we get
log x)¥~! 1\ k
3 ke = x(logx)" 1‘[(1 - —> (1 + —) + O (x(logx)F=3/2).
ot (k—DP & p p—1

Only the function sy is overestimated, since using Corollary 3.7 (v) we shall prove
in Exercise 14 that

ZSk(n) < x?

n<x

4.6.4 A Second Theorem

The following result provides a much stronger explicit upper bound of the average
order subject to restricting the class of multiplicative functions by setting a supple-
mentary condition on f.

Theorem 4.28 Let f be a multiplicative function satisfying the Wirsing conditions
4.21) and

()= f(p*) (4.27)

for all primes p and o € N. Then we have

Zf(n)<xl_[< __)(1+Zf(p“)>

n<x P<X




194 4 Arithmetic Functions

Proof By Example 4.11, the condition (4.27) implies that g = f x u > 0. Hence we
have by Proposition 4.17

Zf<n>=z<g*n<n>=zg<d)[ﬂ <x Y8

n<x n<x d<x d<x
with
8(d) (p
> (143
d<x pP<x a=1
and we conclude by using g(p®) = f(p%) — f(p*~1). O

Example 4.29

1. If k > 1, the function k® obviously satisfies (4.27) since k®(P*) = k for all prime
powers p“. Theorem 4.28 gives

Zk‘”(") <x 1_[ (1 + —) <xexp((k— 1) Z )
n<x pP<x p<x
and Corollary 3.99 implies that
Z k*™ < xexp{(k — 1)(loglogx + 1)} = ¢! x(logx)*~!
n<x

for all x > 4.
2. By (4.23), we easily see that 7 satisfies (4.27), so that using (2.7) we get

1—k
D ) <x H(l —%) :

n<x P<X

Now the explicit upper bound of the second Mertens theorem provided by Corol-
lary 3.99 implies that

Z 7w(n) < (2e”)k71x(logx)ki1

n<x

forallx > e
3. By (4.13), we have () » i = ug > 0, so that () satisfies (4.27) and thus we get

Zf<k)(n)<x]_[< )( i ip%)

n<x p<x a=k

)
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X 1! 1\7!
~a 11(=3) (=)

p>x
2eY 1\7!
<2 n<1_ _) rlogx
k
sk 5% p

as soon as x > e, where we used Corollary 3.99 again.

4. Let P(«) be the number of unrestricted partitions of «. It is proved in [Gup78]
that, for all @ > 1, we have P(a) > P(a — 1) so that the function a satisfies
(4.27). Theorem 4.28 provides the bound

Y am) <x H(l _%><1+i Pp(:))

n<x P<X a=1

and the combinatorial identity

o0

1+ Pex®=]] 1—1xf'

a=1 j=1

valid for |x| < 1, implies

Za(n)gx ]_[ ﬁ(l—%)

n<x p<x j=2

1 oo
<x[]e.
j=2
5. Using Exercise 3, we have 8 x u = s> and hence § satisfies (4.27). We get

Zﬂ(n)gxﬂ<1_%><1+l+i;_a>

p

n<x PLX a=2
108 () ()
- 5 p2 IE po
¢£(2)¢(3) 1\
<x— 1—-— .
) }j( pﬁ)

4.7 Further Developments
4.7.1 The Ring of Arithmetic Functions

Lemma 4.9 tells us that the set A of arithmetic functions with addition and Dirichlet
convolution product = is a unitary commutative ring with identity element ey. It
is also an integral domain (see Chap. 7). To see this we may proceed as follows.
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Define a map N : A — Z3 by setting N(0) =0 and, if f # 0, then N(f) is the
smallest non-negative integer n such that f(n) # 0. Observe that, if f, g € A, then
N(fxg)=N(f)N(g), and thus, if f # 0 and g # 0 are such that N(f) = a and
N(g) = b, then we have (f x g)(n) =0 for all n < ab, forif n < ab and d | n, then
either d < a or n/d < b. Furthermore, we also have (f * g)(ab) = f(a)g(b) # 0,
so that A is an integral domain. One can also prove that this ring is a UFD (see
Definition 7.12).

One may lose the integrity property with a slight change in the convolution prod-
uct. For instance define the unitary convolution product by

(fem= ) f(d)gG).

(d,n/d)=1

Then it can be shown [Siv89] that the unitary ring (A, 4+, ®) is not an integral do-
main.

One may wonder whether the ring (A, +, %) is ncetherian (see Definition 7.9).
Let p1 < p2 < ... be the increasing sequence of the prime numbers and, for all
positive integers k, define the subsets Sy of A as follows

Sc={f e A: f(n)=0forall n such that (n, p; --- p) = 1}.

Then the sets S are pairwise distinct ideals of A since (f — g)(n) = f(n) —gn) =
0 for all n such that (n, p; --- pr) = 1 and, for all f, g € Sy and all h € A, we have

(f*h)(n)ZZf(d)h(g) o
d|n

since if d | n and (n, p1--- px) = 1, then (d, p;--- px) = 1. Now one may check
that

0}=SCS1CSSHC--CS5HCESkp1 S

and

U Si=4

kEZ;()

and hence the ring (A, +, %) is not neetherian. One may prove that this ring is also
not artinian by considering the sequence of pairwise distinct ideals T of A defined
by

Te={f € A: f(n) =0 for all n such that Q(n) < k}.

4.7.2 Dirichlet Series—The Formal Viewpoint

We have seen in Chap. 2 that the concept of generating function may be fruitful
to capture the information of a sequence. In view of the multiplicative properties
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of certain arithmetic functions, we use Dirichlet series rather than power series in
analytic number theory.

Definition 4.30 Let f be an arithmetic function. The formal Dirichlet series of a
variable s associated to f is defined by

L. /=Y fn(f).
n=1

As always for formal mathematical objects, we ignore here convergence problems,
and L(s, f) is the complex number equal to the sum when it converges.

For instance, L(s,e;) =1 and L(s,1) = ¢(s).
The following proposition reveals the importance of the Dirichlet convolution
product.

Proposition 4.31 Let f, g and h be three arithmetic functions. Then
h=fxg <= L(s,h)=L(s, f)L(s,g).

Proof We have

k)g(d > 1 00
L6 LG = Y [ed _ 5 L3 (5)swr =3 o0
k.d=1 R L —

which completes the proof. g

The next result may be considered as a generalization of Euler’s proof of Theo-
rem 3.13.

Proposition 4.32 Let f be an arithmetic function. Then f is multiplicative if and
only if

L(S,f)zn(l—i-zf(p ))

p a=1
The above product is called the Euler product of L(s, f).
Proof Expanding the product proves that it is equivalent to the conditions f(1) =1

and f(n) = f(p}")--- f(p;") forall n = p{'--- p/" and use Lemma 4.5 to com-
plete the proof. g
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4.7.3 Dirichlet Series—Absolute Convergence

If we wish to deal with convergence problems, we need to have at our disposal some
tools to determine precisely the region of convergence of a Dirichlet series. Recall
that for power series ), < f(n)s", the domain of convergence is a disc on the
boundary of which the behavior of the sum is a priori undetermined. For Dirichlet
series, there is an analogous result, except that the domain of absolute convergence
is a half-plane.

Proposition 4.33 For each Dirichlet series F(s), there exists o, € R U {00},
called the abscissa of absolute convergence, such that F(s) converges absolutely
in the half-plane o > o, and does not converge absolutely in the half-plane o < o,.

Proof Let S be the set of complex numbers s at which F(s) converges absolutely.
If S = @, then put 0, = +00. Otherwise define

o,=inflo :s =0 +it € S}.

By the definition of o,, F(s) does not converge absolutely if ¢ < o,. On the other
hand, suppose that F'(s) is absolutely convergent for some sy = og + ifgp € C and let
s = o + it such that o > oy. Since

Jfm| | f)

ns nso

fn)

nso

! <
no—o0

we infer that F (s) converges absolutely at any point s such that o > og. Now by the
definition of o,, there exist points arbitrarily close to o, at which F(s) converges
absolutely, and therefore by above F(s) converges absolutely at each point s such
that o > o,. O

It follows in particular that the series F (s) defines an analytic function in the half-
plane o > o,. Note that, by abuse of notation, this function is still denoted by F'(s).

Proposition 4.33 implies at once that if | f(n)| < logn, then the series F(s) is
absolutely convergent in the half-plane o > 1, and hence o, < 1.

At 0 = g,, the series may or may not converge absolutely. For instance, ¢(s)
converges absolutely in the half-plane o > o, = 1 but does not converge on the
line o = 1. On the other hand, the Dirichlet series associated to the function f(n) =
1/ (log(en))2 has also o, = 1 for the abscissa of absolute convergence, but converges
absolutely at o = 1.

The partial sums ) _ n<y J(n) and the Dirichlet series F(s) are strongly related
to each other. The next result shows that if we are able to estimate the order of mag-
nitude of -, _, , f(n), then a region of absolute convergence of F(s) is known.
Proposition 4.34 Let F(s) = 220:1 f(m)n~"* be a Dirichlet series. Assume that for
all 0 < x <y, we have

< My*

> fm

x<n<y
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for some o > 0 and M > 0 independent of x and y. Then F (s) converges absolutely
in the half-plane o > «. Furthermore, we have in this half-plane

Z fn) < M ( Is| +1>.
ns x°7%\o —«o

x<n<y
Proof Set A(x) = anx f(n) and S(x,y) = A(y) — A(x). By partial summation
we have

ISI

‘F( )‘ and

du

Z f(n)_S(X,y)+ /y S(x,u)
- s § s+1
x<n<y Y u

and by hypothesis we have |S(x, y)/y*| < My*~?, so that S(x, y)/y* tends to O as
y —> oo in the half-plane o > «. Therefore if one of

f(n) 0 Au)

converges absolutely, then so does the other, and the two quantities converge to the
same limit. But since

Au)
us+l

M
= po—atl

we infer that the integral converges absolutely for o > o by Rule 1.20, and hence
F (s) is absolutely convergent in this half-plane. Therefore for all o > o, we get

Z f) / Au) du
ust+1

and hence

P <M * du M|
FOl<Misl | = oy,

M ©  du <M Is|
< yo . uo—otl S yo—a\ 5 _ g +1

as required. d

and similarly

f @)
Y

x<n<y

We have seen in Proposition 4.31 that the product of two Dirichlet series is of
great importance in the theory of arithmetic functions. The next result gives the
domain of absolute convergence of this product.

Proposition 4.35 Let f and g be two arithmetic functions with associated Dirichlet
series F(s) and G(s). Set h = f x g and let H (s) be the associated Dirichlet series.
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If F(s) and G(s) are absolutely convergent at a point so, then H(s) converges
absolutely at so and we have H (sg) = F (s9) G (s0).

Proof From Proposition 4.31, we have

>\ h
Fs0)Glso) = 3 1

n=1

= H(s0)

nso

where the rearrangement of the terms in the double sums is justified by the absolute
convergence of the two series F (s) and G(s) at s = so. Furthermore, we have

o oo o
h(n) fn) gn)
> [20] < (3o E) (2]
n=1 n=1 n=1
proving the absolute convergence of H (sg). Il

In 1885/7, Stieltjes proved the following stronger results.

Proposition 4.36 (Stieltjes) Let F(s) and G(s) be two Dirichlet series.

(1) If F and G converge at the point oy € R and if they converge absolutely at
00 + ¢ where ¢ > 0, then the series F(s)G(s) converges at oo + %
(i) If F and G converge at the point o € R, then the series F(s)G(s) converges at
1
(o)) -+ 7-

Using Proposition 4.35 with 4 = e gives the following result.

Proposition 4.37 Let f be an arithmetic function such that f (1) £ 0 and let F (s)
be its associated Dirichlet series. Let f~ be the convolution inverse of f, i.e. the
arithmetic function such that f  f~' = e} and let G(s) be the associated Dirichlet
series of f~. Then

G(s) =
(s) = o)

at every point s where F (s) and G(s) converge absolutely.

For instance, this proposition enables us to get the Dirichlet series of the Mobius
function. Indeed, by (4.6), we have ,u’l =1 and hence, for all 0 > 1, we have

i) 1
>

n=1

as stated in Example 4.18.
We end this section with two examples of computation of abscissa of the absolute
convergence.
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Proposition 4.38 Let f be an arithmetic function and F(s) be its associated
Dirichlet series with abscissa of absolute convergence o,.

1) If | f(n)| < Mn® for some real numbers M > 0 and o« > 0, then o, < o + 1.
(i1) We have
1
o, < limsup(l + M)

n—00 logn

Proof

(i) Follows from Proposition 4.34 since we have

Y fm

n<x

gMZn“ < Mx*t!,

n<x

(ii) Set
1
L= limsup(l + M)
n—o00o logn

and we may suppose that L < co. Fix a small real number ¢ > 0 and let o > L.
Hence o > L + ¢ and therefore there exists a large positive integer ng = ng(e)
such that, for all n > ng, we have

4+ log | f(n)]

<L<o—¢
logn

and hence, for all n > ng, we get

f(n)

ns

no—l—s 1

<

no = nlte

so that F (s) is absolutely convergent in the half-plane o > L.

The proof is complete. 0

4.7.4 Dirichlet Series—Conditional Convergence

This is one of the most important differences between power series and Dirichlet
series. For power series, the regions of convergence and absolute convergence are
identical, except possibly for the boundaries. For Dirichlet series, there may be a
non-trivial region, in the form of a vertical strip, in which the series converges but
does not converge absolutely. However, we shall see that the width of this strip does
not exceed 1.

Proposition 4.39 For each Dirichlet series F(s), there exists o, € R U {£o0},
called the abscissa of convergence, such that F(s) converges in the half-plane
o > o, and does not converge in the half-plane o < o.. Furthermore, we have

o, <0 <0+ 1.
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Proof

> Suppose first that F(s) converges at a point so = og + ifyp and fix a small real
number ¢ > (0. By Cauchy’s theorem, there exists xo = xo(¢) > 1 such that, for
all y > x > x¢, we have

Z ];(S’Z) <e

x<n<y

Let s =0 + it € C such that o > g¢. Using Proposition 4.34 with s replaced by

s —so and @ =0, we get
<£(IS—SOI +1>
o — o0y

so that F(s) converges by Cauchy’s theorem.
> Now we may proceed as in Proposition 4.33. Let S be the set of complex numbers
s at which F(s) converges. If S = @, then put o, = 4+00. Otherwise define

@)
Y

x<n<y

o.=inflo :s =0 +it € S}.

By the definition of 0., F (s) does not converge if ¢ < o.. On the other hand, there
exist points so with op being arbitrarily close to o, at which F(s) converges. By
above, F(s) converges at any point s such that o > op. Since oy may be chosen
as close to o, as we want, it follows that F(s) converges at any point s such that
o > 0g.

> The inequality o, < 0, < 0, + | remains to be shown. The left-hand side is obvi-
ous. For the right-hand side, it suffices to show that if F(sg) converges for some
50, then it converges absolutely for all s such that o > op + 1. Now if F(s) con-
verges at some point sq, then f(n)/n* tends to 0 as n —> co. Thus there exists a
positive integer ng such that, for all n > ng, we have | f (n)/n*| < 1. We deduce
that, for any s, we have | f (n)/n®| < n°~7 so that F(s) is absolutely convergent
in the half-plane o > o + 1 as required. O

As in the case of absolute convergence, the behavior of the series on the line
o = 0, is a priori undetermined. Furthermore, although there exist series such that
o, = +oo (take f(n) = n! for instance) or o, = —oo (take f(n) = 1/n!), these ex-
treme cases do not appear in almost all number-theoretic applications in which we
shall have o, € R and o, € R. Hence we must deal with half-planes of absolute
convergence, of convergence and with a strip in which the series converges condi-
tionally but not absolutely.

The inequality o, < 0, < 0. + 1 is sharp. Indeed,

1. If f(n) > 0, then the absolute convergence and the conditional convergence of
F (s) are equivalent at any point s € R. But since the regions of convergence and
absolute convergence are half-planes, we infer that in the case of non-negative
coefficients, we have o, = o0,.
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2. On the other hand, if f(n) = x(n) # xo(n) is a non-principal Dirichlet character,
then we have seen in Chap. 3 that o, = 0, and we clearly have o, = 1.

The next result is an easy consequence of partial summation techniques.

Proposition 4.40 Let op > 0. If the series Y o f(n)n™% converges, then as
N — 00, we have

N
Zf(n) =o(N).
n=1

Proof We first prove the following lemma due to Kronecker.

Let (o) be a sequence of complex numbers such that Zn>1 oy converges,
and let (B,) be an increasing sequence of positive real numbers such that
Bn —> 00. Then as N — 00

N
> anBu=o0(Bn).

n=1

Let R, =) ;. , o. By assumption, we have R, = o(1) as n —> 00, and by Abel’s
summation as in Remark 1.15 we get

N N
Zanﬂn = Z,Bn (Ry — Rnt1)
n=1

n=1

N N—1 n
=BN Y (Ru—Rux1) = Y (But1 = Ba) Y _(Rh — Rit1)
n=1 n=1 h=1
N—-1

=Rif1— Ry 1By + D Rug1(But1 — Bu)-

n=1

Since (fB,,) increases to infinity with n, we get 8,41 — B, > 0 and Z;’lozl Bn+1 —
Bn) = o0, so thatas N —> oo

N-1 N—1
D IRuptl(Bust — ) = o(Z(ﬂn+1 - ﬁn>) = o(BN)

n=1 n=1

as required. Now Proposition 4.40 follows at once by applying Kronecker’s lemma
with o, = f(n)n=°° and B, = n. O
4.7.5 Dirichlet Series—Analytic Properties

It has been seen above that a Dirichlet series F(s) defines an analytic function in
its half-plane of absolute convergence. The next result proves much better: F(s)
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Fig. 4.2 The disc D

S0 s1+7
e __
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defines in fact an analytic function in its half-plane of conditional convergence,
which enables us to apply the powerful tools from complex analysis to arithmetic
functions. The proof makes use of Weierstrass’s double series theorem.’

Theorem 4.41 A Dirichlet series F(s) =Y oo, f(n)n™* defines an analytic func-
tion of s in the half-plane ¢ > o, in which F (s) can be differentiated termwise so
that, for all positive integers k, we have

o0

FR5 =Y (—1)"(log‘n)"f(n)

nb

n=1
forall s =0 + it such that o > o,.
Proof Let s1 = o1 + it such that o1 > o, and we consider the disc D with 51 as
center and of radius r contained entirely in the half-plane o > o.. We will show

that F(s) converges uniformly in D. Fix ¢ > 0. We must prove that there exists
no =no(e) € N, independent of s € D, such that for all N > ng, we have

£
Y

n>N

<e¢

for all s € D. To this end, we choose so = og + ity such that 7o = #; and o, < 09 <
o1 —r, see Fig. 4.2

Since F'(s) converges at sq, the partial sums are bounded at this point in absolute
value by M > 0. Using Proposition 4.34 with s replaced by s — sp and o = 0, we
getforall s € D and N1 > N

< 2M |s—s0|+1 < 2M 61—00+V+1 _
No=9 \ 0 — o9 No1=00=" \ o1 —0opg —r

The right-hand side is independent of s and tends to 0 as N —> oo, which ensures
the existence of ng. By Weierstrass’s double series theorem, we deduce that F (s) is

5See [Tit39, Theorem 2.8].
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analytic in D, and term-by-term differentiation is allowed there. Since s is arbitrary,
the asserted result follows. U

The next resultimplies that, if F(s) =Y oo f(m)n*and G(s) =Y oo, g(n)n™*
having the same abscissa of convergence o, then f(n) = g(n) for alln € N.

Proposition 4.42 Let F(s) =) 2| f(n)n™* be a Dirichlet series with abscissa of
convergence o.. If F(s) =0 for all s such that o > o, then f(n) =0 foralln € N.

Proof Suppose the contrary and let k be the smallest positive integer such that

f(k) #0. Let

n

Gy =k 3 LD
n=k

defined for o > o.. By assumption we have G(s) = 0 in this half-plane. On the
other hand, if o > o,, we have

o0 ks
Ges)=fk+ Y fOD(;)

n=k+1

so that allowing s to become infinite along the real axis, we obtain
lim G(o)= f(k)
ag—>00
and thus we get f(k) =0, giving a contradiction. U

This result enables us to show arithmetic identities of the form f(n) = g(n)
by considering their Dirichlet series F(s) and G(s) and by showing that, for o
sufficiently large, we have F'(s) = G(s). For instance, using Proposition 4.32, one
may check that the Dirichlet series of the Euler totient function ¢ is given by

(-1

1
= —1 _
O RATs

Now ¢ (s — 1) is the Dirichlet series of Id and ¢ (s)~! is that of x, and hence ¢ (s —
1)/¢(s) is the Dirichlet series of w » Id. Since both series converge for o > 2, we
get ¢ = u = Id by Proposition 4.42 as already proved in (4.7).

Another important problem is the investigation of the behavior of a Dirichlet
series F(s) on vertical lines. The following result shows that F (o + if) cannot
increase more rapidly than |¢] as |f| —> oo.

Proposition 4.43 Let F(s) = Z,‘zo:] f(m)n~* be a Dirichlet series with abscissa
of convergence o. and let o1 > o.. Then, uniformly in o such that o > o1 and as
|t| —> 00, we have

F(o +it) = o([t]).
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Furthermore, for any ¢ > 0 and o, < 0 < o, + 1 and as |t| —> 00, we have
F(o +it) = O(Jt|'@7oFe),

Proof Let oy € R such that o, < o¢ < o7. Using Proposition 4.34 with s replaced
by s —og and o« =0, we get forall x > 1 and o > oy

M - it M t
f(n) < lo — oo+ I_’_1 < |?] 42
X779 o — o0y x97% \ o0 — oy

nS
for some M > 0, and hence for all o > o1, we get

n>x

F jt 1 M t
(0+1)<_Z|f(n)l+ |1 )
t ] ~ n® x?7% \ o0 — oy
1 | f(n)] M 2 1

<— + =+
|7] Z n x1=% \ |t| = o] —o0p
n<x

where the right-hand side is independent of o € [o7, +00[. This inequality implies
that

M
<

lim su
P = X919 (o1 — 0p)

[t]—o00

’F(o—i—it)

and since the left-hand side is independent of x, letting x —> oo gives

F it
lim sup Q =0

|t]— 00

uniformly in o > o1, implying the first asserted result.
For the second one, since o, + 1 4+ ¢ > g, by Proposition 4.39, we infer that

Flo.+1+¢)=0().

By above, we also have F'(o. +¢+it) = O(]t]) so that the asserted estimate follows
from the Phragmén—Lindelof principle seen in Chap. 3. g

We know that a function defined by a power series has a singularity on the circle
of convergence. The situation is rather different for Dirichlet series which need have
no singularity on the axis of convergence. For instance, it may be shown that the
function n(s) = Y02, (=1)"*1n~* is entire although we easily see that o, = 0.
However, if the coefficients of F(s) are real non-negative, then the next result, due
to Landau, shows that the series does have a singularity on the axis of convergence.

Theorem 4.44 (Landau) Let F(s) = fo:] f(n)n~* be a Dirichlet series with ab-
scissa of convergence o, € R and suppose that f(n) > 0 for all n. Then F(s) has a
singularity at s = o.
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Proof Without loss of generality, we may assume that o, = 0 and suppose that the
origin is not a singularity of F(s). Thus the Taylor expansion of F'(s) abouta > 0

— )k & (=Dka k
F(s)—z(s - ) F®(q) = Z(S k!a) Z( ) ((;gan) f(n)
k=0 =0 —

must converge at some point s = b < 0 so that the double series

ii ((a — b)logn)* f (n)
nak!

k=0n=1

must converge, and then may be summed in any order since each term is non-
negative. But interchanging the summation implies that this sum is equal to

f() = ((a—b)logn)k X f(n)
Z nz a - n ZZI n:

k=0

which does not converge by Proposition 4.39 since b < 0 = o, giving a contradic-
tion. 0

For instance, the Riemann zeta-function ¢ (s) has a singularity at o, = 1, as we
already proved in Theorem 3.55. In fact, this result proves much more, telling us
that this singularity is a pole.

Landau’s theorem is often used in its contrapositive form.

Corollary 4.45 Let F(s) =Y .-, f(n)n™* be a Dirichlet series with abscissa of
convergence o, < 0o and suppose that f(n) > 0 for all n. If F(s) can be analyti-
cally continued to the half-plane o > o0y, then F(s) converges for o > oy.

By the previous results, we infer that a Dirichlet series converges uniformly on
every compact subset of the half-plane of convergence. The next result, due to Cahen
and Jensen, shows that it also converges uniformly in certain regions which extend
to infinity.

Proposition 4.46 (Cahen—Jensen) If the Dirichlet series F(s) = ijozl fmn=*

converges at s, then it converges uniformly on every domain C(so, 0), sometimes
called the Stolz domain, see Fig. 4.3, defined by

T
C(sp,0) = {s € C:|arg(s —s0)| <0 < E}

Proof The map s —> s + 59 transforms F(s) into a Dirichlet series of the same
shape where the coefficient a,, is replaced by the coefficient a,,n %, so that we may
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Fig. 4.3 Stolz domain /

assume that sop = 0 without loss of generality. Let ¢ > 0. By Cauchy’s theorem, there
exists No = Ny(¢e) € N such that, for all Ny > N > Ny, we have

Yo fm

N<n<N;

egcosf
2

<

since the series converges at 0. Hence using Proposition 4.34 with « =0 and M =
5cosf, we getif o >0

[
Y

N<n§N1

<8COSG |S|+1 <@Is|cos9
S 2N \ o = oN°

and we conclude the proof by noticing that, if s € C(0,0), then o0 > 0 and
|s|cost < o. O

Among other things, this result implies that, if F (s) converges at s, then

lim F(s) = F(so)
§—>580

provided that s remains inside C(sg, 0) as it approaches its limit. When sy is off the
axis of convergence, this result is clearly a consequence of Theorem 4.41, but when
5o is on that axis, then the limit above is the analogue of Abel’s theorem for power
series.

Finally, it should be mentioned that explicit formulae do exist for o, and o, but
they are not much used in number theory. For instance, Cahen proved that, if the
series ), f(n) diverges, then

N—oo lOgN

N N
o zlimsupw :inf{ao : Zf(n) = O(NUO)}.
n=1
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If the series Zn> 1 f(n) converges, then®
lo n
0. = limsup 1081 2=y SV Lnzn T )l.
N—o00 log N

This should be compared to Hadamard’s formula for the radius R of convergence
of the power series Y - | a,n® given by

R~ =limsup|a,|"/".

n— 00

4.7.6 Dirichlet Series—Multiplicative Aspects

In this section, we will now focus on the Dirichlet series F(s) = ijozl fmn=*
with multiplicative coefficients f(n). The first result is of crucial importance.

Theorem 4.47 Let f be a multiplicative function satisfying

Zi | £(p*)] < oo. (4.28)

P a=l
Then the series Zn>1 f (n) is absolutely convergent and we have
o o
D fmy= 1‘[(1 + f(p"‘))-
n=1 ) a=1

Proof Let us first notice that (4.28) implies the convergence of the product
o
1+ 1)
p a=1
Now let x > 2 be a real number and set
o
P =[] (1 +y ]f(p“)\).
pP<X a=1

The convergence of the series fo’:] | f (p%)| enables us to rearrange the terms when
we expand P (x) and since | f| is multiplicative, we deduce as in Euler’s proof of
Theorem 3.13 that

Px)= Y |fm]

Pt (n)<x

6This result is due to Pincherle.
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Since each integer n < x satisfies the condition P*(n) < x, we infer that
Y lrm| < Pw).
n<x

Since P(x) has a finite limit as x — oo, the above inequality implies that the left-
hand side is bounded as x —> o0, proving the absolute convergence of the series
Zn>1 f(n). The second part of the theorem follows from the inequality

im- I (1+ gﬂ#’))

pP<x

<Y [fm)

n>x

and the fact that the right-hand side tends to 0 as x —> oo. O

Applying this theorem to absolutely convergent Dirichlet series readily implies
the next result which is an analytic version of Proposition 4.32.

Corollary 4.48 Let f be a multiplicative function with Dirichlet series F(s) =
Yool f(m)n™* and so be a complex number. Then the three following assertions
are equivalent.

®
> EARINN, (4.29)
psoct
P a=l1

(i1) The series F(s) is absolutely convergent in the half-plane o > oy.

(iii) The product
(/)
a=1

» p

is absolutely convergent in the half-plane ¢ > oy.

If one of these conditions holds, then we have for all o > oy

F(s) = H(l +y fl()f:)). (4.30)

p a=1

In particular, if o, is the abscissa of absolute convergence of F (s), then (4.30) holds
forall o > o,.

We list in Table 4.2 several arithmetic functions f with their Dirichlet series F
and some convolution identities often used. The number ® is the infimum of the real
parts of the non-trivial zeros p = B + iy of ¢ such that % < B < 1. The Riemann

hypothesis is ® = %
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Table 4.2 Table of Dirichlet series of certain multiplicative numbers

211

f Convolution F(s) o Oq
el Identity element 1 —00 —00
Ixpu=e¢e ¢(s) 1 1
© pxl=e O S) 1
Ay =eg [;%) ® 1
Ik e * L= fi S 1 1
Sk Sk * = gk H?l:klﬁjs) X % % %
B Bxp=s C(S)Cg((zég)f(z’s) 1 1
a axu=nh H;ilg'(js) 1 1
7(© 1@ % p=x £(s)C(25)P(s) 1 1
2
‘L’(k) ‘L’(k) =1x Mk g((]z)s) 1 1
k® (k4 1)? = purk® 1 () Hi(s) 1 1
T =Tp—1 * 1
% K e 0 1 1
Idxt=0%¢
o=wuxId =1
¢ (® 2 2
O=@Px*xT
Id; =
jon k= Ok p t(s — k) k+1 k+1
Id=¢x1
o = Idg »1
ok () —k) k+1 k+1
C=T*xQ
(k)
Ak Ag = p*logh (=K fw(;) 1 1
X 7 X0 x Xlogx(ux1)=0 L(s, x) 0 1
vk =x *1
VK R ) Tk (s) 1 1
if K is a quadratic field
In this table, we have
_ Jum), if n=mk
> fk(”l) - {O, otherwise.
_ Ju(a), ifn=ab, (a,b)=1, pr(a)=sx(b)=1
> 8k (I’l) - {0, otherwise.
> Go(s) =1 and, for k > 3, G (s) is a Dirichlet series absolutely convergent in the
half-plane o > (2k + 3)~!. For all k > 2, Hy(s) is a Dirichlet series absolutely
convergent in the half-plane o > %
> P(s) =1, + Y025 ’[j:?) where T(«) is defined in (4.26).
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> h is the multiplicative function defined by 4(p) = 0 and h(p*) = P(@) — P(o —
1) and « is the multiplicative function defined by «(p) =0 and « (p%) = t (@) —
(o —1).

4.7.7 The Von Mangoldt Function of an Arithmetic Function

The von Mangoldt function A may be generalized in the following way.

Definition 4.49 Let f be a complex-valued arithmetic function such that f (1) # 0.
The von Mangoldt function A y attached to f is implicitly defined by the equation

Apx f=f xlog.

We obviously have A; = A and by Proposition 4.31 we have formally
i Agp(n)  F'(s)
s F (s)

n=1

where F(s) is the Dirichlet series of f.

0, otherwise.

Example 4.50 In Table 4.3, we set v(n) = {“’ if n=p®

‘We now summarize the main properties of the function A r. The reader is referred
to [LF67] for the proofs.

Proposition 4.51 Let f, g be complex-valued arithmetic functions such that f (1) #
0 and g(1) #0, p be a prime number, « € N and A1 > 1 and 1 < Ay < 2 be real
numbers.

(1) Apg=Ay+ Ag.
(ii) f is multiplicative if and only if A y is supported on prime powers.
(iii) If f is multiplicative, then A y(p*) = cy(p®)log p with c f(p) = p and for all
a=2

) =ar(6°) = X erp) 167 )

Table 4.3 Von Mangoldt functions of certain arithmetic functions

f eqe 1 u J7%) 29 (= T ) o

A 0 A —A (=DU'A —2'A  (A-2)A kA (Id-DA  (Id+DA
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This implies that

a 1/
Ap(p") =togp” 3 S S () ().
j=1

A Sy -

Furthermore, if f is multiplicative supported on squarefree numbers, then

Ar(p*) = (=D* " (f(p))*logp.

(iv) If f is multiplicative such that | f (n)| < 1, then

[Af(p")| < (2" = 1)logp
and if f is multiplicative such that 0 < f(p%) < A A5, then
[Af(p*)| < @h122)* log p.
W) If f(n) = gn)h(n) with g multiplicative and h completely multiplicative, then
Ayr(n) =Ag(n)h(n).

One of the main uses of the von Mangoldt function A y associated to a multi-
plicative function f is to determine the average order of f(n)/n via the following
result proved by Iwaniec and Kowalski in [IKO04].

Theorem 4.52 Let f be a complex-valued multiplicative function and k > —% such
that

A .
Z ﬂ =klogx 4+ O(1)
n<x n
and
n
> SO ogxyit
n<x n
Then we have

f(n)  (logx)* _l ‘ & f (%) k| —1
’2 . _7”’(“)]:[(1 p) (1+Z 0 )+0((10gx) ).

a=1

For instance, using the table in Example 4.50, we get for all k e N

3 w(n) _ (logx)*

” ot O((logx)*71).

n<x
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4.7.8 Twisted Sums with the Mobius Function

The Mobius function p has a particular status in number theory, mostly on account

of its link with the PNT and the Riemann hypothesis (Chap. 3). Furthermore, u is

not positive and hence does not satisfy the hypotheses of Theorems 4.22 and 4.28.
The aim of this section is to show how to handle sums of the form

> nm)fn)

n<x

where f is a multiplicative function taking small values at prime numbers. When
f =1, the PNT is equivalent to estimates of the shape

D) K Gosg ezx)A (4.31)

n<x

for all A > 0. There even exist explicit bounds of this form. For instance, it is shown
in [Mar95] that, for all x > 1, we have

Z ()‘ 762.7x

oo )2
n<x (log x)

and for the logarithmic mean value it is proved that
Z wu(n)

<
n<x n

When f = u, we have the following inequalities

726
(logx)?’

logx

+0.83211 <
45

2
1
) ww ngx—i-ll65471
e " ()

We intend to show the following result.

Theorem 4.53 Let f be a real-valued multiplicative function such that 0 < f(p) <1
for all prime numbers p. Then we have for all x > e

exp(z ﬂ)

n<x pP<X p

Proof Let g = uf 1. By Theorem 4.10, g is multiplicative and, for all prime pow-
ers p%, we have

_1+Zu N=1-f(p.
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Hence by assumption on f we infer that 0 < g(p*) < 1 and, using multiplicativity,
we get 0 < g(n) < 1. Using the Mobius inversion formula, Proposition 4.17, the
bound (4.31) with A =2 and partial summation, we get

doumfmy=Y (gxwm =y gd) > uk

n<x n<x d<x k<x/d

g(d)
<« Z dlog (e2x/d)

¥ log(x/t)
< Zg(d)—i—x/l W(Zg(d)) dt

d<x d<t

log(x/1)
«xswial [T [ ) el (L)
dg; t2(loge?x/1)3 dX<:t

In the first integral, we use the trivial inequality

Y e <t

d<t
while in the second integral and the first sum, we use Theorem 4.22 which gives

() r 1= f(p)
2 s < (Zg , ) < Tog(er) exp<2 . )

d<t p<x

for any 1 < ¢ < x, and therefore

1-f (P)) X
< +
; () f () exp(}g » (logx)?
X 1—f(p)
L CXP( 7)
log x [E p
as required. -

4.7.9 Mean Values of Multiplicative Functions

In view of the erratic behavior of most multiplicative functions, the question of the
existence of a mean value of such functions arises naturally. Since higher prime
powers p* with @ € Z>» are quite rare, one may wonder how the values of f at the
prime numbers influence the behavior of f in general. The interest in this problem
increased as Erd6s and Wintner [Erd57] formulated the following conjecture:

Any multiplicative function assuming only the values —1 and +1 has a
mean value.
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On the other hand, comparing the bounds obtained in Example 4.29 with the
asymptotic formulae given afterwards in Example 4.27, one may wonder whether

the quantity
! o S (P%)
I—— )1+
H( p)( ; P )

p<x

of Theorem 4.28 would be close to the right mean value of multiplicative functions
f provided that f(p) is sufficiently close to 1. This product is sometimes called the
heuristical value for the mean x ! > < f().

The search for accurate asymptotic formulae for average orders really began in
the early 1960s with the following satisfactory result due to Wirsing [Wir61].

Theorem 4.54 (Wirsing) Let f be a positive multiplicative function satisfying the
Wirsing conditions (4.21) and

> f(p)logp =kx +o(x)

psx

for some k > 0. Then we have as x —> 00

e f(p )
>y =( +o(1))F(K) logx ]"[( Z )

n<x PLX

Wirsing’s ideas are similar to those of Theorem 4.22, using equalities instead
of inequalities and making also use of the Hardy-Littlewood—Karamata tauberian
theorem, although he used elementary arguments in his original paper of 1961. In
the same paper, Wirsing also deduced theorems for complex-valued multiplicative
functions, but these results neither contained the PNT nor settled the Erd6s—Wintner
conjecture.

Six years later, Wirsing was able to settle this conjecture, proving in an ele-
mentary, but tricky way that if f is a real-valued multiplicative function such that
|f(n)] <1, then f has a mean value. The following year, Haldsz [Hal68] ex-
tended Wirsing’s results by establishing the Wirsing conjecture stating that, if f
is a complex-valued multiplicative function such that | f(n)| < 1, then there exist
k =«7 €C, aecR and aslowly varying function’ L with |L(u)| = 1, so that

Z f(n) =k L(logx) x4+ o(x)

n<x

7A slowly varying function is a non-zero Lebesgue measurable function L : [xg, +-00[— C for
some xg > 0 for which

L(cx)
1m =
x—o00 L(x)

for any ¢ > 0.
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as x —> oo. The proof involves contour integration using an asymptotic for-
mula for the Dirichlet series Y oo, f*(n)n™*, where f* is a completely multi-
plicative function associated with f. Various authors [PT78, Skr74, Tul78] subse-
quently improved on Haldsz’s theorem by partly removing the unpleasant constraint
IfmI < 1.

In the 1970s and 1980s, the Russian school, led by Kubilius, proved asymptotic
formulae with effective error-terms. For instance, Kubilius [Kub71] showed the fol-
lowing result.

Theorem 4.55 (Kubilius) Let f be a complex-valued multiplicative function such
that there exists a constant k € C, independent of p, with |k| < ¢| and such that

Zlf(p)—i<|10gp<c2 nd Zzlf(p"‘)llogp

p p P a=2

Then for any x > 20, we have

1 Kk—1 1\ 00 o
Y fy= x(?(x)) H(l—;) (I+Z%)+0(xRK(x)(10gx)IKI/2—1)

n<x 4 a=1
where
(1 — 1|~ if k] <1 — (loglogx)~"
Ri(x) = | (loglogx)'/2, if || — 1] < (loglogx)~!
(k| = D2 1ogx)IkI=D/2 " if || > 1 + (loglogx)~!.
The implied constant depends only on c1, c2, c3 and F(/c)’1 =0 for «k =0, —1,
—2,...

Concerning the logarithmic mean value Zn@ f(n)/n, Martin [Mar02] proved
the following precise estimates using some ideas developed by Iwaniec.

Theorem 4.56 (Martin) Let f be a complex-valued positive multiplicative function
satisfying

Z f(p)logp _
p

klogx + O(1)
p<x

where k = o, + it, € C is such that t,% <20, + 1. Assume also that

Z |f(p)llogp Z [f (p*)] +ZZ | f(p*)|log p*

14 p p P a=2 p
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and

1_[ (1 + UC(%)') < (logx)*

p<x

for all x > 2 and some real number 0 < A < o + 1. Then we have
f(n) (log x)* 1\* — /(p%) A
- 1—— 1 o
Z F(K—I—l)l_[ [7 +(; pa + (( ng) )
and if g € N, we also have

f(n) (logx) [ ¢(@)\" 1\* o f(p%)
2 F<K+1)< >H<1_E> <1+; 2 )

n<x p P

n.q)=1
+ 0{ (1 + Z 7|f(p)l|)logp)(log)c))‘_1 }

rlg

In the case of positive multiplicative functions, the statement is simpler.

Corollary 4.57 Let f be a positive multiplicative function such that f(n) < n* for
some A < % and satisfying

Z f(p)logp _
P

i logx + O(1)
pP<X

where k > 0. Then uniformly in x > 2, we have

f(n)  (logx)~ 1\* = f(p%) o
Z " —F(KH)H(l——) <1+Z o )—I—O((logx) h.

p a=1

Let us apply this result to the function f(n) =n/S(n) where S(n) = ZL] (i,n)
is the so-called Pillai function. Using Exercise 11, we have § = ¢ % Id, so that §
is multiplicative and since (i,n) > 1, we clearly get 0 < f(n) < 1 forall n > 1.
Furthermore, we have using Theorem 3.49

Zf(p)IOgPZZIOgP(1+ 1 ) lzloip+0(1)_1°§x+0(l)

PSX p PSX P 2 4p-2 2p<x

so that the conditions of Corollary 4.57 are satisfied with x = 1/2, and using 1"(%) =
VT

35—, we get the asymptotic formula

S(n) fn< 7)1/2(”;8(

a)),/logx + 0((10gx)_1/2)
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for all x > 2. Note that, since ¢ = u xId, we get S = pu xId*Id = p » (Id x 1) (see
also Exercise 12) so that

S(p*) = (@+ D)p* —ap* .
In [FIO5], the authors have another approach to this problem. They consider

a complex-valued multiplicative function f verifying the Ramanujan condition
f(n) < n® and whose Dirichlet series F(s) satisfies the following properties.

1. F(s) is holomorphic in the half-plane o > 1, and has analytic continuation to the
whole complex plane where it is holomorphic except possibly for a pole at s = 1,
not necessarily simple.

2. F(s) satisfies the functional equation in the half-plane o > 1

F(1 —s)=wy(s)G(s)

where w is the so-called root-number such that jw| =1, G(s) = Z;’lil gnn™*

with g(n) < n® and y(s) is holomorphic in the half-plane o > % having the

shape
m —1
+K l—s4«;
_ _mD s—1/2 s J J
y(s) = [r >

Jj=1

where D > 1 is an integer called the conductor of F(s), m € N is the degree of
F(s), k1, ..., kn are the spectral parameters of F(s), i.e. complex numbers such
that Rex; > 0.

We may now state the main result of [FI05].

Theorem 4.58 (Friedlander—Iwaniec) With the above hypotheses and for any x >
VD and all ¢ > 0, we have

= Rels(F(s)xSs*‘) + Oc (DA x T TE)

sS=

n<x

where the implied constant depends only on & and the spectral parameters
Kly...,Km.

The strength of this result lies in the fact that the error-term depends only on ¢ and
the spectral parameters 1, ..., k. We may apply it to the multiplicative function
vk studied in Chap. 7, where K is an algebraic number field of degree d > 1. It is
shown in Corollary 7.119 (iii) that

vk (n) < 7q(n) K n.

Furthermore, the Dirichlet series of vk is the Dedekind zeta-function ¢k (s) (see
Definition 7.121), and using Theorem 7.123 (ii) and the duplication formula (3.10),
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we infer that ¢ (s) satisfies the following functional equation

B . 1— =1\ ri+r2
== (e () (5) )
1. /2-s\""\"?
((5)() ) e

where (r1, rp) is the signature and di is the discriminant of K. Hence the function
vk satisfies the conditions of the above result with w = 1, G(s) = ¢k (s), D = |dk|,
m =d and

o 0, ifI<j<r+n
T, if1< <.

Applying Theorem 4.58 we readily get the following important result.

Corollary 4.59 (Ideal Theorem) Let K be an algebraic number field of degree d
and discriminant dg. For all x > |d]K|l/2 and all ¢ > 0, we have

; d—1
D vk () = kkx + O (|di| T x 71 )

n<x

where kg is given by (7.21) and the implied constant depends only on €.

This result was first proved by Landau in [Lan27, Satz 210], but with an unspec-
ified constant in the error-term. Both proofs start using the same tools, namely The-
orem 3.84 and contour integration methods, but Friedlander and Iwaniec next used
the stationary phase (see Lemma 6.29) to estimate some integrals more precisely.
They provided a result in a much stronger form than the one given in Theorem 4.58
above, with a supplementary term a la Voronoi as in [Vor04]. The trivial estimate of
this term gives Theorem 4.58.

4.7.10 Lower Bounds

Lower bounds for sums an . f (n) are not surprisingly harder to obtain than upper
bounds. The next result provides a lower bound for the logarithmic mean value on
squarefree numbers.

Proposition 4.60 Let f be a positive multiplicative function satisfying 0 < f(p) <
A < 1 for all primes p. Then

u2(n)f(n) ()
> ——=>01- I1 (1 + —)

n<x p<x
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Note that we have
2 2
n n n n
n n p
n<x Pt(n)<x pP<x

so that the result above is of the right order of magnitude.

Proof We have

f(p) i) f(n) 1A (n) f (n)
o< [1(1+57) - o i 5 el

p n>x
PSX nsx P

and using logn > log x in the right-hand side implies that

I (1 N @) -y wmfm 3 1> (n) f(n) logn
p n

n log x
e nss P :
1 u?(n) f(n)
“logr X a 2ler
P pin

1 f(p)logp w2 (k) f (k)
S log x Z Z

k
p<x p k=x/p
PHi)<x

A Z1ogp 3 w2 (k) f (k)

<
logx p<X P PHk)<x k
__oylerp (1 N f(p))
logx px Popsa P
and Corollary 3.99 in the form
logp
Z <logx
PSX
completes the proof. O

Let us state without proof the next result, which is a consequence of a theorem
due to Barban (see [SS94]).

Proposition 4.61 Let f be a positive multiplicative function such that f(p) > 1 >
0 for all primes p > po and 0 < f(p®) < Ay for all prime powers p*, where L1 > 0
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and Ay > 0. Then we have

Z fn) >>xexp<z M)

n<x pP<X p

Lemma 4.69 below provides another lower bound using elementary means of a
certain class of multiplicative functions.

4.7.11 Short Sums of Multiplicative Functions

By short sums, we mean sums having the shape

> fm

x<n<x+y

where x > 1, y > 0 are real numbers such that y = o(x) as x — o0o. Compared to
the case of long sums, there are fewer results for such sums in the literature. In par-
ticular, there is no known asymptotic formula for the case of positive multiplicative
functions satisfying the Wirsing conditions (4.21). The first very important theorem
is due to Shiu [Shi80] and provides only an upper bound.

Theorem 4.62 (Shiu) Let f be a positive multiplicative function, § > 0, 0 < ¢,
0 < % and 0 < a < q be two positive coprime integers. Assume that

(1) there exists .1 = 11(8) > O such that f(n) < rnd foralln > 1

(ii) there exists ko > 0 such that f(p®) < A for all prime powers p*.
Then, for x > 1 sufficiently large and uniformly in a, g and y such that ¢ < y' =

and x¢ <y < x, we have

> fon <o (Zf(p))

x<n<x+y p<x
n=a (modgq) riq

The implied constant depends on L1, Ay and €.

This result has turned out to be very useful. One may easily check that all the
functions of Lemma 4.24 satisfy conditions (i) and (ii) of Shiu’s theorem. In order
to apply this result to them, the following lemma will be useful.

Lemma 4.63 Let g > 2 be an integer. For all x > max(e, q), we have

1
Z —< log<2ey (@) logx>.
p q

pEx
Plq
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Proof On the one hand, we have

-1

S
PSX p p<¥ PSY o= 2 P<X p
rla rla pla rla

and on the other hand, since g < x, we also have

N6-2) 0= 06-3) -2 -2)

pSx p<x psx p<x
pla rlg

and we use Corollary 3.99 to conclude the proof. U

With this lemma at our disposal, Shiu’s theorem implies at once the following
estimates.

Corollary 4.64 Let x¢ <y <x, (a,q)=1and g < y'=? as in Theorem 4.62. Then
we have for x sufficiently large the following estimates.

(i) Letk > 2. We have

y
B ey

x<n<x+y
n=a (modq)

(ii) The estimate

Y, [ << =

x<n<x+y
n=a (modq)

holds with f =B, f =a, f =1 and f = i (k >2).
(iii) Let k > 2. We have

¢(q)
Z Ty (1) € —5— ylogx.
x<n<x+y 4q
n=a (modq)

(iv) Let k > 1. The estimate

k—1
Z fn) <= (q)(q)log)

x<n<x+y
n=a (modgq)

holds with f =k® and f = 1.

Once again, only the first bound is overestimated. We shall see in Chap. 5 how
to get some improvements on this problem.
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The idea of the proof of Shiu’s theorem is a combination of sieve methods (see
the Selberg sieve below), estimates of particular parts of sums as in Theorem 4.22
and a method used earlier by Wolke, whose ideas go back to Erdds, starting with a
decomposition of each integer n € |x, x 4+ y] as follows

Or+1

n=ab=(py"---p¥)(pii - p)

0/10

witha <y < apffl‘ . The original sum is then split into four classes according to

P (b) > y?/*

P~ (b) < y9/20 anda < y9/20

P~ (b) <logxloglogx anda >y
logxloglogx < P~ (b) <y anda >y

/20

bl

0/20

Shiu’s theorem was later generalized in two directions. First, Nair proved an analo-
gous estimate for sums of the shape

Yo f(Pm))

x<n<x+y

where P € Z[X]is an integer polynomial having non-zero discriminant and no fixed
prime divisors, and f is a multiplicative function satisfying the same conditions as
in Shiu’s theorem. Then, Nair and Tenenbaum [NT98] weakened the property of
multiplicativity by showing the next result.

Theorem 4.65 (Nair-Tenenbaum) Let f be a positive arithmetic function, 0 < § <
1,deN,0<e¢e < #, co>0and P=agX® + -+ ap € Z[X] be irreducible. Let
p(n) be the number of solutions of the congruence P(x) =0 (modn). Assume that
p(p) < p for all primes p and that there exist A1, Ay = 1 such that, for all positive
coprime integers m, n, we have

f(mn) < min(um®3, 33 f ().

Then, for x > comax{|ao|, ..., |ad|}‘3 and uniformly in x4d28 <y < x, we have
p(p) p(n) f(n)
P _—
> s(roh < [T (1-27) A
x<n<x+y p<x n<x

In particular, if 0 <& < 5 L and x > ¢y, we have uniformly in x® <y <x

> f(n)<<yl—[<1——> f(”)
n<x

x<n<x+y pP<Xx

This result enables us to treat short sums of non-necessarily multiplicative func-
tions. In [NT98], the example of the Hooley’s Ag-function is given. This function
is obviously not multiplicative, but by Exercise 8 we see that it satisfies the condi-
tion of Theorem 4.65. Furthermore, the following result is proved in [HT88, Theo-
rem 70].
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Proposition 4.66 (Hall-Tenenbaum) For all integers k > 2 and real numbers

x>eec,weset
loglogl 30
)= [—eoeoex), 4, 2
loglogx logloglog x

Z Ax(n) < x(logx)*™.

n<x

Then we have

A partial summation gives at once

A
Z k(1) < (logx)1+ek(x)

n

n<x

so that using Theorem 4.65 and the second Mertens theorem (Corollary 3.51), we
get

Y Ak(n) < y(logx)*)
x<n<x+y

for0<e < %, X = ¢o and uniformly in x® <y < x.
With k& = 2 and noticing that, for all N € N, we have

(e R

N<n<2N N<d<2N x<dk<x+y
- Y T <X am
x<n<x+y N (111‘221) x<n<x+y
we infer the bound
2. ([x — ] - [ﬂ) < y(log 1)) = y(log 1) (432)

N<n<2N

for 0 <e < %, x > ¢o and uniformly in x® < y < x and N € N. This is the best
result to date for the left-hand side (see also Exercise 9 in Chap. 5).

4.7.12 Sums of Sub-multiplicative Functions

Halberstam and Richert [HR79] proved the next result, which is a generalization of
Theorem 4.22 to sub-multiplicative functions and provides an improvement of the
constants appearing in this result.
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Theorem 4.67 Let f be a non-negative sub-multiplicative function such that
f(1) =1 and satisfying the Wirsing conditions (4.21). Assume that, for all x > 2,
we have

X
> f(p)logp <kx+ 0<(logx)2>

psx

for some constant k > 0. Then

KX 1 S(n)
D (1o(5) ) 250

n<x

The sum of the right-hand side may be estimated by Theorem 4.56 or Corol-
lary 4.57, or by using the usual inequality

f(n) — f(p*)
> I3 )

n<x pP<X a=1

For instance, applying Theorem 4.67 to the function f; defined by

1, if(n,g)=1

fan) = {O, if (n,q) > 1

where ¢ is a fixed positive integer such that P (q) < x, we get using Corollary 3.51

4.7.13 Sums of Additive Functions

The average orders of additive functions are in general easier to estimate than those
of multiplicative functions.

Proposition 4.68 Letr [ be an additive function and x > 2 be a real number. Then

Z.f(n)=x2%+x Z Zf(ﬂa)—pojj(p“_l)

n<x pP<Xx pr<xa=2

+ 0( > ilf(P“) —f(P“‘)I)-

pr<x a=1
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Proof Let g = f » u. By Exercise 6, g is supported on prime powers. Furthermore,
since f is additive, we have g(p) = f(p). Hence, by Proposition 4.17, we have

Yo rm= g+ =3 g(d)[;i]

n<x n<x d<x
NS
-pof) L]
& 5
and we conclude by using g(p%) = f(p*) — f(pafl)' 0

For instance with f = w, using a weak form of the PNT, we get

Za)(n)_xloglogx+3x+0< )
log x

n<x

where B ~0.26149... is the Mertens constant from Corollary 3.50.

4.7.14 The Selberg’s Sieve

The sieves of Eratosthenes and Brun have been studied in Chap. 3. The aim of this
section is to introduce another powerful tool developed by Atle Selberg in the late
1940s. We first recall the specific notation in sieve methods.

Let z > 2 be a real number, P be a set of primes, P, =[]
finite set of integers such that, for all d | P,, we have

> X

neA
d|n

pep, p<; P and Abea

with X > 0, p is a non-negative multiplicative function and r4 is a remainder term
satisfying |rg| < p(d). We set

SAP:)= Y L

ne A
(n,Pz)=1

Instead of using Bonferroni-like inequalities (3.30), Selberg observed that if A :
N — R is any function such that A(1) = 1 then, for all n, we have

2
doud < (Z x(d)) (4.33)

din din
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and squaring out the inner sum implies that

2

S(A,P;2) < Z( > A(d)) =Y Ad Y Md)r(d).
neA d|(n,P;) dlp;  [di,dr]=d
Using (3.29), we get
) p(d)
SAPi<XY == 3 A(dl)udz)w(z ral ) |A<d1)x<d2>}).
d|P; ldi.dr]=d d|P; ld1.d2]=d

Assume 1 < p(d) <d for d | P,. Since p is multiplicative, we have
p(d)p(dr) = p((d1. d2))p(ld. da])

and setting ¢(d) =d/p(d) and f = p x ¢ we get

d Ady)A(d
% D Adrdy= ) MADME) | 14y, )

d|P; [dy,dy]=d di,ds| P, [d11 dz]
-y (Wlﬂ(dz)(dudz) X,O(dl),o(dz)>
didy p((dy, d>))

Z Ad)A(d2)¢((d1, d2))
¢ (d1)¢(d2) '

di,dr|P;

dy,d>| P;

Now by the Mobius inversion formula, we have ¢ = f * 1 and hence

p(d) Z (d)(dy) = Z Z J(&)A(d)r(d2)
d

dlpz [dl,dz]:d dl’dzlng‘(dl d ) ¢(dl)¢(d2)
Ad)
solze)
5O\

We have then proved the estimate

2
A8
S(AP:2)<X ) fd) (Z %) + 0( > y,\(dl)x(dg)r[dl,dzﬂ) (4.34)

d|P, 3P, di,da| P,
|P; i 1,d2|

for all z > 2, if (3.29) holds with 1 < p(d) < d for d | P, and where A : N — R
satisfies A(1) = 1. This leads to an optimization problem of a quadratic form which
was solved by Selberg. Note that by (4.33) we have the freedom to choose any
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function A we like, subject only to the constraint A(1) = 1. We begin by setting

_\ A0 (4.35)
M) '

dls

For all positive integers d | P,, we have by the Mobius inversion formula

) (E) _ M
anzN« d Yn—¢(d)
d|n

so that

A(d) = $(d) Zu(%)yn (4.36)

n|Pz
dln

which implies in particular that the linear transformation (4.35) is invertible. From
(4.35) and (4.36), we have

rd)=0ford >z <<= ys=0ford >z

which we may suppose for convenience. Since ¢ (d) = d/p(d), we get ¢ (1) = 1.
By (4.36), the condition A(1) = 1 may be written as

>y =1. (4.37)

n| Pz
n<z

Hence we set about minimizing the quadratic form

Y f@y; (4.38)

d|P;
d<z

subject to (4.37). Let

M, = !
£ fd)

d<z

Using (4.37) and the fact thatd | P, =— ,uz(d) =1, we have

11(d) 1 1@
2: d > fd ——2: d
7@ (f( )Yd — M. ) f(d)y3 ( )yd+ T

d|P d|P; M, d|P; Z d|P;
d<z d<z d<z
=Y f@y;——
d|p;

d<z
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which implies that (4.38) is minimized when y; = M 1,u(d) /f(d), the minimum

being equal to Mz_l. Note that (4.37) is satisfied with this choice of y;. By (4.36),
we infer that the choice of A(d) ensuring the minimum of (4.38) is given by

o (d) n u(n) o (d) u(m)u(md)
A = — — [t it
D=y Z{“ (d) ) f(n)} M, 2 fond)

. n| P,  m|(P;/d)
dln m<z/d
n<z

¢(d) ) pm)uw(md) — ¢(d)p(d) 3 13 (m)

M. 4 flmd) M, 4 f(m)
(m,d) =1 (m,d) =1
m<z/d m< z/d

where we used the equivalence

m| P,

m|(P/d) {(m,d):l.

The above sum may be estimated with the following useful tool.

Lemma 4.69 Let f be a positive multiplicative function, x > 2 be a real number
and k be a positive integer. Then

[Ta+re) " Y wrm< Y wdmfm

k n<x n<x
Pl = (n.b)=1

<[Ta+r@)™" Y v rom.

plk n<kx

Proof Each positive integer n may be uniquely written as n = djd, with d | k and
(dy, k) =1, and hence (d1,d>) = 1. Since f is multiplicative, we get forall y > 1

Yo=Y prd)fd) Y. u(d) fda).

ny dj<y dy<y/dy
dylk (dp,b)=1

Now since f is positive, using the identity above with y = kx gives

Do W fmy =) prd)fd) Y u(dy) f(da)

n<kx dy |k dy<kx/dy
(dy.k)=1
> @@ fd) Y pi(d) fda)
d| |k dy<x

(dy.k)=1
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and with y = x we get

Do) <Y @) fd) Y 1 (d) fda)

n<x dilk dy<x
(dy.k)=1

and the identity

Yo fan =11+ fp)

dy|k plk

completes the proof. O
Thus, for all d | P; and d < z, we get

©(m) ( ) wm)  f(d)
X MZ
o fm) H f(p) Z fm)  ¢(d)

(m,d)=1 m<z
m<z/d

and hence |A(d)| < 1 forall d | P, such that d < z. Therefore, using |ry| < p(d) and
p(d) > 1 for d | P,, we infer that the error-term of (4.34) is bounded by

2
p(di)p(dr) [~ p(@)
AdDAM(dr)|————— < d))p(d>) <
> |(1)(2)|p((d1,d2))< > pld)pldy) <z <§ y )

di,d| P, di,dr|P; Z\g
l—[<1+p(p)> 1—[( p(p))
pIP; p<z

Finally, using 1 < p(d) < d, we have

u?(d)p(d) u?(d)p(d) ( p(p))1 u?(d)p(d)
< l-——) =) ————
Z @(d) Z d H Z df(d)

d|P; d|P; p‘d p d|P;
d<z d<z d<z
d
1 (d) — M.
£ f @)

d<z

Putting all together we have proved Selberg’s upper bound sieve.

Theorem 4.70 (Selberg) Let z > 2 be a real number, P be a set of primes, P, =
HpeP, p<P and A be a finite set of integers such that, for all d | P;, we have

Z]ZXp_(Cl)+rd

neA
dln
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with X > 0, p is a multiplicative function such that 1 < p(d) < d and |rg| < p(d).
Set

SAPi)= Y L

ne A
(n,P7)=1

Then we have

2 1
S(A,P;z)gX(Z%) 21‘{( P(p))

d|P; <z
d<z P

In order to have a bound for the sum of the main term, the following lemma will
be useful.

Lemma 4.71 Let z > 2 be a real number and k € N. Then

3 1A (n) _ et
o w(n) Tk

(n.k)=1

logz

Proof The lower bound of Lemma 4.69 first gives

3 ©2(n) go(k)Z;ﬁ(n)

@(n)

Now each positive integer n can be uniquely written as n = gd with g squarefree
and d | ¢®°. Note also that

S ) N0

dlg*> plg rlq (q)

Therefore we get

which concludes the proof. d
When p(d) = 1, the above results yield a useful estimate.

Corollary 4.72 With the notation of Theorem 4.70 assuming p(d) = 1 and |rg| < 1
foralld | P;, we have

X N,
S(A,P;Z)<—l_[<1——> +z°.
logngz p
P¢P
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Proof Set

QZZHP'

o
When p(d) = 1, then ¢(d) = d and hence f(d) = ¢(d), so that we have by
Lemma 4.71

2
12 (d) w(Qz ( )
M, = =TT(1-=-)
dZ @ o ﬂ s
(Qz.d)=1 1”7?7’

Furthermore, since [A(d)| < 1 and |rg4| < 1 for all d | P;, we infer that the error-term
in (4.34) is bounded by z2, concluding the proof. g

One of the most famous applications of Selberg’s sieve is Brun—Titchmarsh’s
theorem.

Theorem 4.73 (Brun-Titchmarsh) Let a, g be positive coprime integers and set

n(x;q,a)= Z 1.

P<X
p=a(modq)

Assume that x > q. Then

6x

mxiq,a) ¢(q)log(x/q)

Proof If 1 < x/q < 20, then the trivial estimate implies

2x 6x 6x
T(x;q,a) < — < <
q  ¢(g)log(20) " ¢(g)log(x/q)
so we may suppose that x /g > 20. Let z > 2 be a real number and we take P the set
of primes p t g and A the set of numbers n < x such that n = a (modg). We then
have

n(x;q,a) <S(A,P;2) +z.
Now if (d, g) =1, then
Z l=— —i—rd
ne A
dln

with |rg] < 1, so that Selberg’s sieve may be used with X = x/q and p(d) =1 if
(d, q) = 1. Therefore by Corollary 4.72 we get

T(x:q.a) < ——— + 72+ 2
¢(g)logz
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and choosing z = (x/q)"/?1log="/?(x/q) gives the asserted result, using z >
(x/q)"/* in the first term. U

For an extensive account on sieve methods, the reader is referred to [Bom74,
HRI11].

4.7.15 The Large Sieve

The large sieve was invented by Ju.V. Linnik in 1941 [Lin41] while investigating
the distribution of quadratic non-residues (see Example 4.79). In a series of papers
beginning in the late 1940s, Renyi was the first to systematically study the large
sieve and to prove that each large even number 2k may be expressed in the form
2k = p 4+ P, where w(Py) < k. Subsequently, values of k were given by several
authors until Chen proved that k = 2 is admissible. The large sieve always played a
key part.

The large sieve remained in the area of a few specialists until 1965 when major
contributions were made by Roth and then by Bombieri. They paved the way for the
recognition that these results rely on an underlying analytic inequality dealing with
trigonometric polynomials. The analytic principle of the large sieve was formulated
explicitly one year later by Davenport and Halberstam. For an account of the theory
of the large sieve, we may refer the reader to [Bom74, FI10, Mon78].

Nowadays, the large sieve is one of the most powerful tools in multiplica-
tive number theory. Roughly speaking, it may be regarded as Fourier analysis of
arithmetic progressions, both from the additive and multiplicative points of view.
Hence the usual tools from Fourier analysis (quasi-orthogonal systems, Bessel’s
and Hilbert’s inequalities, etc) are the main ingredients of the large sieve.

The analytic additive form of the large sieve can be described as follows. Let
M € Z, N be a positive integer, (a,) be a sequence of arbitrary complex numbers
supported on the interval ]M, M + N] and let

S(a) = Z ape(na)

M<n<{M+N
be a trigonometric polynomial. Let § > 0 and assume that «q,...,ag are §-well
spaced, i.e. forallr #s € {1,..., R}, we have
llor — all 2 6. (4.39)

The large sieve is an inequality of the shape

R M+N

SIs@))P <aw.s) Y jaal (4.40)

r=I1 n=M+1
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Since |S] is 1-periodic, one may assume that 0 < o] <oy < --- < ap < 1 with
8 < R, and since

M+K+N

Z a,_ge(na)

n=M+K+1

= |e(Ka)S(e)| = |S ()|

we see that the parameter M is irrelevant, and hence we are interested in determining
how A(N, §) depends on N and §.
The next lemma is a version of Parseval’s well-known identity.

Lemma 4.74 (Parseval’s identity) We have

Proof Squaring out we get

SO = > danl+ Y andne(( —no)

M<n<M+N ny#ny

and the result follows from the identity

1 .
1, ifk=0
/ e(kt)dt = ! ]
0 0, otherwise

which concludes the proof. d
We first observe that A(N, §) cannot be too small. If a, = e(—nay), then

ISP =N2=N Y jal
M<n<{M+N

and hence A(N, ) > N. Now assume that the «, are equally spaced so that § =
R~!. By periodicity and Lemma 4.74, we have

1 R 1
/Z|S(ar+t)|2dt:R/ ISoffd=r > jal?
(R 0

M<n<M+N
so that for some values of ¢+ we have
R
2
SIs@+n" =R >
r=1 M<n<M+N

and therefore A(N, §) > [6~11>6"1—1.The following optimal result, attributed
to Selberg, shows that we may take A(N, §) to be barely larger than is required by
the above observation.
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Theorem 4.75 (Large sieve) Under the hypothesis (4.39), the inequality (4.40)
holds with

A(N,)=N+81—1

A possible proof uses generalizations of Bessel’s and Hilbert’s inequalities. We
shall see that one can prove a weaker version of this result, although sufficiently
strong to be used in many applications, with the following quicker and elegant ideas
due to Gallagher. We start with a useful lemma.

Lemma 4.76 (Gallagher) Let f € C Ya, b] with a < b. Then

‘f(““’)‘<L/b|f(z)|dt+1/b|f’(t)|dt
2 “b—al, 2/, '

Proof An integration by parts provides for all x € [a, b]

br—b Yt—a , 1 b
{lzj;f®w+1;;:j@ﬂh—ﬂm—;jgéjﬁmt

and the result follows by noticing that, if x = “H’ , then | | % in the first integral

and |{= a | 2 in the second one. O
We are now in a position to prove Gallagher’s version of the large sieve [Gal67].

Theorem 4.77 (Gallagher) Under the hypothesis (4.39), the inequality (4.40) holds
with

A(N,8)=nN+s L.

Proof Lemma 4.76 with a = o, — §/2 and b = o, + §/2 implies that

| [ortd/2 1 [erts/2
Uwﬂ<—/ !ﬂMm+—/ | f/(0)|d
8 Ja,—s5/2 2 Jay-5/2
and taking f(a) = S(a)?* we get
5 1 [urts2 5 o +8/2
|S(ar)|” < —f NG dt+/ |S(1)S' (1) dt.
8 Ja,—s/2 @ —5/2

By (4.39), the intervals Z, =], — /2, o, + 8/2[ do not overlap modulo 1, meaning
thatif  # s, then no point of Z, differs by an integer from another point of Z;. Hence
summing over r we obtain

1
Z]S(ar)} /|S(t)| dt—i—/ |S®)S' (1) dr.

r=1
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Now by Lemma 4.74 we have

1
[lsofa= >

M<n<M+N

and using Cauchy—Schwarz’s inequality (integral analogue of Lemma 6.17) and Par-
seval’s identity again, we get

. . 12 4 1/2
/|S(t)S/(t)|dt<(/ |S(t)|2dt> (/ |S/(t)|2dt>
0 0 0

1/2 1/2
= < Z |(1n|2> < Z |2nnan|2>
M<n<M+N M<n<M+N
<2 ( ) 2,
<2m(, max inl) > lal
M<n<M+N
This gives
R
Sls@of <ot +2r( max i)} Y el
M<n<M+N
r=1 M<n<M+N
and we conclude the proof by noticing that, since A(N, §) is independent of M,
we may suppose that M = —[%(N + 1)] so that maxy <pcpnIn| < N/2 as re-
quired. 0

The arithmetic version of the large sieve often takes the following form. Consider
a finite set P of prime numbers and, for all p € P, let 2, be a subset of IF, of residue
classes to sieve out. The main purpose of sieve methods is to provide an estimate of

2, @

neS(N,P,Qp)

where (a,) is any sequence of complex numbers and S(N, P, Q) is the so-called
sifted set

S(N,P,Qp,) ={nelM,M+ NINZ:n (mod p) &2, forall p € P}.

We apply Theorem 4.75 or Theorem 4.77 with o, = a/q for some integers a, g such
that 1 <a < ¢ < Q and (a, g) = 1. (4.39) is then satisfied with § = Q2 since, for
r # s, we have

a/

llay — o]l = ”__?

aq' —dq
qq’

1 1
/2 2
qq9’ = 0

where the inequality ||n/m| = m I with (m,n) = 1 comes from Exercise 3 (i)
and (ii) in Chap. 1. Using Theorem 4.75 we get

>
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S(?)‘QS(N—“Q% >l

M<n<M+N

q

2. 2

< a=1
"NNY @l

Now [IKO04, Lemma 7.15] states that, for all positive integers g, we have

- a\|? 2 p(m\ ™ :
> S(—) > u(q) H(l——) Y. @
P 4 pla p neS(N.P.2,)
(a,q)=1
where, for all primes p € P, we set
p(p) =192l (4.41)

and hence we obtain the following useful result.

Corollary 4.78 (Arithmetic large sieve) Let (a,) be any complex-valued sequence
supported on |M, M + NJ. For all positive integers Q, set

-1
L=L(Q)= ) u)’ 1"[(1 - %) (4.42)

q<0 rlq

where p(p) is defined in (4.41). If p(p) < p for all primes p € P, then forall Q > 1
we have

2
<N—1+Q2 Z

< ks
L

>

neS(N,P,Qp)

lan

M<n<M+N

In particular, we have

N—1 2
3 1<+Q_
neS(N,P,Qp)

It is important to keep in mind the following examples given in [Bom74] (with
M =0).
Example 4.79

1. Sieve of Eratosthenes. P is the set of primes p < +/N and p= {6}.
2. Twin primes. P is the set of primes p < +/N and Q)= {0, 2}.
3. Linnik’s example on the least quadratic non-residue.

PI{P<W:<£)=1f0ralln<N€}
p

and @, = {h: (h/p) = —1}.
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A more elaborate large sieve inequality enables the authors in [MV73] to prove
the most elegant version of the Brun—Titchmarsh theorem.

Theorem 4.80 (Montgomery and Vaughan) Let x, y > 2 be real numbers and a, q
be positive integers such that (a,q) =1 and y > q. Then

2y

nOekyig.a) m i g.a) < Crn e

This is a powerful version of Brun—Titchmarsh’s inequality which may replace
Siegel-Walfisz—Page’s theorem (Theorem 3.92) in many cases. The factor 2 is of
great importance in number theory. More precisely, if the Siegel zero 1 exists in
(3.45), then it is very close to 1 since we may have

|
logg

On the other hand, it is proved in [Mot79] that if the estimate

1

<Bi <L

2—-¢e)x
n(x;q,a) X —————— (4.43)
@(q)log(x/q)
holds for x > ¢“2, where ¢ > 0 is an absolute constant, then
Cc3€

- logg

pr1<1

and hence (4.43) enables us to disprove the existence of this exceptional zero. (4.43)
also implies that

X

rleig.0) = 1+ 07 e/ e S

as long as x > ¢2, and thus the constant 2 — ¢ will be automatically reduced to 1+ ¢
for all x larger than a sufficiently high power of g.

Vaughan [Vau73] obtained the following useful lower bound for L, in which only
a lower estimate of the average values of p(p) is sufficient. For all Q € N, we have

1 o (p)
L}I;lg&mxp(mbg(a Z —>> (4.44)

ngl/m p

This allows us to get the following effective version of Corollary 4.78.

Corollary 4.81 Along with the notation of Corollary 4.78, let 8 > 0.

(1) Suppose that there exists a constant co > 0 such that, for all sufficiently large R,
we have

Z P > co(loglog R)?.

PSR
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Then there exists a constant c1 > 0 such that for all sufficiently large N, we
have

N
Z 1< .
exp(ci (loglog N)P)

neS(N,P.Qp)
(ii) Suppose that there exists a constant cy > 0 such that, for all sufficiently large R,
we have
Z p(p) B
—— > c2(log R)”.
PSR p

Then there exists a constant c3 > 0 such that for all sufficiently large N, we
have

N
E 1< .
B/(B+1)
e S(NP.2) exp(c3(log N) )

4.8 Exercises

1 Prove that

(@) t(n) <2/n.
(b) o(n) <n(log./n+2+1log2).
(c) For all composite integers n € N, we have ¢(n) <n — /n.

2 Let f be a multiplicative function satisfying

lim f(p*)=0.

pY¥—00
Show that
lim f(n)=0.
n—>oo
Deduce that, for all ¢ > 0 and n € N, we have 7(n) < n®.

3 Prove the following identities.

@ Yy T (@) = (g, T@)*
() Y4, B p(n/d) =s2(n).

© g ok(d)p(n/d) = n*.

() X gy m2( kD = (k + 1),
4 Let k be a positive integer.

(a) Prove that for all n € N, we have

Ar(n) = Ag—1(n)logn + (Ax—1 * A)(n).
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(b) Prove that for all m, n € N such that (m, n) = 1, we have

k

k
Ar(mn) =" <j>Aj(m)Ak_j(n).

J=0

5 In [Gou72, identity 3.93], one may find the following result.

] 2y (2n-2j I, ifn=0
S G )' I R
@ -D@n=2j-D | a2

With the help of this identity, determine the multiplicative function f such that

m=f*f.

6 Let f be an additive function and g be a multiplicative function. Prove that, for
all m, n € N such that (m, n) = 1, we have

(f *g)(mn) = (f xg)(m)(g x)(n) + (f *g)(n)(g x1)(m).
Deduce that, if n # p%, then (f * u)(n) = 0.

7 Let n be a positive integer.
(a) Prove that
nn+l
¢(n+1)
(b) Deduce the nature of the series Zn>1 f(n) where

<gpm)o(n") < n"t

__n @
f= s ==

8 Prove that for all integers m, n not necessarily coprime, we have

Ap(mn) < t(m) Ag(n).

9 (Realizable sequences and Perrin sequences) This exercise first requires the fol-
lowing definitions.

(i) Let £ be a non-empty set and F : E —> E be any map. Let n € Z>. An
element x € E is said to be n-periodic by f if

F'(x)=x

where FO =Id and F" = F o --- o F (n times). We define Per, (F) to be the
set of n-periodic points by F and Per} (F) to be the set of points having the
smallest n-period by F'. Finally, we call the orbit of x € E the set

Ox = {F*(x) 1k € Zxo}.
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(ii) A sequence (u,) of non-negative integers is said to be realizable if there exist a
set £ and a map F : E —> E such that, for all n € N, we have

Uy, = |Pern(F)|.

It can be shown that the following sequences are realizable.

(i) The sequence (u,) defined by u, = a” where a is a fixed positive integer.
(i) The sequence (u,) defined by u, = Tr(A") where A is a fixed square matrix
with non-negative integer entries.

1. General properties.
(a) Prove that, if x € Per, (F), then the smallest period of x divides 7.
(b) Deduce that, if Per} (F) is a finite set, then we have

|Per, (F)| = Z|Perj;(F)|

d|n
and
|Per}(F)| =) "|Per(F)|u(n/d).
dln
(c) Show that, if x € Per}(F), then O, = {x, F(x), F*(x),..., F"~!(x)} and
that |O,| = n.

(d) Prove that, if x € Per (F), then O, C Per} (F).
(e) Forall x, y € Per}(F), define

x~y < x€0.

Check that this is an equivalence relation and deduce that, if Per} (F) is a
finite set, then we have

|Per (F)| =0 (modn).
(f) Deduce that, if u = (u,) is a realizable sequence, then u » > 0 and
(ux p)(n) =0 (modn).

2. Applications.
(a) Prove that, for all positive integers a, we have

Zadu(n/d) =0 (modn).
d|n

(b) Prove that, for each square matrix A with non-negative integer entries, we
have

ZTr(Ad)u(n/d) =0 (modn).
din

(c) Deduce Fermat’s little theorem for integer matrices.
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Let p be a prime number and A be a square matrix with integer
entries. Then
Tr(Ap) =Tr(A) (mod p).

3. Perrin sequences. Let (u,) be the sequence defined by ug =3, u1 =0, up =2
and

Up =Up—2 T Up-3

forall n > 3.
(a) Let A be the matrix
0 0 1
A=|1 0 1
010

Prove that, for all n € Z>, we have u,, = Tr(A").
(b) Deduce that, for all primes p, we have p | u.

10 Prove that
x2
(n) = ——+ O(xlogx).
; T ae £
n<x

11 (Ceséro, 1885) Let f be an arithmetic function. Show that
n
D (G m) = (f x@)(n).

i=1

12 The Pillai function S(n) is defined by
n
S(n)y=> (i.n).
i=1

Let A be the exponent in the Dirichlet divisor problem,® i.e. the smallest positive
real number € such that the asymptotic estimate

Z t(n) =x(logx +2y — 1) + 0(x9+£)
n<x

holds for all ¢ > 0 and x > 1. The aim of this exercise is to prove the following
result.

_ x? 1 ¢ 14+0+e
gsm)_zm) (1ogx+2y—§— §(2)>+0(x )- (4.45)

8The best inequalities to date for 0 are % <O < %. See Chap. 6.
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(a) Prove that, for all ¢ > 0 and z > 1, we have

2
an(n) = Zl% +z2<y _ %) +0(1),

n<z

(b) Using Exercise 11 and (4.7) check that § = u x (z x Id).
(c) Prove (4.45).

13 Let k be a fixed positive integer. For all x > 1, define

Sk(0) = ().

n<x

(a) Prove that

xf #dmskﬂ(x)q/ ﬁdms ).
1 1

(b) Using induction, deduce that

(10 x) = (logx)/
xZ( Dy 80 (—1)k<Zrk(n)<xZ< ) =

1
j=0 n<x j=0

(c) Deduce that

x(logx 4+ k — 1)k~
D w S =

n<x

(d) Using induction, prove that for all k > 2

k—1
3w = x(logx) + 0 (x(logx)F2).

|
n<x 1)

(e) Forall k,n € N, let 7} (n) be the kth strict divisor function of n, i.e. the number
of choices of ny, ..., ny satisfying n =ny - - - ng with n; > 2. Prove that, for any
x > 1, we have

N x(logx)k_1
Z 7 (n) < R

n<x
14 Using Corollary 3.7 (v), prove that, for all x > 1, we have

Z s2(n) < 34/x

n<x
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and deduce by partial summation that

252(’1) < i

n>x

15 Let f be a multiplicative function such that | f(p) — 1| < p~! for all primes p
and |(f * u)(p®)| < 1 for all prime powers p* with o > 2. Prove that

Zf(n)—xn(l__)<l+zf(p“)>+0 )

n<x

16 Prove that

L) "
+ 0 .
DB =x=ro=+0('")

n<x

17 Prove that

Yo P <P(n)1/2(n) H(l 3 l) <1 n p%) +o(x'?).

n<x p p

18 (S. Selberg) For all x > 1, define

S(x) = Z wu(n) '

nt(n
it

(a) Show that
1 - n(n) [ x
— w(n) (St Bad
sw= (T )

(b) Using Theorem 4.22, deduce that there exist cg > 0 and x( > e such that, for all
X = xo, we have

0 < S(x) < co(logx)~ /2.

19 (Hall and Tenenbaum) For all x > 2 and k € N, define

Ne)= Y 1.

n<x
Q(n)=k

The aim of this exercise is to prove the following bound.

Ni(x) < k2 % x log x. (4.46)
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(a) Letr e[l,2[. Using f =%  and Proposition 4.17, prove that
xlogx
320 « X08x
2—1t
n<x

(b) Prove (4.46).

20 (Alladi, Erd6s and Vaaler) Let n, a > 2 be integers with n squarefree and A > 0
be a real number. Let f be a multiplicative function such that, for all primes p, we
have

0< f(p)<h<——. (4.47)
a—1

The aim of this exercise is to show the following inequality.

1+ A
Zf(d)g(ﬁ) 3 f@. (4.48)

d|n din
dgnl/“

1. (a) Let p be a prime factor of n. Show that

Yo fdy= Y f+ Y fkp)

din d|(n/p) k|(n/p)
and then
1
> flo= (—) > f@). (4.49)
K/ p) I+71)/

(b) Deduce that

_ f(p)logp
2 J(d)logd = (Zf(d)) (Z [+ 7 (p) )

d|n d|n pln

and then

> f@)logd < <2 (Z fd )) (4.50)

din dln

2. Prove that

log(n'//d)
%f(d)Ws Z f(d)

dénl/a

and conclude with (4.50).
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21 (Redheffer) Let R, = (r;;) € M, ({0, 1}) be the matrix defined by

1, ifijjorj=1
rij = .
0, otherwise.

Show that
detR, = M(n)
where M (n) = ZZ: 1 #(k) is the Mertens function.

22 Lett > 0.

1. Prove that, for all n € N, we have

DD <1020,
dln

2. Let k € N. Show that

>~

Z tw(d) < Z (Q (n)> .
=07

din
w(d)<k

23 Let N € N. Prove that

Z (T % * A)(n) = log(N).

n<N
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Chapter 5
Integer Points Close to Smooth Curves

5.1 Introduction

5.1.1 Squarefree Numbers in Short Intervals

Let x, y be two real numbers satisfying 2 < y < x. We intend to get an asymptotic
formula for the sum
Y. ).

x<n<x+y

First, the trivial bound provides

Yoomm< ) I=k+yl-kxI<y+1

x<n<x+y x<n<x+y

and Shiu’s theorem (Theorem 4.62) gives no further improvement. It was seen in
Example 4.18 that

X
D ma(n) = T3 oW

n<x
and therefore one may ask for an asymptotic result having the shape
Y am) = e+ 0. 5.1)
7(2)

x<n<x+y

At the present time, (5.1) remains unproven. The long-sum result above immediately
yields

y
E pa(n) = ==+ 0(v/x) (5.2)
= Q)
x<n<x+y
O. Bordelles, Arithmetic Tales, Universitext, 249
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so that this estimate is useless if y < 4/x. At this point we may formulate our
problem more precisely: we ask for the smallest exponent 8 € [0, %] such that the
asymptotic formula

3 = ﬁ +0(x" (logx)? +y'/2) (5.3)

x<n<x+y
holds for some real number § > 0. One may weaken this problem by ignoring the
logarithmic term and look for estimates of the shape

_ O-+e 1/2
Z Hz(n)—g(z)-l—O(x +y'7%)

x<n<x+y
valid for all ¢ > 0 and x sufficiently large. The minimal value & = 0 would give a
slightly weaker version of (5.1). Furthermore, (5.3) has another consequence: there
exist constants ¢g > 0 and 0 < ¢ < 1 such that

> > % — cox’ (logx)? — coy'’? = 1y — cox? (log x)”

x<n<x+y

if y is sufficiently large. Therefore, if y > cyx%(logx)? for some constant c; >

cocl_] , we get
Y. mm>0
x<n<x+y

which means that the interval ]x, x 4+ y] contains a squarefree integer.

The determination of minimal gaps between squarefree numbers is a long-
standing problem in multiplicative number theory. It was introduced by Fogels
[Fog41] in 1941 who proved that 6 = % is an admissible value in this problem,
and then Roth [Rot51], Richert [Ric54], Graham and Kolesnik [GK91] and Filaseta
and Trifonov [FT92] successively improved on the value of 6. The best value to date
is given in [FT92] in which the authors proved that, if y > coxl/ 5 log x, then the in-
terval 1x,x + y] contains a squarefree integer. We shall see their method, based
entirely upon elementary arguments, in Sect. 5.4.

Let us have a closer look at the details of the computations. If we use point by
point the method of Example 4.18, we get

Y. omm= ) Y @

x<n<x+y x<n<x+yd2|n
= 2 w31
d</x+y x/d?<k<(x+y)/d?*

- Sl )

d</x+y
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We have

x+y x Y

2 a2
which prompts us to split the above sum into three parts as follows.
x+y X
> Mz(n)=< o+ Y o+ > ) (d)([ } [ﬁ])
x<n<x+y d<2y 2 /y<d<Jx Jx<d<x+¥y
=81+ 82+ Ss.

> For S7, the usual estimate [¢] =¢ + O (1) is sufficient and gives
w(d)
Si=y ).~ +O0WN= —§(2) + O/
d<2/y
> For S3, the trivial estimate is sufficient and gives
IS51< Y ISRy —Va < Py
Jx<d</xFy
since y < x. Hence we obtain

2, = ;(2) 2 (d)([x+y] [JZDM(I)

x<n<x+y 2/y<d<x

It remains to estimate this sum. The triangle inequality gives (5.2). Observe that,

since y/d* < 1/4, the difference
xX+y X
2 | a2

is equal to 1 or 0 depending on the fact that there is either an integer between x /d>
and (x +y)/ d? or not. Hence, to have a chance to do better than the trivial estimate,
we must take these cancellations into account. The idea is then

1. to split the interval ]2,/y, \/x] into O(logx) dyadic subintervals of the form
1N, 2N] which gives

X+ X
|S2] <« max Z <|: zy:| |: 2])logx
VNSV N Zacon d d

2. to estimate the number of points with integer coordinates, also called integer
points,' lying near the curve of the function f (1) = x /u’ with N < u < 2N.

This chapter is devoted to providing results counting integer points close to suf-
ficiently regular plane curves.

!Some authors also use the vocable lattice points.
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5.1.2 Definitions and Notation

> In what follows, N > 4 is a large integer and § and c( are small positive real
numbers. We will always suppose that

1
0<é<-. 54
<8<y (5.4

Note that the constant ¢y may take different values according to the section in
which it appears.

> The notation ||7|| means the distance from the real number ¢ to its nearest integer
denoted by [#]. Some properties of this function are investigated in Exercises 1
and 2.

> x, y are large real numbers satisfying 2 < y < x, except in the examples where
we impose the following more restricted range

16<y< ? (5.5)

> The set Sk. Let k € N. We shall say that f € S if and only if f € CKIN,2N]
such that there exist Ay > 0 and c¢; > 1 such that, for all x € [N, 2N], we have

M < | fP @] <

which also may be denoted using Titchmarsh—Vinogradov’s notation by
FAKCIEYS

For instance, the functions f :u+— x/u®> and g = f~' 1 u+—> (x/u)
in S for all k with

172 1ie

Ak Ck
(k+1)! ¢ k+2
f ( 2k+2 >N2+2 2
(k=D 1/2 k+1/2
8 <_2k+l/2 >Ni+1/z 2k+1/

where 2k —D!'=1x3x5x---x 2k —1).
> Finally, we shall need the following integer.

Definition 5.1 Let f : [N,2N] — R be any map and § be a real number satisfying
(5.4). We define

S(f,N,8)={ne[N.2NINZ: | f(n)| < s}
and R(f, N, 8) = [S(f, N,9)|.

We shall always make use of the following lemma.
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Lemma 5.2 Let f:[N,2N] —> R be any map, § be a real number satisfying (5.4)
and (8,) be a sequence of real numbers supported on [N, 2N] such that 0 < §, < 6.
Then we have

S ([Fm 48] = [f) = 8.]) SR(E N

N<n<2N

< Y (e +8]=[rm -3)).

N<n<2N

Proof We appeal to Proposition 1.11 (vii) which implies that

3o ([ 48] [Fm) —8a))

N<n<2N

= 2 1+ ) ([Fm+s]-[rm-a)
N<n<2N N<n<2N

ILf ()l <n ILf () lI=6n

< Y. I<R(£N.9)
N<n<2N
ILfm1<8n

S ([(fm+s]-[rm=s)— > ([f@)+8]—[fn) —35])

N<n<2N N<n<2N
U I/ )li=5

< D ([fm+8]=[rm—3])

N<n<2N

as asserted. O
It should be noticed that the trivial estimate gives
R(fiN, ) <N+ 1. (5.6)

This inequality must be kept in mind whenever we obtain a new estimate for
R(f,N,9).

5.1.3 Basic Lemma in the Squarefree Number Problem

With the definitions and notation of the previous section, we may state the basic
result we shall use to estimate the number of squarefree integers in short intervals.

Lemma 5.3 Let x, y satisfy (5.5) and 2,/y < A < B < 2/x. Then

> )= @ + O((R1 + Ry) logx + A)

x<n<x+y
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where R = R1(A, B) and Ry, = Ry (B) are defined by

b y X y
Ri= max R|—=,N, = and Rry= max R|. -, N,— .
! A<N<B (n2 N2) 2 N<2x/B? (\/ n «/Nx>

Proof By the computations made in the previous sections, we have

Kgﬂm(m @+Sz+0(f y)
with
w2 ol [5])
2/y<d<x

Inserting the parameters A and B and estimating the first sum trivially, we get

|Sz|<< PRI BIEEDY )([Hy]_[%})

2/5<d<A A<d<B B<d<Jx

sAr A ;<B<|:x ; y} [%D " B<§ﬁ x/d2<k§c+y)/d21
e 2 (B s,

A<d<B B<d<\/§x<k¢12k<x+v

and interchanging the summations gives

e £ (5 ) s, T

A<d<B k< (x+y)/ B2 Va[k<d </ +y)/k

o 2 (R 2 (TR

A<d<B k<2x/B?

Now for k € [N, 2N] and using (5.5), we have

/ﬂ_\/g<L< y _1
k k\ZN/Nx JNx 4

and splitting the sums into O (logx) subintervals ]N,2N] gives the asserted re-
sult. 0

Remark 5.4

1. If we choose B = x!/3, then two sums have a range of the same order of mag-
nitude. Also note that the functions u —> x/u® and u —> /x/u are inverse.
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Hence one may expect that R(A, xY 3) and Ro(xY/ 3) have the same order of
magnitude. Indeed they have by [Hux96, Lemma 3.1.1], so that Lemma 5.3 en-
ables us to reduce the range of summation.
Choosing A =4,/y and using (5.6) to estimate R and R; trivially, we get at
once
Z ua(n) = % + 0(X1/3 logx)
x<n<x+y
if x, y satisfy (5.5). Hence there exists co > 0 such that, if cox'/3logx <y <
x1/2 /4, the interval ]x, x + y] contains a squarefree number.
2. Lemma 5.3 may easily be generalized to the problem of r-free numbers in short
intervals, with » > 2. In this case, we have for all (4y)1/’ <A< B<LxlUr

Yo = % + O((Ry + Ro)logx + A)

x<n<x+y

where

X
Ri= max R —,N,l and
A<N<B n" N7

1/r
R2: max R f ,N,% .
N<2x/B n NUrxl=1/r

The proof is exactly the same as in Lemma 5.3, so we leave the details to the
reader.

3. The problem of square-full numbers in short intervals is quite similar in nature
to that of the squarefree number problem, except with the following major dif-
ference. In [Shi80], the author proved that there exist infinitely many positive
integers n such that there is no square-full number between n> and (n 4 1)2. It
follows that, if y < 4/x, the interval ]x, x + y] may contain no square-full number
at all. On the other hand, since there is a square in the interval ]x, x + 2/x + 1]
for all x > 0, it follows that there exists a constant co > O such that, for all x > 1,
the interval ]x, x + co+/x] contains a square-full integer. Thus, the maximum size
of gaps between square-full numbers is known and one may ask for the distri-
bution of square-full numbers in intervals ]x, x + y] with y > /x and the ratio
yx~1/2 being as small as possible.

In Exercise 6, a basic lemma similar to Lemma 5.3 is established where it is
shown that, if 16x1/2(10gx)3 <y< 4’3x(logx)’],then

2
Y snm= 56/ v 0{(R1 + Ry)logx + L}

J/xlogx
[ x
R = max R( —, N, L>
L<NL@0)/3 n xN3

x<n<x+y

where
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and

O\ 13 y
R2 = max R ) 5 N, TNTN23
L<N<@20)/5 n (Nx)?/3

with L = L(x,y) = y(xlogx)~!/2. Once again, the number of integer points
close to two inverse curves thus appears.

5.1.4 Srinivasan’s Optimization Lemma

We end this section with a useful optimization lemma due to Srinivasan [Sri62,
Lemma 4], which generalizes the following well-known situation. Suppose we have
an estimate of the shape

E(H) < AH*+BH™"

where A, B,a,b > 0 and H > 0 is a parameter at our disposal. Choosing H to
equalize both terms, we get

1
E(H) < (AbBa) atb
and this is best possible apart from the value of the implied constant.

Lemma 5.5 (Srinivasan) Let
m n
E(H)= ZAiH“' + Z B;H
i=1 j=1

where m,n € N and A;, Bj, a; and bj are positive real numbers. Suppose that
0< Hy < Hy. Then

m n m n
. bj naj a,% gy ai i
i E(H) < (m+n) > > (A7 B +i§7l AiH, +/§1:B]H2 .

i=1 j=1

This inequality corresponds to the best possible choice of H in the interval
[Hi, H>]. Srinivasan pointed out that the case H; = 0 and H, = oo was already
shown by van der Corput in 1922.

5.2 Criteria for Integer Points

5.2.1 The First Derivative Test

The first result we will establish concerns the functions f € S; and follows from the
classical mean-value theorem. It is only useful when A; is very small, and hence is
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rather restrictive. However, it will turn out to be the starting point of more elaborate
estimates.

Theorem 5.6 (First derivative test) Let f € C LN, 2N] such that there exist A; > 0
and c1 > 1 such that, for all x € [N,2N], we have

M <] <. (5.7)
Then
28
RS, N.8) <2c1NAi +4erN6 + = +1.
1

In practice, the implied constant ¢ is useless, so using Titchmarsh—Vinogradov’s
notation, this result may be rewritten as follows. If

|f/ )] =1
then we have

8
R(f.N.8) < Nai+Ns+ = +1.
1

Proof If 4c16 > 1, then 4ciNS+1 > N + 1 > R(f, N, ) by (5.6). Similarly, if
2ciA1 = 1, then 2¢iNAy + 12> N + 1 > R(f, N, ). Therefore we may suppose
that max(4c(§, 2ciA) < 1. Let n and n + a be any integers in S(f, N, §). Using
the mean-value theorem, we will prove that either

1

= 5.8
a> e ai (5.8)
or
268
a<—=a. (5.9)
A

We postpone the proof of these inequalities and assume that either (5.8) or (5.9)
holds. Note that the condition max(4c18, 2c111) < 1 implies a; > max(1, ap). Sub-
dividing the interval [N, 2N] into s = [N /ai]+ 1 subintervals 71, ..., Z; of lengths
< ay, two elements of S(f, N,8) NZ; have a distance < a, and hence lie in an
interval of length < a,. Using Proposition 1.11 (v), we infer that

IS(LN,ONTj|<ar+1

and thus
N 28
R(f,N,) <| —+1 (a2+1)=2c1N)»1+4clN8+k—+1.
aj 1

The rest of the text is devoted to the proof of the inequalities (5.8) and (5.9).
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Since n,n +a € S(f, N, §), there exist two integers m| and m; and two real
numbers §; and 8, such that

fn)=my +é1,
fin+a)y=my+45
with |8;] < § fori € {1, 2}. Thus there exist m3 € Z and 83 € R such that
fn+a)— f(n) =m3+383
with |§3] < 24. By the mean-value theorem, there exists ¢ € [n, n 4 a[ such that
fn+a)—f@n)=af' ).

Since n +a € S(f, N, §), we have n +a < 2N and thus ¢ € [N, 2N]. Hence there
existz € [N,2N], m € Z and §3 such that |§3] < 26 < % satisfying

af’(t) =m + 83.

Now two cases may occur.

> m # 0. Since m € Z, we have |m| > 1 and then using (5.7)

1 1
acihi Zal|f )| =m|— 831> 1— ===
2 2
which gives (5.8).
> m = 0. Then we have using (5.7) again
ari <alf' (=181 <28
which gives (5.9) as required. g

We use Lemma 5.3 with A = x!/3 and B = 2x1/2. By (5.5), we have A > 2yl/2
and hence

Z Ha(n) = % + 0(R1 (x1/3, 2x1/2) log x +x1/3)

x<n<x+y

and the use of Theorem 5.6 and (5.5) implies that

Ry (x'/3,2x1/2 max SR 1/3
1(x!7,2x )<<x1/3<1v<zx1/2 N2+N+\/;+ <L x

and thus

Y wam =+ 0 logx)

x<n<x+y

and hence this result does not improve on the trivial estimate of Remark 5.4 in that
problem.
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5.2.2 The Second Derivative Test

The next result, coming from a combinatorial argument, will enable us to pass from
the first derivative to the second derivative of f. In this section, § is supposed to
verify the inequalities

1
0<éd<-—.
8

Lemma 5.7 (Reduction principle) Let f :[N,2N] —> R be any map, A be a real
number satisfying 1 < A < N and, for all integers a € [1, A], we define on [N, 2N —
a] the function A, f by

Ay f(x)=f(x+a)— f(x).
Then

R(fN6)<N+ZR(A f,N,28)+1
) £ \A <A aJos ) .
ax

Proof For all a € N, define
S(a)={n €[N,2N1NZ:n and n + a are consecutive in S(f, N, §)}.

> We first prove that

R(f,N,8)<%+Z|S(a)‘+1. (5.10)
a<lA

Each integer of S(f, N, §), except the largest one, has a successive element and
then lies in only one subset S(a), so that

R(LN.O =Y [S@|+1=Y |S@]+ > [S@]|+1

a=1 a<A a>A

with A € Rsatisfying l <A< N.Nowif S(f, N,8) ={n; <ny <---<ng}and
if we set

dy=ny—ny, dy=n3—ny,...,dg_1 =ng —ng_q

then, for all a € N, |S(a)| is the number of indexes j € {1,...,k — 1} such that
dj = a and thus

]

k—1 k—1
Za|$(a)| =Zdj =Z(nj+1 —nj)=ng—ng <N
j=1 j=1

a=1
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since ny < 2N and n; > N. Therefore

o0

N=Y alS@|=) alS@)|>A> |S@)|

a=1 a>A a>A

which implies (5.10).
> Now let n € S(a). Then n and n 4 a are consecutive in S(f, N, §), so that

|Aafm)| = fn+a)— fFo)| <[ fo+a)]+ ]| fo] <28
and hence n € S(A, f, N, 28), which gives
|S(@)| <R(Aaf. N,26).
Inserting this bound in (5.10) gives the asserted result. U

Let f € S>. By the mean-value theorem, we have |[(A, f) (x)| < aly. We may
apply Theorem 5.6 to A, f and use the previous lemma to go back to f. These ideas
provide the following criterion.

Theorem 5.8 (Second derivative test) Let f € C 2[N, 2N] such that there exist Ay >
0 and c3 > 1 such that, for all x € [N, 2N], we have

M < 0] <t (5.11)
and
Nix=cy ' (5.12)
Then
R(f, N, 8) < 6{(Ben) PNAY? + (12¢2) 2 Ns'/% 1),
In practice, one may use this result in the following way. If
|f ()| <22 and Niy>1

then

R(f,N,8) < N2 + N§'/2 1.

Proof If 22 > (3c2)™", then 3¢2)'/ANA)? > N + 1= R(f, N, 8) by (5.6). Sim-
ilarly, if 8 > (12¢2)7 ', then (12¢2)!/2N§Y/? +1 > N + 1. Henceforth we assume
that

0<i<@Bc)™! and 0<68<(12c)7 L. (5.13)
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Let Ae Rsuchthatl <A< N.Forallx €[ N,2N]andalla € [1, A]NZ such that
X 4+ a € [N, 2N], the mean-value theorem gives

Ao ()= f'(x+a)— f'x)=af"®)

for some ¢ € ]x, x 4+ a[. Since ]x, x + a[< [N, 2N], (5.11) implies that, for all x €
[N,2N]and all a € [1, A]NZ such that x +a € [N,2N], we have

ary <|(Aa ) (0)| < c2aka.

Therefore, using Lemma 5.7 and Theorem 5.6 we get

N 48
RUfN.8) < -+ > <2czNaA2 +8c2N8 + —— -+ 1) +1
a<A

and (5.12) implies that 1 < coNai; and
4c;N8 > 464, ' = 48(arn) ™!

forall a > 1, so that

R(f,N,8) < — N Y (BeaNany +12,N8) + 1

A
a<A
N
X 302A NXy+ 12coNAS + 1.

Now Lemma 5.5 implies that
R(f, N,8) <3N{(Bcar2)'? +3caka + (12028)' /% 4+ 12¢28} 4 6
and the proof is achieved with the use of (5.13). g

Example 5.9 We use Lemma 5.3 with A =2x!/% and B = x!/3. By (5.5), we have
A > 2y'/? and hence

Z Mz()—@+0{R1(2x1/4 x'3)logx + Ry(x'/?) logx + x4},

x<n<x+y

The condition (5.12) is satisfied by the two functions in their respective ranges of
summation, and Theorem 5.8 gives

1/4 _1/3 —-1\1/3 1/2 1/4
Ry(2x'/%, x )<<2x1/41i112\1]x<x1/3((xN )Ty ) <x

Rz(x1/3) & ma)& ((Nx)l/6+yl/2(N2 —1)1/4) <<x2/9+y1/2
NL2xl/
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and thus

Z pa(n) = % + 0 (x"*logx).

x<n<x+y

Thus there exists a constant ¢g > 0 such that, if cox!/* logx <y < x1/2/4, the in-
terval ]x, x + y] contains a squarefree number.

5.2.3 The kth Derivative Test

We now intend to generalize the results of the previous sections. To this end, we
need a generalization of the mean-value theorem. The first idea is to use the Taylor—
Lagrange formula which generalizes Theorem 1.12 (ii) by providing more terms if
f has higher derivatives. This was done by Konyagin in [Kon98] where the author
also used properties of lattices. In what follows, we rather focus on a generalization
of the mean-value theorem in the number of points that a function may interpolate.
Thus, the divided differences are the main tools in this section.
We first start with a very easy lemma.

Lemma 5.10 Letn=x+y € Z with x,y € R such that |y| < |x|. Then |x| > %

Proof Since |y| < |x|, we have n # 0 and hence 1 < |n| < |x| + |y| < 2|x]| as as-
serted. 0

We are now in a position to show the main result of this section.

Theorem 5.11 Let k > 1 be an integer and f € Ck[N, 2N] such that there exist
M > 0 and ¢, > 1 such that, for all x € [N,2N], we have

e < | P @ < e (5.14)
Assume also that
k+ 1! < Ag. (5.15)

2
Ifay =2k Q) T, then

R(f,N,8) < akNA,@ + 4k.
As usual, this result is mostly used in the following form. If
|f(k)(x)| =M and <K Ag
then

2
R(f, N,8) < N, +1.
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Proof If Ay > 1, then

2
axN Y +1>N+12>R(f,N,8)

so that we may suppose that Ay < % We generalize the proof of Theorem 5.6 in the
following way. Take k + 1 consecutive points n <n+aj <n+ax <---<n+ag
in S(f, N, 8) and we will prove that

2
ar = 2ka; 'a, . (5.16)
Assume first that (5.16) is true. Taking each (k + 1)th element of S(f, N, §), we

may construct a subset 7 of S(f, N, §) such that any two distinct elements of T

__2
differ by more than dy = 2k ;' 2, "**" and therefore

R(f,N,8) < (k+1D(T|+1) <2k<dﬁ +2>
I

giving the asserted result.

The rest of the text is devoted to the proof of (5.16).

By definition, there exist integers my, ..., m; and real numbers Jy, ..., d; such
that

f(n+aj):mj+8.,~

with ap =0 and |§;| < 6 for all j € {0, ..., k}. Using (1.4), there exists t € |n,n +
ar[ such that

k
mj+4; zf(k)(t)

=0 Hogigk,i;ﬁj (aj —ai) k!

(5.17)

and by (1.3) and what follows, if P = by X* + - .- + by is the Lagrange polynomial
interpolating the points (n +aj, m;), then we have

k
id A

by = (5.18)

iz0 [Moickizj@j—ai)  Dx

for some Ay € Z and where Dj, = H0<i<j<k(aj —a;i) > 0. Hence by (5.17) we get

k
_ P 5
K j=0 [o<i<k.izj(@j — ai)

k

and then

k 5]‘

k! Ay = k! Dy by = Dy f 0 (1) — k! Dy
20 Hogigk,i;éj (aj —ai)

=x+Yy.
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Now the condition |§;| < 6 implies

k
1
bl<kDis) < (k+ DI Des
Jj=0 H0<i<k,i¢j laj — a;l

where we used the fact that |a; — a;| > 1 for all i # j, and using (5.14) and (5.15)
we get
|yl < Didi < Di| f O 0] = [x].

k(k+1)
Lemma 5.10 gives |x| > % and the bounds D <@, * and (5.14) imply

k(k+1 k(k4+1)

% <Di|fPW|<a, T = %((Zk)ilakak) :

which implies (5.16), concluding the proof. U

This result does generalize Theorem 5.6, but the proof highlights the following
weakness. The lower bound |a; — a;| > 1 may probably be improved in many spe-
cial cases. This would enable us to decrease the upper bound for |y| and then to
have a condition less restrictive than (5.15). For instance, in the squarefree number
problem, (5.15) requires to estimate R; and R, of Lemma 5.3 in the range

1<x>1/3
N<-|-
8\y

which does not allow us to cover all the range of summation.

5.3 The Theorem of Huxley and Sargos

By the remark above, establishing a kth derivative criterion free from condition
(5.15) arises naturally. This was done by Huxley and Sargos in [HS95] who proved
the important result we shall see in this section. This turns out to be rather difficult,
and several tools are needed in the proof. We first state the main result and then
provide the proof in several steps. We shall essentially follow the line of [HS95],
but our exposition may differ in certain minor points.>

Theorem 5.12 (Huxley—Sargos) Let k > 3 be an integer and f € CX[N,2N] such
that there exist Ay > 0 and ci > 1 such that, for all x € [N, 2N], we have

e <[P < e (5.19)

2For instance, the authors did not make use of Gorny’s inequality but proved a Landau—Hadamard—
Kolmogorov like result similar to (5.20) using divided differences.
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Let § be a real number satisfying (5.4). Then
2 N S 1/k
R(f, N, 8) <axNA ™" + B NSFETD 4 83 (A—) +2k%(5¢% + 1)
k

where
_2 _2
ax =220 and B =4k* (53¢ +1).

As for the previous results, this inequality is used as
2 s 5\ /K
R(fN,8) < NASED 4 Nswoen 4 (7) o
k

under the sole hypothesis (5.19), where the implied constants depend only on k
and cg.
We shall make use of the following additional notation

Cs={(x,y) e[N.2NI xR: |y — f(x)| <8}

5.3.1 Preparatory Lemmas

The first tool is an easy enumeration principle.

Lemma 5.13 Let S be a finite set of integers with length < N. If one can recover S
by pairwise distinct intervals T and if L(I) is the length of L, then

ISNZ]|
L(T)

|S|<Nmax< >+2max|SﬂI|.
T A

Proof Let Z,...,Zj be such a covering of S where we suppose that h # j —
IyNZj=and,if 2< j < J —1,thenZ; C §. We have

J—1
IS] < |szj|=Z{L(Ij)x
j=1 j=2

|Sij|}+|SﬂI |+ 1SNZ)|
E— 1 J
L(Z;)

Nabr=
< max Y L@Zj)+2 max SN
1<j<I\ L(Zj) P 1<j<J

ISNZ;|
< N max +2 max [SNZj|
INAANR A¢5); J

I1<j<

where in the last inequality we used the fact that the intervals are pairwise distinct. [
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The next tool belongs to a certain class of inequalities, called the Landau—
Hadamard—Kolmogorov inequalities. In 1913, E. Landau proved that, if I is an
interval with length > 2 and f € C 2(I) satisfies the conditions |f(x)] <1 and
| f”(x)] <1 on I, then |f'(x)| <2 and the constant 2 is the best possible. This
was generalized by Hadamard who showed that, if a € R and L > 0, then

/ 2 L ”
sup |f'@|< T sup [fOOl+5 0 sup 7).
a<x<a+L L a<x<a+L 2 a<x<a+L

The generalization to higher orders of derivative was established by several math-
ematicians. In 1930, L. Neder proved that, if a e R, L > 0 and f € CHa,a+ L],
then, for all j € {1,...,k — 1}, we have

4 (2k)% »
sup [ fPW[ <= s @[+ sup O] (5.20)
a<x<a+L a<x<a+L a<x<a+L

This result would be sufficient for our proof of Theorem 5.12 but, for the sake of
completeness, we mention the following improvement due to Gorny [Gor39].

Lemma 5.14 (Gorny) Let k > 2 be an integer,a € R, L > 0 and f € Ck[a, a+ L]
such that, for all x € [a,a + L], we have

lf| <My and | f® )| < My

with My < 0o and My, < oo. Then, forall x € [a,a+ Lland j € {1, ...,k — 1}, we
have

| FD )| < 4(e2k/j) My~ {max(My, k! MoL=*) /¥
In practice, we will use this result in the following form.
| £ D @) < deCek /i) (KT ML= + eI~ my ™ * m] 't (5.21)

Let us finally mention the following elegant version of Kolmogorov’s inequality
which can be found in [Man52, Théoréeme 6.3.11I].

Let f € CKR) such that My = sup,cp I f(x)| < oo and My =
SUP, <R |f(k)(x)| < 00. Then, forall j €{0,...,k} and all x € R, we have

j 1—j/kyrj/k
[FP@)| < 2my ™ M

To end this section, we shall need the next technical tool to calculate the implied
constants appearing in Theorem 5.12.

Lemma 5.15 Let k > 3 be an integer and a > e(k — 1) be a real number. Then

k—l(a>2j 5 (a>2k—2
E - <6‘ k|l — .
Jj k

Jj=1
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Proof Since a > e(k — 1), the function x — (a/x)zx is increasing as soon as 1 <
x <k —1 and then

k—1

a\% a \2%2
¥ (5) <e-o(c5)

j=1

and we conclude the proof with

k—1 a  k\*? 1
Tx<k—1 X;) =exp{(2k—3)log<l+m>}

2k -3 5
see\or)s¢

as asserted. O

5.3.2 Major Arcs

In this section, we take the notation above. Besides, we recall that | x] is the nearest
integer to x.

Definition 5.16

1. A major arc associated to f*® is a maximal set A = {n1,...,n;} of consec-
utive points of S(f, N,§), where J > k + 1 is an integer, such that, for all
jef{l,..., J}, we have

Lf(np)]=Pn))
where P € Q[X] is the Lagrange polynomial of degree < k interpolating the
points (n;, | f(n;)1). The equation y = P (x) is called the equation of A. We set
Cp the curve with equation y = P(x).
2. Let g be the smallest positive integer such that P € %Z[X 1. Then ¢ is called the
denominator of A.

The first result gives a bound for the number of connected components of the set
Cs NCp.

Lemma 5.17 The set Cs N\ Cp has at most k connected components.

Proof Let f € CK(R) be the function defined by f(x) = f(x) for x € [N, 2N],
FO@) = fFON)ifx <Nand fO @)= F®@QN)if x > 2N, so that

| FO )] = e

for all x € R. Similarly, the set Cs is the analogue of Cs for the function f
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Since the behaviors of f and P at infinity are different, the set @:g NCp is
bounded, and hence each connected component of this set, not reduced to a sin-
gleton, has two extremities satisfying P(x) = f(x) £ 6.

Now assume that there exist k + 1 connected components of 53 N Cp, not re-
duced to a singleton. Then the equation P(x) = f(x) + 8, say, has k + 1 solutions
oo < --- < o. Since the polynomials P(X) and P(X) — & have the same leading
coefficient, we get by (1.4)

POy a P(a;)

k! s [Mocickizj(ej —ai)

B 2": P(aj)— 8
= I

<i<k,izj (@) — i)

k

CH [P £0
= Mosiskizj(@) — @) k!
for some 1, t2 € g, k[, giving a contradiction. Il

This result leads to the following slight refinement of Definition 5.16.
Definition 5.18 Among the connected components of the set Cs N Cp, choose the

one having the largest number of points (nj;, |f(np4;)1) for all j € {1,...,1}
with [ > k. Then the set

A={npt1,..., 0541}

is called a proper major arc extracted from A. The length of A is the number
L=npt; —npy1.

For convenience, we introduce the following numbers

2
ar =36¢72k (2¢) c; and by =20¢ k2T (5.22)

so that By = by + 4k2.
The next result summarizes the basic properties of the major arcs.

Lemma 5.19 Let A be a major arc associated to f® and A be the proper major
arc taken from A with denominator q, length L and equation y = P (x).

5\ /K
Lng(—) .
Ak

(i) We have
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(i) We have

J— 2
|A| <2kLg FT.

(iii) If g < (ar8)~", then the distance d between each point of S(f, N, 8) \ A and
A satisfies

d> L(akqé)_l/k
where ay is defined in (5.22).

Proof

@) SetA={ny,...,np+L} and define g(x) = f(x)— P(x).Leta; =np+jL/k
for j € {0,..., k}. Using (1.4) we get

@ ghay & g(a))
K & = ]

- <f)ki 8(e;)
L) 3 [o<ickizjG—1

for some ¢ € Jag, ok [ and taking account of the bound |g(e;)| < § and (5.19),
we obtain

A k\F & 1 5 (K\NES 7K\ 268 [k \F
k! L) Zk—pt— k\z) Z\j) " e \L

which gives the required bound. .
(ii)) Let n; < --- < ng be k points lying in .A. By the Lagrange interpolation for-
mula of Remark 1.13, we have

k [k '
Px)= Z(H x.— nl.)P(n./)

j=1 B

o T
i#]

k(k—1
v

.. )
and hence ¢ divides H1<i<j<k(nj —nj) < (ng —ny) so that

2
L=ng—ny=qt®h

implying the asserted estimate.

(iii) Take n € S(f, N,d) \ A and ng € A. Without loss of generality, one may as-
sume that n > ng and set d =n —ng and m = | f(n)]. Since m # P(n), we
have

1
> —+25

1
P(n) —m| >~
[P =i 9 3q
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since g < (ax8)~!' < (38)"! and thus, taking up again the function g(x) =
f(x) — P(x) defined in (i), we get

lg(n) — g(no)| = |gm)| — |gno)| = |g(m)| — &

=|P(n)— f(n)| =3¢
>|P(n)—m|—|f(n)—m| -8
51 P 5—1
/§+ —d-b=

On the other hand, the Taylor—Lagrange formula yields

k—1 ) dj . dk
g(n) — g(ng) =y  g¥ ()= +eP 0
p . !

for some ¢ € Jng, n[ and hence, using (5.19) and (5.21) applied to the function
g with Mo =§ and My = cx Ay, we get

k—1 i ik
ke\’ d/ : o -1 f Crhk il Ck)»kdk
|g(n)—g(n0)|<4e82(7> F{k]“L I+ e’ 1(—) }-I—
j=1

) k!

and using (i) in the form

MK 2k
_ < -
5 L

along with the easy inequality j! > e(j/e)/ gives

k=1 ke jl . Dk . .
|g(n)—g(n0)| <4e82<—') 7{ J+1+C]{/ e—l(zek)]}(dL—l)J
- Jj Jj!
j=1
k) ey 8 d*
k! Lk
L ke \% ; .
<48(dL~" + (@) Z<7> {k+c)/* e 2e)/)
j=1
+ (Ze)ke_lck(S(dL_l)k
k=l ke\ %
<48(dL™" + (ALY T (k 4+ 2t ek ) Z(7>

j=1

+Qe)e cps(aL™")
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ke
< 220 (L + (aL ) Z(_,>
—\ J

~

+ Qo) e s(aL™")*
where we used ¢ 25~ 1ek=2 > 25=1¢k=2 > k. Now Lemma 5.15 implies that
|g(n) — g(no)| < 4e 2k (26%) cx 8(aL™" + (L))
+ Qo) o 8(aL™")*
=9 'a 8(dL" + (dL 7T + o) e s(dL)
<97 lap 8(dL™" + (LN + (a7,
Combining with the above inequality, we then get
g7 <37 s(dL" + (a7 4 (@)
s0 that
1 <argsmax(dL™", (aL™")"", (@L™")")
and hence
d > Lmin{(arg8)~", (axqg8) 77, (axgd)"/*)
and the inequality (¢8) ' > ay implies the statement of the lemma.

The proof is complete. O

We are now in a position to estimate the contribution of the points coming from
the major arcs.

Lemma 5.20 Let Ry be the contribution of the points coming from the major arcs
associated to f(k) to the number R(f, N, ). Then

1/k

_2 é

Ry < by NSF&E-T 4 8k3 (A—) +103K?
k

where by is defined in (5.22).

Proof Let My be the set of major arcs and Qf > 0 be the real number defined by
O = ()™

where ay, is given in (5.22).
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Write My = M| U M, where M is the set of major arcs with denomina-
tor > Qr and My = Mo\ M. Fori € {1,2}, let

U A and Ri=|Sil.
AEM,‘

Using Lemma 5.17, we infer that Ry < k(R + R»).

> Estimate of R;. Take 2k — 1 consecutive points of S;. One may take k consecu-
tive points n1, ..., ny from the same proper major arc w1th denommator q > Ok.

As in Lemma 5.19 (ii), we deduce that ny —n; > ¢ k<’< D > Qk(A Y so that

__2 2 2
Ri <2k(NQ, "V +1) <106’k (N (ck8) FF1 + 1) = by (2k) ' N§F&T + 10e’k.

> Estimate of R,. Without loss of generality, we may assume that Qy > 1, other-
wise S) = @. Let Ay, ..., A be the ordered sequence of proper major arcs with
denominator g; < Q. For each proper major arc A j»wesetn; and L its first
point and length, and define

dj=Lj(arg;8)"/*

andZ; =[nj,n;+d;]. We claim that Z; contains A ; and does not contain A -
Indged, observe that:
> A; is lying in an interval of length L ; and since g; < Qk, we have

dj > Lij(a o) =1L

so that Z; contains A -
> Assume that there exists an element of ZjH belonging to Z;. Then the

distance d between this element and Zj satisfies d < d;, contradicting

Lemma 5.19 (iii).
Therefore the intervals Z; are pairwise distinct, and using Lemma 5.13 with § =
S> we get

Ry < N max lA—" + 2 max |71j|.
i od; J

Now by Lemma 5.19 (ii) and the choice of d;, we have

2

<2kLiq.

j4; k(k 1) L_l(akQJ(S)l/ _2k(ak5)l/k /((k 1)

&]

and since g; < Q = (ax8)~! and k > 3, we obtain

ty

| < 2@ 8) T < 1063 k(cka)k<k ) —bk(zk)*lauk )

3\
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for j € {1,..., J}, and therefore

5\
Ry < br(2k)"'NSTET 4 dkmax L; < by (2k)" ' NSTED + Skz(k—)
J k

by Lemma 5.19 (i) and (ii). The proof is complete. O

5.3.3 The Proof of Theorem 5.12

We first need to estimate the contribution of the points of S(f, N, §) which do not
come from major arcs. The proof of the next result, which provides such an estimate,
is similar to that of Theorem 5.11.

Lemma 5.21 Let N <ng <--- <np <2N be k + 1 points of S(f, N, 8) which do
not lie on the same algebraic curve of degree < k. Then

. _i —1 _i
ng —no > mln((ckkk) KE+D 2718 k(k—l))_

Proof As in the proof of Theorem 5.11, there exist integers my, ..., my and real
numbers Jy, .. ., 8¢ such that

fnj)=mj+3;

with |[§;] < d forall j € {0, ..., k}. We take up again the number

Dy = l—[ (nj —np) >0

0<h<i<k

and if P = by X* + --- + by is the Lagrange polynomial interpolating the points
(nj,mj), then we have
k

m;j A
by = / -

20 Hogigk,i;&j (nj—ni) Dy

where Ay € Z is analogous to the number in (5.18). Reasoning exactly in the same
way as in the proof of Theorem 5.11, we get

8;

¢j(”j—”li)'

k
k!'Ax = Dy f©t) — k! Dy Z
=0 nogigk,i

Now since the points (7, m ;) do not all lie on the same algebraic curve of degree
< k, we have by # 0 and hence |Ay| > 1, and using |§;| < 6 and (5.19) we get
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k

1
k! <Kk!Ag| < cpry Dy + k!S5 Dy,

=0 Hogigk,igéj Inj —nil

k
=cihi Dy + K8 Z ]_[ (n; —np)
j=0 0<h<i<k
h#j,i#j
(k+
2

kGt D) kk=1)
< e (ng — no) + (k+ 1D!6 (ng —no)

implying that

2 2

k! ﬁ 2 _ _
ng —no > min((E) (ckr) FED | (2k 4+2) & § k(kl))

which is slightly better than the asserted lower bound. 0
We are now in a position to prove our main result.

Proof of Theorem 5.12 Let Sy be the set of the points of S(f, N, §) coming from
the major arcs and 7o = S(f, N, 8) \ So. By Lemma 5.20, we have

N S 1/k
|Sol = Ry < by NSF&T + 8k3(k—> +10e3k?
k

where by is givenin (5.22). Now let G = {no, ..., n;2} be a set of k% +1 consecutive
ordered points of Tp. Since G is not contained in any major arc, one may find an
integer j € {k, ..., kz} such that the j + 1 points (n;, m;) do not lie on the same
algebraic curve of degree < k. By Lemma 5.21, we have
2 2
N2 —ny=nj—ngz=ng —no> min((ckkk)_k<k+'>, 2_18_k<k—1))
implying that
5 2 2
| Tol < 2k (N (chie) T 4 2NSFED 4 1)
and we conclude the proof using R(f, N, ) < |To| + |Sol. O

5.3.4 Application

We return to the squarefree number problem and intend to use Theorem 5.12 in
order to bound the sum S,. To this end, suppose first that y < x*? and we use
Lemma 5.3 with A = 2x%/% and B = x!/3. We take up again the estimate of Ry(x'/?)
we obtained in Example 5.9, namely

Rz(xl/S) < x20 4 yx29
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Furthermore, we use Huxley—Sargos’s result with k = 3 for R (2x2/ 9, xl/3 ) which
gives

2/9 _1/3 1/6 1/3 —-1\1/3
Ri(2x*°, x )<<2x2/9313>;x|/3{(1vx> + NP+ Nyt

< x4 X013,

Thus, if y < x!/3, we get

Y mm= % + 0(x*” logx)

x<n<x+y

so that there exists a constant c¢g > O such that, if cox2/9 logx <y < x1/2/4, the
interval ]x, x 4 y] contains a squarefree number.

5.3.5 Refinements

The refinements of Theorem 5.12 have been made in several directions.

» First, it has been shown that this result also holds for k =2 (see [BS94, HS95]).
Furthermore, subject to an additional hypothesis which is satisfied by most of
the functions arising in the usual problems, one can prove the following result
[BS94].

Theorem 5.22 (Branton—Sargos) Let f € C 2[N ,2N] such that there exist A1 > 0
and Ay > 0 such that, for all x € [N, 2N], we have

|f'@)| <A1 and | f"(x)] < rs.

Then

1/3 s\'/?% s
R(f,N,5)<<NA2‘+N5+)L1<A_) + 24
2

2
» In Theorem 5.12, NA ,f“‘*” is the main term, also sometimes called the smooth-
ness term, and the others are the secondary terms. It is very difficult to improve
on the main term, and the quantity (Skk_l)l/ kis quasi-optimal. Thus, one may

wonder whether the term N Sﬁ may be improved, since, when § is small, it
increases rapidly as k grows. In [HS06], the authors dealt with this problem. By
generalizing the method of [BS94], using a k-dimensional version of the reduc-
tion principle (Lemma 5.7) and a new divisibility relation on the divided dif-
ferences discovered by Filaseta and Trifonov [FT96], they proved the following
result.



276 5 Integer Points Close to Smooth Curves

Theorem 5.23 (Huxley—Sargos) Let k > 3 be an integer and f € C k[N ,2N] such
that there exist Ag—1 > 0 and Ay > 0 such that, for all x € [N, 2N], we have

|f(k_1)(x)’ = A—1, |f(k)(x)} <Ak and A1 = NAi. (5.23)

Then the following upper bounds hold.

(i) Forall k > 3, we have

2

1
. 2 2 ) —1
R(f.N. &) < N + NSTDED + N (Sh—1) =2 + (T) i
k—1

(i) For k =3, we have

5\ 1/2
R(f.N.5) <<Nk§/6+N52/3+N(83A3)””+(7) +1.
2

(iii) Forall k > 4 and ¢ > 0, we have

_2 2 4
RS, N, 8) < (N2 4 N (8hym)) k2 + N§P-seis
e
21y -1\ | vE § \&T
+ N(5 N )\.k_l)k *3’<+4}N + K + 1.
(iv) Forall k > 5, we have

1

2 > 8 =1
R(f, N, 8) < NATED 4 N§TTE 4 (T) 1
k—1

» It can easily be seen that Theorem 5.11 is a simple consequence of Theorem 5.12,
since the conditions § <« Ay < 1 imply that the main term dominates all the
others. The purpose of the next result is to provide an estimate analogous to that
of Theorem 5.11 but with a hypothesis more flexible than (5.15).

Proposition 5.24 Let f € C°°[N,2N] such that there exists T > 1 such that, for
all x e [N,2N] and all j € Z>, we have

, T
|FP )] = ~7 (5.24)
and
NS<T <5 . (5.25)

Then, for all k > 1, we have

R(f, N, 8) < TFm NI
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Note that, using (5.24), Huxley—Sargos’s result may be stated as

1/k

2 — 2
R(f.N.8) < TFET NIT + N6F + N(sT~Y) (5.26)

2
for all k > 2 and note that the term N (87 ~1)/* is dominated by the term N§k&=D ag
soon as k > 3. Hence Proposition 5.24 shows that the conditions (5.25) are sufficient
to remove this term.

Proof We use induction, the case k = 1 being clearly true by Theorem 5.6 in which
the conditions (5.25) enable us to eliminate the secondary terms. Now suppose that
the result is true for some k > 1. By induction hypothesis and (5.26) used with k + 1
instead of k, we get

2 -
R(f. N, 8) < min(E, TT&0 Ni51)

where

2 Tk 2 _ 1
E = max(T D&+ N2, NSkE+D | N(ST 1)"“) =max(ey, ez, €3)

say. The result follows at once if E = e;. The cases E = e and E = e3 are treated
using the following inequality for means: if x, y > 0 and 0 < a < 1, then
min(x, y) < x4y

> Case E = e>. We choose a = ﬁ which gives

_2 k=l 2 k 2 2 k
min(ez, T F&+T) Nm) L TTENED N k2 (T8 Rt L T TDED N k2

by (5.25).
> Case E = e3. We choose a = ﬁ which gives

2 k=1 2 k 2 2 k
min(e3, T F&FD N k1) < T TDE) N k2 (N8T—1) ®NEFD T ®TFHEFD N F+2
by (5.25). The proof is complete. 0

Example 5.25 We return to the squarefree number problem. Taking account of
(5.25) we get if y < x1/3

R(X N y>+ R(/XN Y ><< S
max —, N, — max — N, —— X 3kk
) A<N<xl3 T \n? N? y<N<2x1/3 n JNx

for all k > 3. With k = 3 we get the bound < x%/°.

» The main term in the case k =2 was improved by Huxley [Hux96], Huxley and
Trifonov [HT96] and then Trifonov [Tri02], who extended an earlier work by
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Swinnerton-Dyer that we will see in Sect. 5.4. The basic idea in this method
is that the integer points close to the curve form a convex polygonal line. The
Dirichlet pigeon-hole principle is then applied to the determinant formed with the
coordinates of consecutive vertices. For an exhaustive exposition of Swinnerton-
Dyer’s method, the reader may refer to [Hux96]. We provide below one of the
many versions of the theorem proved by the author (see [Hux99]).

Theorem 5.26 (Huxley) Let f € C 3[N , 2N] such that there exist C > 1,0 < Ay <
C'and A3 > 0 such that, for all x € [N,2N], we have

C'm /@] <Cr, <) <Chs and 2 =Nirs. (5.27)

Then

3/10

R(f, N, 8) <{NY1%; s

4/5 3/851/8 7/841/4¢1/8
+ N¥50° 4+ Ny P81 4 N8
The implied constant depends only on C.

Example 5.27 Assume y < x%/°.

> Theorem 5.26 implies for all N > 2x 1/ that

X
(logN)_2/5R<ﬁ,N, %) < (xN_1)3/1O+x1/5+(x3yN_6)1/8+(xy)1/7

1/5 1/2

+ (xy*N7T3) P+ yNT N (yx ")

so that

X y 3/14 2/5
max —,N, = | <Kx log x .
X271 <N<x /3 (n2 N2) (logx)

Furthermore, using Theorem 5.23 (ii) we get

d M 1/6 2a7—1\1/3 3an\1/12 —1\1/2
R(n—z,N,m)«(Nx)/ £ AN ) 4 (P N) 2 N ()
so that
max R(%,N, Lz) < x4
4y<N<x2T \n N
Therefore
max R(%N 12) < X3 (log x)2/5. (5.28)
4/y<N<x1/3 n N
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> Theorem 5.26 implies for all N > 3x1/2 that

X

v Nx
+ (.Xy)l/g + (xy2N3)1/16 + (N3y)1/7
+ (x71y4N3)1/10 + N()})Fl)]/2
so that
X M 1/5 2/5
max R, — N,— | < x'/°(logx)
3x1/5<N8x1/3 (\/; \/N)C) g
since y < x2/5, Furthermore, using the trivial estimate (5.6) we have
X y 1/5
max R(./ —,N, <Lx'.
N<3x1/5 (\/; \/Nx>
Therefore
max R(ﬁ N, L) < x5 (logx)2/5. (5.29)
N<8x1/3 n v Nx

Using Lemma 5.3 with A =4,/y and B = x!/3, we then get assuming y < x?/3

Yo wam =+ 0 M dog0)P).

x<n<x+y

We infer that there exists a constant ¢y > 0 such that, if cox>/*(logx)"? <y <
x1/2 /4, the interval ]x, x + y] contains a squarefree number.

A slight improvement of this estimate can be obtained via the following result
due to Trifonov [Tri02].

Theorem 5.28 (Trifonov) Let f € C3[N ,2N] such that there exist C > 1,0 < Ap <
1 and A3 > 0 such that, for all x € [N, 2N], we have

C <" @) < Chay CT ()| <Chs and 2o =Niz (5.30)
and
Nix>1 and N&*<C™\. (5.31)
Then, for all ¢ > 0, we have

R(f,N,8) < {N43/54A3/27 +N4/5A§/25 +N9/1054/15 ~|—N12/1384/13
+ N0 £ Nag + N(28) /4 NE 4+ 22(N8)*2,

The implied constant depends only on C and ¢.
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Example 5.29 We apply this result to the function f : u —> x/u? of the squarefree
number problem. First, the conditions (5.31) are fulfilled as soon as

max(xl/4,4y2/3) <N K 271X 173,

We assume then that y < 8 'x%/® and use Lemma 5.3 with A = 4,/y and B =
27 1x1/3, We split the range of R; into three parts.

> For4,/y < N <x'3* we use Theorem 5.23 (iii) with k = 4 giving

d Yy 1/5 —1\1/4
R(H—Z,N, F) <2 VONS 4 )7 (NY?)'P 4+ N (2

—I—N(y)fl)l/3

and hence

max R LN, —= | < /%
4ﬁ<N§xl3/48 ( 2 N2> <

as long as y < g~ 153/8,

> For x13/% <« N < x*/136 e use Theorem 5.28 giving for all ¢ > 0

R( N, W) < {N11/54x4/27+(Nx)4/25+N“/30y4/15+(Ny)4/13

2/7 1/2

+ (N YT N+ (xyN_2)1/4}N5 +x(y’NB)

and hence

max RSN ) < S1/2124e
x13/48 < N x41/136 n?
as long as y < x101/272,

> For xH/136 - N <27 'x1/3, we use Theorem 5.26 giving as in Example 5.27
. 57/272 2/5
/N <! /SR(nZ,N N2> < X772 (logx)

aslongas y < x127/272

Hence we get for all ¢ > 0

max R( ,N, —) & xJ1/272He (5.32)
4 /y<NL271x1/3 n?

and taking account of (5.29) and Lemma 5.3, we infer that

— Y Lo/
> ) é_(2)+ (x )

x<n<x+y
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if y < x101/272 Hence there exists a constant co > 0 such that, if cox57/ M2te < y <
x1/2 /4, the interval ]x, x + y] contains a squarefree number.

5.4 Further Developments

5.4.1 The Method of Filaseta and Trifonov—Introduction

The exponent % ~ (0.209558... obtained in Example 5.29 is a very good result
which is not attainable by current exponential sum results (see Chap. 6). The bound
(5.29) shows that any improvement must come from estimates of integer points
close to the curve of the function f : u —> x/u”. Using divided differences and the
polynomial identity (5.34) which takes the particular structure of f into account, we
will prove the following theorem, due to Filaseta and Trifonov [FT92, FT96], which
supersedes each previous result.

Theorem 5.30 (Filaseta—Trifonov) Let x > 1 and § satisfying (5.4) be real numbers
and N be an integer such that 4 < N < xY2, Assume that there exists a small real
number co > 0 such that

NS < cp. (5.33)

Then for x sufficiently large
R(% N,8> < x4 x BN,
n

The authors combined the divided difference techniques with the following iden-
tity

(X+Y)’P(X,Y)—X?0(X,Y)=Y3 (5.34)

where P, Q € Z[X, Y] are the homogeneous polynomials in two variables defined
by

P(X,Y)=—-2X+Y and Q(X,Y)=—2X —3Y. (5.35)

Note that the identity (5.34) has to be used with Y being small compared to X.

In what follows, x, § and N are as stated in Theorem 5.30 and f is the func-
tion supported on [N, 2N and defined by f (1) = x/u?. The constant co appearing
in (5.33) is sufficiently small, say cp < 600~!'. When 7 is an interval of R, the
notation |Z| always means |Z N Z|. Finally, one may assume that (5.33) is always
satisfied.

The next tool is similar to Lemma 5.10 and the proof, which is left to the reader,
is analogous.
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Lemma 5.31 Letn=x+y € Zwithx,y € R. Then

() If1x| > % and |y| < §, then n #0.
(i) If |x| < 3 and |y| < %, then n = 0.

5.4.2 The Method of Filaseta and Trifonov—The Basic Result

The first step in Filaseta—Trifonov’s method is the following construction of a subset
of S(f, N, 8) in which the elements are not too close to each other.

Lemma 5.32 There exists a subset T of S(f, N, ) satisfying the following two
properties.

@) R(fiN, & <4(T|+ D).
(ii) Any two consecutive elements of T differ by > (2x)~'/3N*/3,

Proof If N < x'/4, then one may take T = S(f, N, §) because we have in this case
x"V3N43 < 1. Now suppose that N > x1/4 and let a,be N and n, n + a and
n + a + b be three consecutive elements of S(f, N, §) such that

1<a,b<2x) V3N,

We will show that there are only rwo possibilities for the choice of b. The result will
then follow by taking each 4th element of S(f, N, §).
By definition, there exist non-zero integers m; and real numbers §; such that

fn)=m + 461,
f(n+a)=my+d,
f(n4+a+b)=m3+ 83
with |§;| < 6 for i € {1,2,3}. In fact, each integer m; is positive since, for all u €

[N,2N], wehave f(u) > x/(4N?) > 1/4and § < coN~'. Also note that, by (5.34),
we get

xa3 xa3

1
f(”)P(nva)—f(n‘f‘a)Q(n’a):m<W<§-

On the other hand, we have
fMPm,a)— fn+a)Qm,a)=miP(n,a) —myQn,a)+¢
with
1

lel <8(|P(n,a)|+|Qn,a)|) <48(n +a) <8NS < 8c < 5
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Hence by Lemma 5.31, we obtain
miP(n,a) —myQn,a)=0. (5.36)
Similarly we also have
myP(n+a,b) —m3Q(n+a,b)=0,
miP(n,a+b)—m3Q(n,a+b)=0
and eliminating m3 we get
myP(n+a,b)Qn,a+b)—mP(n,a+b)Qn+a,b)=0
which gives
3b*(my — ma) + k1b + 262 =0 (5.37)
where
k1 =amy +3my) —4n(m; —my),
Ky = a®(my +3m2) —an(mi —Smy) — 2n°(my — my).

If my = my, then by (5.36) we have P(n,a) = Q(n,a) and then —2n +a = —2n —
3a, so that a = 0 which is impossible since a > 1. Therefore m| # m, and (5.37) is
a quadratic equation in b, concluding the proof. d

We deduce at once the following result.

Corollary 5.33 If N§ < co and 4 < N < x'/2, then
1/3
R(% N,8> < 10(1) .
n N
Furthermore, ifx2/5 <N <x'2, then

R(%,N,S) <1075,
n

Note that this result is equivalent to Proposition 5.24 used with £ = 2 except with
the condition N§ < 1 instead of (5.25).

5.4.3 The Method of Filaseta and Trifonov—Higher Divided
Differences

By Corollary 5.33, it is now sufficient to assume

2B LN < %23 (5.38)
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and we set

1/3

R=(27'"N*"1)" and A=2""3Nx"175,

By (5.38), we have R < A < N'/2. We take up again the subset 7 of Lemma 5.32
in which any two consecutive elements differ by > R. As in Lemma 5.7, we will
use the following subsets of T'. For a € |R, A] N Z, we define

T(a) ={n € N:n and n + a are consecutive in T'}.

By (5.10) we have
|T|<<E+ > |T@). (5.39)
A
R<a<A

The next tool will enable us to get an upper bound for |7 (a)|.
Lemma 5.34 Leta €R, A]NZ and T be a subinterval of [N, 2N] satisfying
17| <167 "N x~1a 3.

Then of each three consecutive elements in T (a) N Z, there are two consecutive
elements that differ by

>67! (ax)71/3N5/3.
Proof Letn, n + b and n 4+ b 4 d be three consecutive elements of 7 (a) N Z with

b,d € N. Hence the six integers n,n+a,n+b,n+a+b,n+b+d,n+a+b+d
are all lying in [N, 2N]. Since a > R, observe also that

N
17| <167 'Nx a2 <167 N xR 3 = 3
Consider the six integers my, ..., mg and real numbers 81, ..., 8¢ satisfying |§;| < §

and defined by

f(n) =my + 81,
f(n+a)=my+ 8,
fn+a+b)=m3+383,
f(n+b)=my + b4,
f+b+d)=ms+ s,
fn+a+b+d)=me+ 86

and we set F,(n) = —Ayf(n) = f(n) — f(n+a) and

Dy =dFy(n) — b+ d)Fs(n+b)+bF,(n+b+d).
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Observe that, with the notation of Remark 1.13, we have

D _
bd(b+d)

so that by (1.4) there exists a real number ¢ € |n,n + b 4+ d[C [N, 2N] such that

Filn,n+b,n+b+d]

bd(b+d) _, 3ax (2t + a) (2% + 2at + a?)
Di=———F'(t)=bd(b+d )
1 o w (@) b+d) At a)

Hence D > 0 and, since ¢, +a € [N, 2N], we get

3ax(2N 4+ a)(2N? + 2aN + a?) ax

Dy >bd(b+d) N >bd(b+d) 25NS

Recall that n + b and n + b 4 d are consecutive in T (a) N Z and hence min(b, d) >
a > R and then

Dy > (b+d) % = %
so that
b+d <50ND;. (5.40)
Now set
Ey=d(my —m2) — (b+d)(mg —m3) + b(ms —mg) € Z.
Using the definition of the integers m1, ..., mg and the function F,, we get

Ei =d(Fa(n) 481 —82) — (b+d)(Fa(n +b) + 84 — 83)
+b(Fa(n+b+d) + 85 — )
=dF,(n) — b+ d)F,(n+b)+bF,(n+b+d)+d(5 — 52)
— (b +d)(84 — 83) + b(35 — J6)
=D+ Ry
with |R1| <48(b + d). By (5.40) and using (5.33) with ¢g < 600!, we obtain

D
48(b +d) <200N8D; < ?‘

and therefore
|E1 — D] < Dy
3
which implies that E1 # 0. Since E| € Z, we infer that |E{| > 1 and since

4D,
|E1| < D1+ |R| < =
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we get

3
Dy > -.
4

One may obtain an upper bound for D in a similar way, sincea < A < N'/2 < N2
and t € [N, 2N] imply

3ax(4N + N/2)(8N? +2 x 2N?)
NS

Dy <bd(b+4d) :162bd(b+d)%.

Combining both these estimates we get
5

bd(b+d
b+ )>216ax

so that either b or d is > 6~ (ax)~V/3N>/3 as asserted. Il

5.4.4 The Method of Filaseta and Trifonov—Epilog

We are now in a position to prove Theorem 5.30. To this end, we pick up from
Lemma 5.34 the interval Z and the integers m1, ..., m4 and define

Ga(n) =P(n,a)f(n) — Qn,a)f(n+a),
Dy =—ApGo(n) =G4(n) — Go(n+ D),
Er=Pn,a)ym; — Q(n,a)my — P(n+b,a)ms+ Q(n+b,a)ms € Z.

As in the proof of Lemma 5.34, we have D; = E> 4+ R, and using (5.33) we have
again |Ry| <20N§ < % By (1.4), there exists a real number ¢ € [n, n 4 b[ such that

Dy=—bG, (1) =2axb(1 7t +a) >+ 13t +a)?).
Since t,t +a € [N,2N] we obtain as above
167 'ba’x N> < |Dy| < 4ba’x N7 (5.41)
and since b < |Z| < 167 'N>x a3, we get

1
Dy| < -
| D3| 2

By Lemma 5.31, we infer that E, = 0 which implies that |D;| = |R2| < 20N§ and
using (5.41) we get

b<<a3x N2 |Dy| < a3x" ' NOs.
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Thus, any two elements of 7' (a) NZ are lying in a sub-interval 7 of Z satisfying
T < a3x" N0,

Now by Lemma 5.34, of each three consecutive elements in 7' (@) N Z, there are two
consecutive elements that differ by > (ax)~V 3N5/3 5o that

IT(a)NT| < |71
(a

W —2/3¢ —8/3713/3
-IANST +1Kx 78a "N +1.

We saw that |Z| < N/8. Subdividing [N, 2N] into s = [N/(16 ' N >x"la=3)] + 1
distinct sub-intervals 71, ..., Z; with lengths < 167 NSx—1a=3, we get

N /3¢ —8/3 r/13/3
|T(a)|<<<m+l)(x P38a=8PNS 1)
< (xa3N_4+1)(x_2/36a_8/3N13/3+1)

L xa’N~™*+ (Nax)'/3s

where we used the fact that a > R = (2x)~'/3N*/3 implying that 1 < 2xa>N~*,in
the last inequality. Using (5.39) we obtain

ITI<NA™ '+ > (xa®N™* + (Nax)'35)
R<a<A

13

< NA™ +x(ANT) + (Na*x)' s

and the choice of A =213 Nx~1/5 gives
IT| < x>+ xV§N/3, (5.42)

Let us summarize all the results obtained above.

> If 4 <N <223x1/5, we use the trivial bound (5.6) giving
R(:—z N, 5) <SN+1<x',
> If223x1/5 < N < x%/3, Lemma 5.32 (i) and (5.42) give
R(}j—z N,8> LT +1< x4 xV15sN/3,
> If x2/° < N < x!/2, Corollary 5.33 provides
R(%N 8) < x5,
n

The proof of Theorem 5.30 is complete. g
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5.4.5 The Method of Filaseta and Trifonov—Application

Applying Theorem 5.30 to the gaps between squarefree integers gives the following
consequence.

Corollary 5.35 Let x, y be real numbers satisfying (5.5). Then we have

Z ua(n) = % + Of(x'° + yx7V/0) logx + y'/2}.

x<n<x+y

Proof Let cq be the constant in (5.33) and set ¢} = ¢, ! We consider two cases.

> Case 16 <y < x4 We may write

> (5215

2,./y<n</x

-(,Z . )R

2/y<n<eixl/* x4 <nx

=21 + Xs.

We use Theorem 5.23 (i) with k = 4 for ¥ and Theorem 5.30 for ¥, which gives

T < max (xl/10N2/5+(Ny)l/3+(xy)l/7_|_N(yx—1)l/3)logx
2ﬁ<N§clxl/4

< (xl/s +x1/12y1/3 + (xy)]/7)logx < x\/5 log x
since y < x4 and

< max (x4 xByNT)logx « (x17 4 yx ) logx.
cx!/A<nx

> Case x'/* <y < x'/2 /4. We now have

> D2 v 2 )]

2 /y<n<Vx 2/y<n<ery  ery<n<yx

and Theorem 5.23 (i) with k = 4 applied to the first sum implies that it contributes
< (x1/10y2/5 T T 4y28 ¢ y4/3x_1/3)10gx < yx V0 og x
where we used the fact that x'/4 < y < x1/2/4, and the second sum contributes
< (xl/S +x1/15y2/3) logx < (xl/s + yx—l/éo) log x

since y > x!/4. Applying Lemma 5.3 with A = 2,/y and B = \/x concludes the
proof. 0
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5.4.6 The Method of Filaseta and Trifonov—Generalization

The computations made above may be generalized to the case of the function
u+— x/u” where r > 2 is a fixed integer, which enables us to treat the r-free
number problem. To this end, we need to have at our disposal two homogeneous
integer polynomials P-_1(X, Y) and Q,_1(X, Y) with total degree r — 1 analogous
to (5.35) in order to generalize (5.34). It may be proved [FT96] that the polynomials

2 — 1\ 'S (r—1\ (X +Y)y 1=y
Py (X, V) =r< ’ )ZH)’”’ <’ . ) Cht it ey
r . j 2r—j—1
J=0
oo vy (] ’i( - xr—1-iyi
— y =r — P —
r-1 r ¢ j 2r—j—1
Jj=0
with r > 1, have the desired properties and satisfy the identity
X+Y) P (X Y) = X" Q1 (X, Y) =YL, (5.43)

Similarly, in order to prove the analogue of Lemma 5.34 using divided differences
of the second order, the following polynomials

r—2 r=2—jvyij
B 2r—2 i T —2 (X +Y) 2JyJ
Pr‘Z(X’Y)_(r_D(r—l);0(_1) ]( J ><2r—j—3><2r—j—2>’

r—2

01 r(X.V) = (r 1)<2r—2> Z(_l)r<r—2> xr-2-iyi
e r—1)~ j)er—ji=3»er—j-2

with r > 2, are homogeneous integer polynomials of total degree r — 2 and satisfy
the identity

X+Y) P 2 X,Y)— X 0, 2(X,Y)=Y" 302X +7Y). (5.44)

The polynomial identities (5.43) and (5.44) are very difficult to show, and may be
replaced by the theory of Padé approximants (see [FT96]) which allows us to define
r as a rational number. Adapting the proof above to the general case, Filaseta and
Trifonov proved the following result.

Theorem 5.36 (Filaseta—Trifonov) Let r > 2 be an integer, x > 1 and § satisfying
(5.4) be real numbers and N be an integer such that 4 < N < xV7 . Assume that
there exists a small real number c, > 0, depending only on r, such that

N5 <e,.
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Then for x sufficiently large
X | .
R(—, N,8) KL X 4 x&13 SN™—1/3.
nr

We shall see in Exercise 3 that the method may be adapted to the function u —
/x/u and, more generally, to the function u — (x/u)!'/" where r > 2. The reader
can check that the following dual result holds.

Theorem 5.37 Letr > 2 be an integer, x > 1 and § satisfying (5.4) be real numbers
and N be an integer such that 4 < N < x. Assume that there exists a small real
number ¢, > 0, depending only on r, such that

N5 < e,

Then for x sufficiently large

1/r ,
R(G) N, 8) < (N7=1x) 7@ 4 ymm § NT V0w

n

5.4.7 Counting Integer Points on Smooth Curves

Using Theorem 5.11 and letting 6 — 0, we infer that the number of integer points
lying on the arc of the curve y = f(x) with N <x <2N is

2
K N + 1.

Historically, this number was first investigated by Jarnik who proved that a strictly
convex arc y = f(x) with length L has at most

< 3
= (2]7)1/3

L3 4 0(L1/3)

integer points and this is a nearly best possible result under the sole hypothesis
of convexity. However, Swinnerton-Dyer and Schmidt proved independently that if
f € C3[0, N] is such that | f(x)] < N and f”(x) # 0 for all x € [0, N], then the
number of integer points on the arc y = f(x) with 0 < x < N is K N3/5t¢ This
result was generalized by Bombieri and Pila who showed the following result.

Proposition 5.38 (Bombieri-Pila) Let N > 1, k > 4 be integers and define K =
(szr ) Let T be an interval with length N and f € CX(Z) satisfying | f'(x)| < 1,
f"(x) > 0 and such that the number of solutions of the equation ' (x) =0 is
< m. Then there exists a constant co = co(k) > 0 such that the number of integer
points on the arc y = f(x) with x € T is

< colm + 1)N1/2+3/(k+3)-
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The ideas of Bombieri and Pila have recently been extended by Huxley [Hux07]
to counting the number of integer points which are very close to regular curves. The
function is supposed to be C> and, along with the usual non-vanishing conditions
of the derivatives on [N, 2N], the proof also requires lower bounds of the following
determinants

) 3f7(x)

Dl(fv X) = f(4)(x) 4f///(x) s
) 3f7(x) 0
Dy(f;x) = P 49 61" (x)?

PO 0w 590 2017 ")

Proposition 5.39 (Huxley) Assume that f € C3[N,2N] such that there exist real
numbers C, T > 1 such that

. . T

) </t -
Y01 <C X (G=1,...,9),
J!

. T
IfP )] > == x —
citl = NJ

(j=2.3),

2
|Di(f;x)| > 144C78 x %

3

_ T
|Da(f;x)| > 43200712 x 5

Let § be a real number satisfying (5.4). Then we have

R(N.8) < (NTY'5 4 N (51 T%)'7.

The implied constant depends only on C.

The main term is a very good result, since Theorem 5.8 only gives (NT)!/3
and Theorem 5.26 provides the bound (N T)3/10. On the other hand, the secondary
term is too large, and thus useless in many applications. In this direction, the author
proved that this term may be improved subject to some additional non-vanishing
conditions of certain quite complicated determinants.

5.5 Exercises

1 Show that the function x — ||x|| is bounded, even, periodic of period 1 and that
we have

Hxll =1yl < lx =yl and lx + yl < [lxll + Iyl
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2 Prove that, for all x € R, we have 2||x|| < |sin(wx)| < 7|x].

3 This exercise is the analogue of Lemma 5.32 for the function f : u —> (x/u)!'/%.

The aim is to show the following estimate.

Let x > 1 and § satisfying (5.4) be real numbers and N be an integer such
that 4 < N < x. Assume that there exists a small real number co > 0 such that

NS < cg. Then
R( /f,N,5> < (Nx)V/6.
n

One may use the polynomials
P(X,Y)=4X+Y and Q(X,Y)=4X+3Y.

(a) Show that there exists a subset T of S(f, N, d) satisfying the following two
properties.
(1) R(f,N,8) <4(T|+1).
(ii) Any two consecutive elements of 7' differ by > 22/3x~1/6 N3/6,

(b) Deduce the desired result.

4 Using Theorem 5.30, show that for 16 < y < x!/2/4, the following asymptotic
formula holds.

Z w2 (n) = {(y—z) + O(xl/lsyz/3 logx).

x<n<x+y

5 Let r > 2 be an integer and x, y be real numbers such that 4" < y < x!/". By
adapting the proof of Corollary 5.35 with the use of Theorem 5.36 instead of Theo-
rem 5.30, show that

Z Mr(n)=$+0{(x2r]ﬁ —i—yx_m)logx_l’_yl/"}.

x<n<x+y

6 This exercise deals with the problem of square-full numbers in short intervals.
Let x > 103 be a large real number and y be a real number satisfying

16x'2(logx)® < y <4 3x(logx) ™. (5.45)

Set L = L(x,y) = y(xlogx)~1/2.

(a) Splitting the sum into two subsums, show that

> ([ xb#} - [@D &K (R + Ry)logx + L

L<b<(x+y)/3
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[ x y
Ri= max R[./ —=,B, )
L<B<(@2x0)1/5 ( b /xB3

1/3
Ry = max R((%) ,A,¢>.
L<A<(2x)1/5 a (Ax)?/3

(b) Deduce that we have

where

and

3/2
Y s = %xlyﬁ + O{(Ry + Ry)logx + L}.

x<n<x+y

(c) Using Theorem 5.22 and 5.23 (i), show that

_${6/2) vy 2/15 y
L2 x1/2+0{x O ogn 2 |

(d) Using Theorem 5.26 to estimate R and R» in some specific ranges and using
Theorem 5.23 (i) in the complementary ranges, show that, if (5.45) is replaced
by

23770 (logx)3 < y <4 3x(logx) ™! (5.46)

then we have the following improvement

_{G/2 v 1/8 7/5 y
K;ﬂsz(m— 70 x1/2+0{x (log x) e |

7 Let x > 1 and § satisfying (5.4) be real numbers, r > 2 and N > 4 be integers
satisfying
2
xf <HINTS ?x

for all ¢ > 0. Using Theorem 4.62 or Theorem 4.65, show that

X

R(—, N, 5) < N"6.

n" '
8 This exercise provides a variant of Theorem 5.30, from which we take up all the
notation. Furthermore, assume that

N§<co, N<(cg'x)'” and N25>4x7". (5.47)

We set

A=2"183N2Bxs)~1/6. (5.48)



294 5 Integer Points Close to Smooth Curves

(a) Check that this choice of A is admissible in the proof of Theorem 5.30, i.e. using
(5.47) check that

R <A<

w| =

(b) Deduce that, if (5.47) holds, then

1/6 1/9

X —2 =4\ 1/3
R(n—z,zv,a> < x4 (N262) 0 4+ (xs 72N 4 (x87N M)

(c) Prove that, if x1/5 < y < x1/3, then

Y = % +0(x°y* (logx)"/%)

x<n<x+y

and check that this error-term is better than that of Exercise 4 apart from the
logarithmic power.

9 Let x, y be real numbers satisfying x13 < y < x. Using Theorem 5.22 or other-

wise, prove that
Z X+ X
4y<N<x n n
N<n<2N

This is a slight improvement of (4.32) but in the restricted range x!/? <y < x.

10 Let a > 2 be an integer and f € C*°[N, 2N] such that there exists 7 > 1 such
that, for all x € [N,2N] and all j € Z>(, we have

|FP )] = i (5.49)
NJ
and
N§ < T < N4 (5.50)
By mimicking the proof of Proposition 5.24, show that, for all k¥ > 2a, we have

2 k—

R(f, N, < Tk(k+l)NW} + Nam_

This implies in particular that, if k >4 and N6 < T < N2, then

R(f, N, 8) < T NET 4 Nsl/6.
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Chapter 6
Exponential Sums

6.1 Introduction

The function ¥ : x —> ¥ (x) = x — [x] — % appears in most problems in number
theory. The reason is quite simple: when we look at asymptotics for average orders
of classical arithmetic functions, the summations are often taken over some sub-
sets of the set of divisors of some integer n, and when interchanging the order of
the summations, integer parts, and hence the function , arise. For instance, let us
consider the number 7 (n) of divisors of n. By (4.17), we first have

Yrm=2y [2] ~ VAP

n<x d<x

Now replacing each integer part by i and using the estimate

1 Wv(x) 1
ZEZIOgX-I—)/—T-FO(;)

d<x
obtained in Example 1.28, we get

1

POEEDY <§—w<§)—5>—<f—w<ﬁ>—%>2

n<x d</x
1 X 1
=w) —-2 ) w(;l) —x =Y (VA4 20 (V)
d<x d</x
X

=x(l 2y — 1) =2 - o).

x(logx+2y —1)=2 Y w(d)+ ()

d<y/x
O. Bordelles, Arithmetic Tales, Universitext, 297

DOI 10.1007/978-1-4471-4096-2_6, © Springer-Verlag London 2012
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The error-term in this problem is usually denoted by A(x), so that
X
A(x) = —x(l 2y —1)=-2 - o(1).
()= t(n) —x(logx +2y — 1) Zw(d)+ (1)
n<x d<x

In fact, with a little more work, one can prove [BBR12] that
> v(3)+

d 2
d</x

Using the trivial bound |y (x)| < 1/2 enables us to recover Corollary 4.20. The
Dirichlet divisor problem is about the smallest exponent 6 € [0, 1[ for which the
following estimate

|AM)] <2

Z t(n) =x(logx +2y — 1)+ O(xe(logx)’s)

n<x

holds for some g > 0. By Corollary 4.20 or the computations made above, the pair
@, B8) = (1/2,0) is admissible. Hardy showed in [Harl6] that A(x) cannot be a
o(x1/%), in other words we necessarily have 6 > 1/4 (with some 8 > 0).

It is surmised that 6 = 1/4 is the right value in the Dirichlet divisor problem,
which is supported by the following mean-value result

r 4
2 _ §(3/2) 3/2 5
/1 AP dr =2 s T+ O(T(log T))

due to Tong [Ton56]. However, no one has been in a position to prove it until now,
although this conjecture is a consequence of the Lindelof hypothesis, and hence
of the Riemann hypothesis. The best result to date is due to Huxley [Hux03] who
showed that the pair

131 26947
©.5)= (R’ 8320 )

is admissible (see Theorem 6.43). Note that 131/416 ~ 0.31490384... so that we
are still far from the conjectured value, but this problem gradually gets harder and
harder. For example, to reach this value, Huxley used a new method called the dis-
crete Hardy-Littlewood method (see Sect. 6.6), which is a tricky mixture of several
known methods and new ones.

Similarly, the Dirichlet—Piltz divisor problem is about the smallest exponent 6y €
[0, 1[ for which the following estimate

Z T (n) = x Py (logx) + O(xgk (logx)ﬁk)
n<x

holds for some B; > 0, where Py_1(X) is a polynomial of degree k — 1 in X
and whose coefficients depend on k. By Dirichlet’s hyperbola principle (Proposi-
tion 4.19), we get
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Yam=x Y Dy S g@

n<x d<x!=1/k m<xl/kd<x/m
1/k
—ale Y rkl(d)+o(2 rk1<d>)
dgxl—l/k x1-1/k

and by induction one can prove that the pair

1
(Gk, ﬂk) = (1 - %10)

is admissible Using contour integration methods, Hardy and Littlewood showed
that 6, = k +2 is admissible as soon as k > 4. As for the function 7, one can show
that 6y > k with some S > 0, and one conjectures this is the right value in this

problem. The Lindeldf hypothesis implies that conjecture.! For more information
on this subject, the reader should refer to [Bor09, Ivi85].

Now let us return to the function y. This function is odd and 1-periodic, and
hence permits a Fourier series expansion. By Proposition 1.29, the series

> sin(2mhx) _ e(hx)
> Th 2 2mih

h=1 heZ\{0}

converges to ¥ (x) if x e R\ Z and to 0 if x € Z. Unfortunately, the convergence is
not uniform, so that it would be better to work with partial sums of this series, or
more generally with trigonometric polynomials. The following result, due to Vaaler
[Vaa85], is a useful answer to this question.

Theorem 6.1 (Vaaler) For all real numbers x > 1 and all integers H > 1, we have

_ h e(hx)
V== 3 QD(H—H) 2min T o)

0<|h|<H

where ®(t) =mt(1 — |t])cot(mt) + |t| for O < |t| < 1 and

1 |h
2H+2 2 (1_ H+1>g(hx)‘

|hISH

|Ru(x)| <

Note that 0 < @ () < 1 for 0 < |#] < 1 and, using Exercise 3, we have

5 (o

|hISH

H 2

Z e(hx)

h=0

The Dirichlet-Piltz divisor problem can be generalized to number fields where it is usually called
the General divisor problem It was originally investigated by Hasse and Suetuna [HS31], and the
asymptotics are of the same order of magnitude as in the rational case.
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so that the sum in the error-term is a non-negative real number. Using this with
x = f(n) and summing over |N,2N] we get the following inequality.

Corollary 6.2 Let H, N be positive integers and f : [N,2N] —> R be any func-
tion. Then we have

T E )

N<n<2N

S| =

> hf(n))‘

N<n<2N

Proof Using Theorem 6.1 we get

X v == ¥ o )mn X o)

N<n<2N O<|h|<H N<n<2N

+ Y Ru(fm)

N<n<2N

where ® and Ry are defined in Theorem 6.1, and hence

> 1/f(f(ﬂ))‘<|21I+|22|

N<n<2N
with
1 (A
1] < — e(h =—)>) - e(h
i< ) 2 Th Y elifm)|=—3 5 D e(hf@m)
0<|h|<H N<n<2N h=1"'N<n<2N
and
Slc—— Y (1-22L) S e(nron)
Y S2H 2 H+1
|h|<H N<n<2N
H
NP G
= +——> (1= ——)Re( D e(hf(m)
2H+2  H+1&=~ H+1 NameaN
H
N 1
< +Y - > e(hf(n))‘
2H+2 h=1 h N<n<2N
which implies the asserted result. 0

Remark 6.3 One can also work directly with the partial sums of the Fourier series
of the function ¥ with the following asymptotic formula. For all positive integers
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H, we have (see [MV81] for instance)

_ e(hx) . 1
vw== 3, 2nih+0{mm<l’H||x||>}

0<|h|<H

where ||x|| is the distance from x to its nearest integer. The two results are equiva-
lent, but Vaaler’s theorem is often more useful in applications.

6.2 Kusmin-Landau’s Inequality

The first result in exponential sums is the following estimate which was of interest
to mathematicians including van der Corput, Kusmin, Landau, Karamata and Tomic
(see [Mor58]). We begin by proving the original result, and then provide some more
practical versions we shall be able to use later.

We first start with a technical lemma.

Lemma 6.4 Let M € Nand x1, ..., xp be pairwise distinct complex numbers. Then

M M-1
Z X1+ x2 Xn+ Xnt1  Xn—1+Xp
’ 1xn:xl<x1—xz+l>+2xn< - )

n=

Xn — Xn+1 Xn—1 —Xn

n=2
XM—1+ XM
+xM(1 - 7)
XM—1—XM
Proof If we set xo=xpy+1 =0and T, = % forn =0, ..., M then the right-

hand side above is equal to

M
an(Tn —T,-1).
n=1

We use Abel’s summation as in Remark 1.15 which gives

M M M—1 n
Y ol =To)=xm Y (Ti—=Toe)) = Y Gong1 — %) Y (Te — Tee1)
n=1 n=1 n=1 k=1

M—1
=xm (T — To) = Y (nt1 — X) (T, — To)

n=1
and using To = —1, Tyy = 1 and (xp4+1 — x) T, = — (X + X541) We get

M—1

M M—1 M
an(Tn —Th1)=2xy + Z (xXn +xp11) — Z(xn—H —Xp) = zzxn
n=1

n=1 n=1 n=1

as required. O
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We are now in a position to prove the main result of this section.

Theorem 6.5 (Kusmin—-Landau’s inequality) Let M €e N and f :[1, M] — R be
a function such that there exists A1 € R such that

O<m<fO-fO<-<fM)—f(M—-1) <-4 (6.1)

Then we have
M

Z +f(n))

Proof Let Sy := Zﬁ’lzl e(f(n)). We use Lemma 6.4 with x, = e(f (n)) and the fact
that

e(x)+e(y) T+ely—x)
e(x)—e(y) l—e(y—x)

=icotm(y —x)
so that

28y = e(f(D){1+icotm (f(2)— f(D)}
+e(fM){1 +icotm(f(M)— f(M—1)}

M—-1

+i Y e(fm){cotm(f(n+1)— f(n)) —cotm (f(n) — f(n—1))}.

n=2

Now since the function x —— cot(mrx) is strictly decreasing in ]0, 1[ and by the use
of (6.1), we infer that

1 1

2|Su| < = -
[Su sinw (f(2) — f(1)) * sint (f(M) — f(M —1))
M—1
+ Z lcotm (f(n+1) — f(n)) —cotrw (f(n) — f(n— D))
n=2

1 1
sinmr (f(2) — f(1)) - sinzt (f(M) — f(M — 1))
+cotn(f(2) — f(l)) —cotn(f(M) - f(M - 1))

T T
cot<§(f(2) — f(l))) —i—tan(E(f(M) — f(M — 1)))

< cot ™M =) ) = 2cot T2
cot( 2 )+tan< (11— 1))_ cot<7>

and we conclude the proof by using the inequality cotx < 1/x valid for 0 <
x<m/2. O
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Corollary 6.6 Let N < N1 < 2N be positive integers and f € C'[N, N1] such that
f! is non-decreasing and there exists a real number )| > 0 such that, for all x €
[N, Ni], we have

k+m<ff)<k+1—1 (kel). 6.2)

Then we have

2
Z e(:l:f(n))‘ < T[—)"l

N<n<N|

Proof Since e(f(n)) =e(f(n) —kn), we may suppose that k£ = 0. Define the func-
tions g and & by

gx) = f(x+N) (I<x< N —N),
h(x) =g(x) —glx —=1) 2<x<Ni—N).

Since g’(x) = f’(x + N), the function g’ is non-decreasing and we have A <
g'(x) <1 — A;. Furthermore, since 7'(x) = g’'(x) — g’'(x — 1) > 0, the function
h is non-decreasing. Hence we have

M<g@)—-g) < <gINI—N)—g(Ni—N-D<1-x
so that g satisfies the hypothesis of Theorem 6.5, and we get

Ni—N

2
> elrm)|=| X elew)| < -
N<n<N n=1 AL
which concludes the proof. g

Here is the version that we shall use in practice.

Corollary 6.7 Let N < N1 < 2N be positive integers and f € C'[N, N1] such that
f' is non-decreasing and there exist real numbers ¢c; > 1 and 0 < 7| < (c1 + !
such that, for all x € [N, N1], we have

< f(x) <crhr. (6.3)
Then the conclusion of Corollary 6.6 still holds.

Proof The result follows directly from Corollary 6.6 since the hypothesis 0 < 1] <
(c;+ 17! implies that c;A1 < 1 — A; so that (6.2) is satisfied with k = 0. O

Example 6.8 We use Corollary 6.7 on Dirichlet’s divisor problem in the following
way. We have

|A()| <2 +% (6.4)

2 ()

n<J/x
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and splitting the interval [1, /x] into dyadic subintervals of the type ]N, 2N] gives

Z06)

since there are at most log x/log4 such subintervals. Now using Corollary 6.2 we

get for all integers H > 1
hx logx 1
> A
n log2 2
N<n<2N

H
A(x max
| ( )| 1KNK f { 2H +2 Zl
Now to estimate the exponential sum, Corollary 6.7 could a priori be used with A =
hx(4N2)_1 and ¢ = 4, but the condition A; < 57! forces to suppose N > +/2Hx,
which is in contradiction with the range 1 < N < 4/x of the sum. Thus, we cannot
apply Kusmin-Landau’s inequality in this way to the Dirichlet divisor problem.

logx

|A(x)|< max log2 2

ISNSVA

6.3 Van der Corput’s Inequality

Kusmin—Landau’s inequality is sharp under the sole hypothesis (6.3) but, as can be
shown in Example 6.8, the condition 11 < (c] + 1)_1 is too restrictive to be really
used efficiently in usual problems of number theory. In the 1920s, van der Corput
established a very useful inequality which can be considered as the starting point of
crucial theorems supplying estimates for exponential sums.

Theorem 6.9 (van der Corput’s inequality) Let N < N1 < 2N be positive integers
and f eC 2[N, N11 such that there exist real numbers c; > 1 and Ly > 0 such that,
forall x € [N, N1], we have

do < f(x) < c2ha. (6.5)
Then

Z E(if(n))‘ \;‘._(CZN)\‘I/z_i_z)\'—l/Z)

N<n<N;

Remark 6.10 The condition (6.5) will prove to be much more useful than (6.3). It
also should be mentioned that the proof of the theorem will make the following
slightly stronger result appear.

Let N < N1 < 2N be positive integers and f € C2[N, N1 such that there
exists a real number )y > 0 such that, for all x €[N, N1], we have " (x) = As.
Then

4 / /
D e(E)| < (N = f'(N) +2).

N<n<N1

3

In practice, we shall make no use of such an improvement.
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There are many methods to show Theorem 6.9. The one we will introduce here is
the discrete analogue of the proof of the second derivative test for integrals, also
proved by van der Corput (see Lemma 6.26). We shall propose other proofs in
Sect. 6.6 and Exercise 2. See also [GK91, Mon94].

We begin with an intermediate result.

Lemma 6.11 Let N < N1 < 2N be positive integers and f € C2[N, Ni] such that
there exists a real number Ly €10, 7w [ such that, for all x € [N, N1], we have
f"(x) = Xo. Assume also that, for all x € IN, N[, we have f'(x) & Z. Then

Yo e(xfm)

N<n<N;

4
«/7‘[)\2.

<

Proof Let t €]0, %[ be a parameter at our disposal. Since f'(x) € Z for all x €
1N, Ni[, there exist u, v € R and non-negative integers M, M5 such that

u= f'(N) and v= f'(N})
/(M) =[ul+t and f'(Mp)=[u]l+1-—rt.

We now split the sum into three subsums

Yooe(fm)y= D e(fm)+ D e(fm)+ > e(fm)

N<n<N; N<n< M, Mi<n< M, My<n< N

and estimate the first and third sums trivially. The mean-value theorem (Theo-
rem 1.12) implies the existence of a real number ¢ € [N, 2N[ such that

/(M) = f1(N) 1)
f"(e) ’

t— t
< max W—u,l <max| —,1]}.
Ao Ao
Similarly, we have

‘ Z e(f(n))‘<max(%jl)+t,l)<max<ki,l>

My<n<N; 2

Z e(f(n))‘ <max(M; — N, 1) =max<

N<n<M

since [u] < u < v < [u] + 1. The second sum is estimated using Corollary 6.6.
Since f’is non-decreasing and, in the interval [M1, M>], we have [u] +1 < f/(x) <
[#] + 1 — ¢, Corollary 6.6 applies and gives

) e(f(n))‘ <=

Mi<n<M,
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Hence we get

t 2
Z e(:l:f(n)) <2max| —, 1)+ —
Ao Tt
N<n<N|
and the asserted estimate follows from taking ¢ = /Ao ! since A < 7L O
We are now able to prove van der Corput’s inequality.
Proof of Theorem 6.9 If Ly > 71, then we have
1/2
4N A 4N
2 > >N>N-N>| ). e(f(n))‘
\/E T N<n<N;

so that we may suppose that A» < 7 ~'. We pick up the numbers u and v from the
proof of Lemma 6.11 and set

[u,viNZ={m+1,...,m+ K}

where m € Z and K € N, and we define for all integers k € {1,..., K + 1} the
intervals

Je=Im+k—1,m+k]N[u,v].

Lemma 6.11 implies that

K+1
4K +1)
> e(f(n))‘ 235> e(f(n))‘ JHEHD
N<n<Ny k=1 "neJNZ VITAa

and we have by the mean-value theorem
K—1<v—u=f'(N)) = f'(N) <c2(N1 = N)aa < 2N1p
which concludes the proof. 0

When the function f is sufficiently smooth, one can improve on the secondary
term in van der Corput’s inequality with the use of Corollary 6.7. The following
result is the practical version of this inequality that we shall use in most of the
applications.

Corollary 6.12 Let N < N1 < 2N be positive integers and f € C*[N, Ni] such
that there exist real numbers c1,co > 1 and ,1, 2, s1 > 0 such that, for all x €
[N, Ni], we have

M| W] <ar, <[/ W] <ok and i =s1(N1 = N)ha. (6.6)
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We set c =4n_1/2{cz + 2s1(c1 + 1)}. Then

Z e(f(n))‘ cN)L1/2-i-i

AL
N<n<N;

Proof 1If A1 < (c1 + 1)~!, then we apply Corollary 6.7. Suppose that A; > (| +
1)_1. Since A1 = s51(N1 — N)A,, we can write

2s51(c1 + DNAY? = 25101 + DINL = MAY? =2(c1 + Dagay 2 > 20512

so that by Theorem 6.9 we get

Y e(fm)|<

L (Nl g 2157

N<n<N| \/—
4
< —(eaNA)? 4 2s1(c1 + DNAY?) = e N2y/?
N
which implies the asserted result. g

Example 6.13 We return to the Dirichlet divisor problem in which we assume that
x > 416. We first split the sum (6.4) into the ranges [1, 6x1/3] and ]6x1/3,x1/2],
then estimate the sum trivially in the first one and use the splitting argument seen in
Example 6.8 for the second sum. Since there are at most log x / log 64 subintervals
of the form [N, 2N] in ]6x1/3, xl/z], (6.4) becomes for all integers H > 1

hx logx 1
> e +
log8 2’

N<n<2N

‘A(x)‘ <6x1/3+

H
max
6x1/3<N§ﬁ{ 2H +2 2;

Corollary 6.12 may be applied with Nj = 2N, A = hx(4N>)7, ¢; =4, 1 =
hx(4N3)™1, c; =8, 51 =1 so that ¢ = 727~/ which gives

3 ha\|_ 36 (hx 1/2+8N2
el — || S —=| — —
n JT\N whx

N<n<2N

and therefore we get
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We finally get

1/2 2
’A(x)’ <6xllP i N 144 8N ]logx 1
N

6x1/3rr<1N<f{ HA2  Jx f 3x Jlog8 ' 2
and the choice of H =[6"!Nx~1/3] gives for all x > 416
|A()] <24xlogx.
We may state the following result.

Theorem 6.14 (Voronoi, van der Corput) For all x > 416, we have

Z t(n)=x(ogx +2y — 1)+ 0()c1/3 logx).
n<x

Remark 6.15 Theorem 6.14 was rediscovered by van der Corput using his method
of exponential sums, but it was first shown by Voronoi [Vor03] in an elementary way,
since theorems for exponential sums did not exist at the time. Voronoi improved on
Dirichlet’s hyperbola principle (Proposition 4.19) by considering triangles instead
of rectangles under the hyperbola mn = x in Dirichlet’s method. He was then able
to prove the following estimate.

Lemma 6.16 (Voronoi) For all real numbers x, T > 1, we have

Jx \/ t(n) 3xl/4 tn) T x 7
A S AR — =+
A < 2 <>+( H ) Sty ;n3/4+6+/T+4

Estimating the sums anT t(m)n~1/2 and anT T(n)n =34 by partial summa-
tion (Theorem 1.14) and choosing the parameter T optimally, Voronoi deduced that

|A@)| <3x'logx

for all x > 308. Unfortunately, his method did not seem to produce better exponents
than 1/3, whereas van der Corput’s was to show great promise.

6.4 The Third Derivative Theorem

6.4.1 Weyl’s Shift

Cauchy—Schwarz’s (or Cauchy-Bunyakovski—Schwarz’s) inequality, which plays
an important role in many branches of modern mathematics, is one of the most
famous results in inequalities theory. For a survey of this inequality and related re-
sults, the reader should refer to [Dra03].
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Lemma 6.17 (Cauchy-Schwarz’s inequality) Let M be a positive integer and
ai,...,apy and by, ..., by be two finite sequences of arbitrary complex numbers.
Then we have
M 2 M M
<Y lan? Y lbwl*,
m=1

m=1

ambpy
1

m=

Proof A possible proof of this inequality rests on Cauchy—Binet’s identity for com-
plex numbers

M M M M 1 M M
Z XmYm Z Zmlm — Z Xmlm Z ImYm = 5 Z Z(xmzn —XnZm) Ymn — Yntm)
m=1 m=1 m=1

m=1 m=1n=1

which is a generalization of Lagrange’s identity, applied with x,, = a,,, ym = am,

Zm = by, andtmzﬁ(formz1,...,M),sothatwegetatonce
M ) M , M 2 | MM o o
;mm n;ua,u - mg]ambm =5’;;|ambn—anbm| >0
as required. d

In analytic number theory, this inequality is often used to separate certain func-
tions for which better results are obtained when they are summed individually.

The next tool is a device based upon the following observation. Suppose that N
is a positive integer and ay+1, ..., azy are N arbitrary complex numbers. If we set
forallneZ

an—{a"’ ifne{N+1,...,2N}, 6.7)

0, otherwise

then we have for all integers h

Z ap = Zan = Zan+h~ (6.8)

N<n<2N nez nez

Equality (6.8) is called Weyl’s shift. It allows a great flexibility with the indices of
the sums. For instance, for all positive integer H, we can write

H
Y a= Y Ve

N<n<2N h=1neZ
and interchanging the summations we infer that

2N—-1 H

Y oa=g Y Y (69)

N<n<2N n=N—-H+1h=1
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6.4.2 Van der Corput’s A-Process

The following inequality, discovered by van der Corput, is a very clever application
of Weyl’s shift and Cauchy—Schwarz’s inequality. Often called the A-process, itis a
first result given by van der Corput by which the problem of estimating a given expo-
nential sum with a function f(n) is replaced by estimating another exponential sum
with the (upper) finite difference Ay, f(n) = f(n + h) — f(n) of f. Since Ay, f(n)
is of the same order of magnitude as i f” (), one may expect some improvement in
the estimates.

Lemma 6.18 (van der Corput’s A-process) Let N be a positive integer and

aN+1, - .., aN be arbitrary complex numbers. For all integers H € {1, ..., N}, we
have
2 H
2N 2 4N _
Z an| < H——i‘l Z lan|” + H——i-l Z Z anQn+h|-

N<n<2N N<n<2N h=1"N<n<2N-—h

Proof Let Sy be the sum on the left-hand side. By (6.9), we have

2N—1 H+1
ISn|= H+1 DD
n=N—H h=1

where the numbers «,, are defined in (6.7), and by Cauchy—Schwarz’s inequality, we
infer that

2N—1 |H+1 2
N+ H
2
ISNI™ < (H+1)2 Z Za”+h
n=N—H|h=1

Squaring out the modulus we obtain

2N—1 H+1H+I
N+H

IS N|2 (H+1)2 Z Z Zan+l(¥n+/

=N-H i=1 j=I

‘We now change the variables in the following way. Seti = j+h with1 <i < H+1,
sothat 1 —h < j < H+1—h with |h| =|i — j| < H. This gives

2N-1 H+1—h

|SN|2 (Z ::__ f;z Z Z Z Qnth+j%n+j

n=N—-H |h|<H j=1-h
and using Weyl’s shift (6.8) we get

H+1-h

N+ H
ISw 1 < TS )22 > cwndy

neZ |h|<H j=1-h
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N+H _
=———= > Y. (H+1- |yt
(H+ D |h|<HN<n<2N—h

N+ H |h| _
= Hil Z (1— H——H> Z Up+hlp.

lh|<H N<n<2N—h

We then separate the case & = 0 from the other values, which gives

N+H N+ H |h| _
ISP < o 2 el Z<1_H—+l Y. i

N<n<2N hi<H N<n<2N—h
h£0
N+H N+H[Z h
= D el {Z(l - —) D wenl
H+1 N<n<2N H+1 h=1 H+1 N<n<2N—-h
Z(l — —> Z an—h@}
N<n<2N+h

and the use of Weyl’s shift (6.9) again on the last sum gives

H
N+ H N+ H h

2 2 —_

[SnI i—H_H E lon |~ + Al {E (1_—H+1> E O +h 0l

N<n<2N h=1 N<n<2N—-h
" h
(1-5t) X e
h=1 N<n<2N—h
N+H 5
=1 2 |l
N<n<2N
N+ H) . [& h
+H4+1Re{2(1 ) % _}
h=1 N<n<2N—h
H
N+ H 5 2(N+H) _
< Hl Z |an | +H4—|—IZ Z An+hn
N<n<2N h=1"N<n<2N-h
and the bound H < N gives the asserted result. O

6.4.3 Main Results

The A-process will allow us to work with a function of the same order of magnitude
of the derivative of the initial function. Applying van der Corput’s inequality from
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Theorem 6.9 to this function may then give a criterion depending on the order of
magnitude of the third derivative of the initial function. More precisely, we will
show the following result.

Theorem 6.19 (Third derivative criterion) Let N € Nand f € C3[N, 2N] such that
there exist real numbers ¢y, c3 > 1 and ,y, A3, 52 > 0 such that, for all x € [N, 2N],
we have

I <|f'@| <t A<|f"W]<eshs and da=s5Niz.  (6.10)

We set ¢ = 471_1/2{03 + 2s7(c2 + 1)} and suppose that (7T/8)S26'_2 < 1. Then we
have

1/3

<62 PNRYO 481261 (52m) 1207 P 10g 2 (eN).

D e(rm)

N<n<2N

Proof We set Sy = ) y_, <oy e(f(n)). We first notice that if A3 > ¢72, then
c1/3N)»é/6 > N and if A3 < ¢ 2N73, then

81/2c1/3(szn)_1/2kgl/3 > (8n_1c2s;1)1/2N >N
because of (77/8)s2¢2 < 1. Therefore we may suppose that
AN <az < 6.11)

By van der Corput’s A-process applied with a, = e(f(n)), for all integers H €
{1,..., N}, we have

1Sn1* < 2NE | 4N 3
VS HEU T H T &

> e(Anfm)

N<n<2N-h

where we set Ay, f(n) = f(n + h) — f(n). The conditions (6.10) imply that
M <A @<, A <[(Ap))'(0)| <c3Az and Aj=s:NA,

with Aj =hA ;i for j € {1,2}. We may apply Corollary 6.12 which gives

N2 4N & 2
Sy T N(hag) 2 4 2
5] H+1+H+1h_l<c hhs)

N? 8logeN
< F4eN2(Hog) 2 4 — 08¢
H+1 wsy(H + 1)A3

where we used Ay = spNA3 and the bound H < N. Now the choice of H =
[(cz)»3)’]/ 3 gives the asserted result. Note that the conditions (6.11) ensure that
1<H<LN. O
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As for Corollary 6.12, we may improve on the secondary term in Theorem 6.19
if we suppose that f is sufficiently smooth, a condition that appears frequently in
applications.

Corollary 6.20 Let N be a positive integer and f € C3[N, 2N such that there exist
real numbers c1, ¢z, c3 2 1 and A1, Ay, A3, 1, 82 > 0 such that, for all x € [N, 2N],
we have

<P <ejry (j=1,23) and rj=s;Nijy1 (j=1,2). (6.12)
We set

c =47 ez + 250(c2 + D},
V2 L2 (si(er + 1)),

K —61/2:1/3 +81/2c1/3(s1n*1(c1 + 1))1/2

K1 :4]'[_1/2{C2(S1(C1 + 1))_

and k = max(k1, k2). Suppose that (7w /8)syc =% < Land N > sis2(c1+1) log3 (eN).
Then we have

> (f(n))‘ <k NAYC 4+ 2

TA
N<n<2N !

Proof If A1 < (c1 + 1)7!, then we apply Corollary 6.7. If
(c1 + D7 <hy < (er + 17 log(eN)
then we apply Corollary 6.12. In view of A, = sl_lN’1 A1, we have
(s1c1 + l))_lN_1 <A < (si(er + 1))_1N_1 log(eN)

so that

Z e(f(”))‘ < (4”_1/2{62 + 2s1(c1 + 1)})N)L;/2 + 2

TA
N<n<2N 1

<K1(N10geN)1/2+ .
TAM

But we also have N3A3 = (5152)"INA > (s152(c1 + 1) IN > log3(eN) so that
(NlogeN)'? < N2Y/°.
Finally, if A| > (c1 + 1)_1 log(eN), then the equality A} = s1520 N3 implies that

—1/3 12 1/6

log'/2(eN) < (s1s2(c1 + 1))

and we use Theorem 6.19 to conclude the proof. g
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Example 6.21 We will apply this result to the Dirichlet divisor problem. As in Ex-
ample 6.13, we first split the sum (6.4) into the ranges [1, 2x1/4] and ]2x1/4, xl/z],
estimate the sum trivially in the first one and use the splitting argument seen in
Example 6.8 for the second sum. We get for all integers H > 1

hx logx 1
Z el — + =
n log4 2

N<n<2N

H
N 1
A(x <2x1/4+ max +2 —
AW AN x| 2H 42 ;h

Corollary 6.20 may be applied with A; = hx(4N?)~!, ¢; =4, Ay = hx(4N3)~1,
c=8,51=1,13 =3hx(8N*) "1, ¢3 =16, 55 =2/3, so that

c= 1127712, k1 =72(57)" /% ~ 18.1665. ..
and
iy =272 (V3 +24/5) ~ 23.96 ...
which gives for all N > 2200

(hx>
2 el
N<n<2N n

N2
e SN

<21(hxN?) -
mnx

so that

|a@)| <2x4 +

8rN? |1 1
+252(HxN?) 0+ }ng

ax +-.
2x'/4<N<ﬁ{ 2H +2 3x Jlogd 2

The choice of H = [(N*x~1)!1/7] then gives

7N?
|A@)| <34+ max {183(xN3)”7 + —}logx < 184x%/*logx
21N Yx X

for x > 2200*, and hence Corollary 6.20 is worse than van der Corput’s inequality
in this problem if we use it in the whole range ]xl/ 4 xV 2]. In fact, the function
N +—> (xN3)1/7 gives a better result as long as x'/4 < N < x*/°_ For instance, with
the help of the computations above, we infer that, for x sufficiently large, we have

Z w(f) <« x11/35 g x
n<x2/ n

which is a good result since Corollary 6.12 only gives
> I/f(f) <xPlogx
n<x2/5 n

but Corollary 6.20 does not allow us to recover the whole range of summation.
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6.5 Applications

We will use the previous results to give explicit upper bounds for sums of the -
function. Van der Corput’s inequality implies the first following estimate.

Corollary 6.22 Let N be a positive integer and f € C2[N, 2N such that there exist
real numbers c1,cy > 1 and A1, Ay, 51 > 0 such that, for all x € [N, 2N], we have

A <P <ejry (j=1,2) and ki =s51NAs. (6.13)

Set c as in Corollary 6.12 and k = %(26‘(1 + 7723 Then

> v(rm)

N<n<2N

<k NA 27

Proof If Ay > k3, then KN)\I/3 > N, so that we may suppose
0<i <k . (6.14)

Using Corollaries 6.2 and 6.12 we get

H
1
0ol ()2

> hf(n))‘

N<n<2N
H
N 1 2 2 1
< 1 N Hal
2H+2+< +n><c Zhlﬂ _—y 25
h=1 h=1
N (Y gy 4 2
_ 2 2
2H+2 ' \3 : A

where we used Z}Il{:lh_z <Y, h™2 =¢(2) = n%/6. The choice of H =

[3(2/()’1)»2_ v 3] gives the desired result. Note that hypothesis (6.14) implies that
H>1. O

The third derivative theorem implies the following result.

Corollary 6.23 Let NeNand f € C 3[N,2N] such that there exist real numbers
c1,¢2,¢3 = 1 and Ay, Ay, A3, 81, 52 > 0 such that, for all x € [N,2N], we have

A <P <ejry (j=1,2,3) and rj=s;Nijy1 (j=1,2). (6.15)

Set ¢ and « as in Corollary 6.20, v = ;(2/((1 + 777 and suppose that
(n/S)szc <land N > s1s2(c1 + l)log (eN). Then

> w(rm)

N<n<2N

<vNAyT 4 2a7
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Proof The proof is exactly the same as in Corollary 6.22, except that we use Corol-
lary 6.20 instead of Corollary 6.12. We leave the details to the reader. 0

6.6 Further Developments

6.6.1 The mth Derivative Theorem

Theorems 6.9 and 6.19 can be generalized to functions having derivatives of higher
orders. More precisely, one can prove by induction the following result.

Theorem 6.24 (mth derivative test) Let m > 2 be an integer, N < N1 < 2N be
positive integers and f € C™[N, N1] such that there exists a real number L, > 0
such that, for all x € [N, N1], we have

| f (0] = Aom
Then we have

" — 2—m m__
Y e(fm) < Ny @72 4 NITETL VTR
N<n<N;

As in Corollaries 6.12 and 6.20, one may improve on the secondary term if f is
sufficiently smooth with the help of Kusmin—Landau’s inequality.

Corollary 6.25 (Improved mth derivative test) Let m > 2, N > 1 be integers and
f € C™[N,2N] such that there exist real numbers T > 1 and 1 < co < -+ < cp
such that T > N and, forall x € [N,2N] and all j € {0, ..., m}, we have

<P <y l (6.16)

Then we have

o e(fm) <eF TN e
N<n<2N

where the implied constants are absolute.

For instance, using the same method as in Examples 6.13 and 6.21, we get from
Corollary 6.25 used with m = 4 the following estimate

Z w(f) < x\/15N2/3
N<n<2N n

for all N < 4/x, which is worse than Corollary 6.20. Hence we need a new idea to
get further improvements. This is the aim of the next section.
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6.6.2 Van der Corput’s B-Process

The integral analogues of Theorem 6.5 and Lemma 6.11 exist and have also been
proved by van der Corput. We put them together for the sake of clarity.

Lemma 6.26 (1st and 2nd derivative tests for integrals) Let f be a real-valued
function defined on an interval [a, b].

(i) Suppose f € Clla,b] such that f' is monotone and there exists A1 > 0 such
that, for all x € [a, b], we have f'(x) > A1. Then

< 2
\ﬂ)\,l'

b
/ e(f(x)) dx

(ii) Suppose f € C2[a, b] such that there exists .y > 0 such that, forall x € [a, b],
we have f"(x) > Ay. Then

a2
Vo

<

/ab@(f(X))dx

Proof
(i) We use the following result due to Ostrowski (see [Bul98] for instance).

Let F be a real-valued monotone integrable function on [a, b] and G
be a complex-valued integrable function on [a, b]. Then we have

t b
/G(x)dx b/G(x)dx).
a t

Applying this with F(x) = 1/(2xf’(x)) which is monotone and G(x) =
27 f' (x)e(f(x)), we get

b
/F(x)G(x)dx < |F(a)| max +|F ()| max
a a<t<b a<t<

b
[ etreoas] < 5 max [lie(rco)]; |+ max [[ie(r)]}])

2w \a<i<b

1 2

< X 4= .
\27'[)»1 TAL

(ii) Let$ > O be a parameter to be chosen later and write [a, b] = E U F where E =
{x:1f'(x)|<é8}and F = {x:|f'(x)| = 8}. Since f” > 0, the set E consists of
at most one interval and F consists of at most two intervals. If E = [c, d], then
(d =) <|f'(d) — f'(c)] <28 so that

/E o(f () dx

28
<d—c<—
A2
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and using (i) we have

4
< —.
wé

/Fe(f(x)) dx

Therefore

<28+ 4
\)\.2 w8

/be(f(x)) dx

a

and the choice of § = 27 ! Az)]/ 2 gives the desired result.

The proof is complete. g

Besides proving the A-process (Lemma 6.18), van der Corput provided another
tool for estimating exponential sums called the B-process. This result relies on a
truncated Poisson summation formula and the method of the stationary phase. The
Poisson formula, which is a useful tool in harmonic analysis, allows us to replace
an exponential sum by an integral, which may be estimated by the stationary phase.
We first state without proof one of the many versions of this theorem (see [MV07]
for instance).

Lemma 6.27 (Poisson summation) Let f be a continuous function on R such that
fR | f (x)| dx exists and is finite. Then we have

Y Sy =lim 37 Fk)

keZ |k|I<K
where f(1) = [ f(x)e(—tx)dx.

For our purpose, it will be more useful if we have at our disposal a truncated
version of Lemma 6.27. We state here the following two results without proof (see
[Mon94)).

Lemma 6.28 (Truncated Poisson summation) Let f € C'[a, b] such that f' is in-
creasing on [a, b] and put a = f'(a) and B = f'(b). Then we have

b
Z e(f(n)): Z /e(f(x)—kx)dx+0(log(ﬂ—(x+2)).

a<n<b a—1<k<p+1

The range of summation in the sum of the right-hand side may be restricted
to [a — %, B+ i], say, without changing the error-term (see [Hux96]). Lem-
mas 6.26 and 6.28 allow us to recover the van der Corput inequality. Indeed, using
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Lemma 6.26 (ii) in the integral above, we get with the hypothesis of Theorem 6.9

7 e(fm) < (F/@N) = f/(N) +1)4; 2 +log(f/@N) — £/(N) +2)
N<n<2N
K NA 41512 Hlog(Nag +2) < NAY 2 +4, 12

since NAI/Z + A_l/z 2N'/2 3 1og(N iy +2) if N is sufficiently large.

The next result is an effective version of the method of the stationary phase.

Lemma 6.29 (Stationary phase) Let g € C*[a, b] and suppose that there exists xo €
la, b[ such that g’ (xo) = 0. We also suppose that there exist Ly, A3, Aq > 0 such that,
forall x € [a, b], we have

') =2 g7 <hs and g ()| < s

Then we have

b 1/8
f e(g(x))dx %\/%/) O(E1(x0) + E2)
a 0

where

. 1 —1/2 . 1 —1/2
E1(x0)=m1n<7,)\ )—l—mm(i,k ,
ha(xo—a)’ 2 Aa(b—xp) " ?

Ey = (b—a){A) 2+ 2543}
Combining Lemmas 6.28 and 6.29 gives van der Corput’s B-process.

Theorem 6.30 (B-process) Let NeN,a<b<a+ Nand f € C*[a, b] such that
there exist cy > 1 and Ay, A3, A4 > O such that, for all x € [a, b], we have

<@ <t [0 <r3 and  [FP @) <.

We set a = f'(a) and B = f' (D) and for each integer k € [a, B], let x; be defined
by f'(xx) = k. Then we have

e(f(xx) — kxi +1/8)
e(fn) = + O(R; + R2)

where

Ri=2)""+log(NAa+2) and Ro=N*{a;'2a+21;243).
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Proof If A2 < N72, then Ry > N, so that we may suppose that A, > N~2. By
Lemma 6.26 we have as above

b
/ e(f(x) —kx)dx <2y '/ 6.17)

uniformly in k and 8 —a = f/(b) — f'(a) < c2 N so that by Lemma 6.28 we get

Y e(fm)= > / f(x) —kx)dx + O(Ry).

as<n<b a<k<LB

If B — « < 1, then the theorem is proved by (6.17). If 8 — « > 1, then the sum on
the right-hand side is non-empty. We may use Lemma 6.29 to estimate each integral,
which gives

e(f(xr) —kxi +1/8)
e(f(m) = + 0{ (E1(x) + Ez)}
agznng ag}éﬂ V) agéﬂ

+ O(Ry).

Now k —a = f/(xx) — f/(a) < coh2(x; — a) and similarly 8 — k < coA2(b — x¢)
so that

. 2 —-1/2 . 2 —-1/2
E1(xy) gmln(k_a,)»z ) +m1n<ﬂ —k’Az >

Furthermore, since Zagkgﬁ l=[—«a]or[f—a]+1andsince B —a > 1, we
have

N -
—2<ﬂ2“< Y 1<Bp—a+1<20Ni

2
a<k<p
and therefore
—-1/2 1 1
> (Bt E)<ay P Y Y T E
aSksp a+1<k<p a<k<p-1 0 <k<p
<15 +1og(B — @) + NaaEr < Ry + Ry
as required. 0

Note that if we estimate trivially the exponential sum in Theorem 6.30, we re-
cover Theorem 6.9. Thus, van der Corput’s inequality follows from the B-process
and the triangle inequality.

One may state the B-process in another form if we introduce the function s ¢
defined by

siN=ro (/) =y(r) " (6.18)
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for all functions f sufficiently smooth and monotone on [a, b] and all y € [«, ],
where o = f’(a) and B = f/(b). With this notation, it is easy to see that, for all
integers k, we have sy (k) = f(xx) — kx; where x; is defined in Theorem 6.30, so
that van der Corput’s B-process may be rewritten in the following form.

Corollary 6.31 (B-process version 2) Let NeN,a<b<a+Nand f € C*[a, b)
satisfying the hypotheses of Theorem 6.30. We set a = f'(a) and B = f'(b) and
for each integer k € [a, B, let xx be defined by f'(xy) = k. The function s being
defined in (6.18), we have

)3 e(f(n))ze(é) Y O o4k

asn<b a<k<p f'o (f/)_l(k)
where the remainder terms R; are defined in Theorem 6.30.

It could be interesting to have some properties of the function s 7. For instance,
one can see that, if f € Ck[a, b] for k € {1,2,3} and f’ is monotone, then sy €
C*[a, B and if f” 0 when k > 2, we have

N _ (] 7 _ -1
GH'M==(f)"», 6" e ()
"o (')
(f"o (TN

(Sf)m(y) _

6.6.3 Exponent Pairs

The A- and B-processes can be systematized in an algorithmic type procedure
which was developed by van der Corput and later simplified by Phillips. To make
things more accurate, we start by giving a definition of a class of function on which
the process may apply. In practice, this class contains almost all functions that we
may encounter in the usual problems of number theory. Roughly speaking, we need
to work with functions satisfying hypotheses of the type (6.16) and possibly the log-
arithm function for the problem of the Riemann-zeta function in the critical strip.

Definition 6.32 Let N > 1 andr > 2 beintegers, T > 1,0 > —land 0 < ¢ < % be
real numbers. A function f belongs to the class F (T, N;r, 0,¢) if f € C"(Z) such
that Z C [N, 2N] and, for all x € Z, we have

o

TN .
+—— 4 ulx), ifo#0,
xU
+Tlogx +u(x), ifo=0

flx)=
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where u € C"(Z) is a remainder function satisfying

Uy < | €@ TN, ifo #0,

s {e(j “DITN/, ifo=0

forallx e Z and j € {1, ...,r}, and where the Pochhammer symbol () ; is defined
by

o) =1 if j =0,
DiT o+ D0 +j—1, ifj>1

A function belonging to the class F (T, N;r, o, &) with o # 0 is called a monomial
function.

We summarize in the next result the basic properties of this class of functions.
Lemma 6.33 Let N > 1 and r > 2 be integers, T > 1,0 > —1 and ¢ > 0 be real
numbers.

; . 2eN . .
(1) Let f e F(T,N;r,o,¢), 1 <h< U‘E—Jrr be an integer and define the function

Apf(x)=f(x+h)— f(x). Then
Apf e F(RTN™' Nir—1,0+1,2¢).

(i) If g5 (x) = =T (Nx~ 1 with o # 0 or if go(x) = T logx, then, for all ¢ > 0
and all integers r > 2, we have

S, e]—'(T, TN*I;r,— j_l,z?).
o

Proof We will make use of the following result which is a particular case of an
inequality by Ostrowski (see [NP0O4] for instance).

Let a < b be real numbers and f € Ca, b] such that there exists &1 > 0
such that, for all x € [a, b], we have | f'(x)| < A1. Then

(b —a)*is

<
2

b
(b—a)fla)— f f@)de

(i) Let f € F(T,N;r,o,¢) and we set T =hTN~'. We have

hT N° o+1
Apf(x)= iw +Rpox)= iW + Rip,o (x)

where

x+h dr h
Rh’o'(x) =4+TN° (/x prea| — W) + Apu(x)
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so that for all j € {1,...,r — 1} we have, using Ostrowski’s inequality

x+h dr h
. to+i+l xo+j+l1

1) . .
< w RTN= o+ j+ DN ) +e(0+1);ATN !

. x+h .
R}, (0] < (0 + 1), TN° +/ D @) dr
X

o+j+1
o+r

<e(o+1)ﬂrN—f< +1)<2s(o+1)jTN—f.

(i) Easy computations from the definition (6.18) give

o T(TN~')~a
5500 =~ (o o) L) T
y o+l
and
Sgo (V) = —Tlog(eyT_l).
The proof is complete. g

We are now in a position to define the exponent pairs.

Definition 6.34 (Exponent pairs) Let k and / be real numbers satisfying

1
0<k<=<ILK1.
2
The pair (k, 1) is called an exponent pair if, for all 0 > —1, there exist an integer
r>2and 0 < ¢ < % such that, for all N € N, all real numbers T > 1 and all f €
F(T,N;r,o,e¢), the estimate

D e(fm) < TN'"F 4 NTT!

a<n<b

holds, with [a, b] C [N, 2N].

Note that the pair (0, 1) is an exponent pair by the triangle inequality and is called
the trivial exponent pair. By Corollary 6.12, the pair (%, %) is an exponent pair, and
by Corollary 6.20 the pair (%, %) is also an exponent pair. Furthermore, there is no
need to ever take / > 1 in an exponent pair, otherwise we would get an estimate
worse than the one provided by the triangle inequality. Similarly, there is no need
to take k > %, for then (k,!) would provide a weaker result than the pair (%, %).
More generally, the reader should refer to [GK91] where an interesting explanation
is given about the hypotheses 0 < k < % <[ < 1 appearing in this definition.

The term NT !, which comes from Kusmin-Landau’s inequality, is here to pre-
vent the case where the order of magnitude of the function in the interval [N, 2N] is
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very small compared to N. However, we shall mostly have 7 >> N, so that NT !
is absorbed by the main term T*N'~*. Thus, the exponent pair (%, %) tells us that
the exponential sum is bounded by the square-root of the order of magnitude of the
function in [N, 2N], which is an interesting result. But it would be more efficient
to have the bound 3, _, <, e(f(n)) K N 1/2+¢ instead of T'!/2. Unfortunately, this
conjecture, called the exponent pair conjecture, still remains unproven. Note that
this conjecture would solve Dirichlet’s divisor problem.

Using Corollary 6.2 along with exponent pairs gives the following useful result.

Corollary 6.35 Let f € F(T,N;r,0,¢) and (k,l) be an exponent pair. Then we
have

DR AVIOIES (TkNl)ﬁJrNT_l
a<n<b

with [a,b] C [N,2N].

k
Proof If N < T T+~ then we have

(TENY)HT > N>b—a>

> w(fm))’

a<n<b

so that we may suppose that N > T T . Using Corollary 6.2 and Definition 6.34,
we get for any positive integer H

Z Ilf(f(l’l)) < ]V[{_1 + (HT)kNl—k +NT_]

a<n<b

and the choice of H = [(T %N 1tk—! )ﬁ] gives the asserted result. O

Lemma 6.33 implies that in a certain sense the exponent pairs are compatible
with the A- and B-processes. As shown by the next result, this compatibility has the
advantage of producing some new exponent pairs from older ones. For the proof,
we refer the reader to [GK91, Mon94].

Theorem 6.36 (Exponent pairs by A- and B-processes) Let (k,[l) be an exponent
pair. Then

ko1 11
Atk 1) = - d Blk)y=(1—=k+-
) (2k+2’2+2k+2) and Bk, 1) < 2’ +2>

are exponent pairs.

This theorem shows the great usefulness of the exponent pairs, for one may com-
bine the A- and B-processes successively to produce exponent pairs from the pair
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(0, 1). For instance, setting A/ and B/ to symbolize the A- and B-processes applied
J times respectively, we have

(6.19)

BA}(BA%) B0, 1) = ( o7 132)

2517 251
so that (%, %) is an exponent pair. Note that B%(k,1) = (k, 1), which is not sur-
prising since the Poisson summation formula is one of the ingredients of the B-
process.

Using (6.19) in Corollary 6.35 gives the following improvement in the Dirichlet
divisor problem.

Z w(f) <<x97/348N35/348+N2x_1
N<n<2N n

so that, for x sufficiently large, we have

Z " (f) « x229/69 logx.

N

Note that % ~(0.329022988... Compared to the conjectured value 1/4, this es-
timate represents a saving of a little more than 5% in comparison to the bound
provided by van der Corput’s inequality (Example 6.13).

The search for the best exponent pair to a given estimate implies a difficult opti-
mization problem which was investigated by Graham and Kolesnik in [GK91]. For
the Dirichlet divisor problem, the authors proved that the best exponent accessible
by this method is 0.32902135685... which is slightly better than the exponent
above.

6.6.4 An Improved Third Derivative Theorem

The question whether the exponents 1/3 and 1/7 in Corollaries 6.22 and 6.23 can
be increased arises naturally. Concerning the first one, a counter-example, given
by Grekos [Gre88], shows that this exponent cannot be improved. In [RS03], the
authors investigate the problem of the second exponent. Their idea is to estimate the
following exponential sum with a parameter

> Ze(%f@))‘

H<h<2H'nel,

where H, N are large positive integers and I is any subinterval of |N, 2N ] which
may depends on / for all & € [H, 2H]. The non-trivial treatment of this sum rests
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on bounds of quadruple exponential sums and the use of the so-called spacing lem-
mas, which, in Huxley’s terminology, are tools for estimating certain Diophantine
systems. Their main result may be stated as follows.

Theorem 6.37 Let H, N be large positive integers, I, be any subinterval of |N, 2N ]
which may depends on h for all h € [H,2H) and f € C3[N,2N] such that there
exists a real number A3 > 0 such that, for all x € [N, 2N] we have

|f7 (O] < 4.

Then, for all ¢ > 0, we have

D

H<h<2H

h —
) e(ﬁﬂ"))‘ K NVFEVO =19 4 Nte, 15 4 N3ate 213

nely

We now use this tool along with Corollary 6.2 in the following way. Suppose
first that N~19/3 < a5 < 1. Splitting the interval [1, H] into O(log H) subintervals
of the form [H1, 2H;], we get

H
N 1
>ovlm)< g+ > e(hf(n))‘
N<n<2N h=1 N<n<2N

N 1

<<E+1<nﬁz?§HH Yo~ Y e(nfm)|logH

1<h<2H; N<n<2N

N 1

L —+ max — Y > e(hfm)|logH
H 1<H<H Hy Hi <h<2H,'N<n<2N

N _
< - +1<rga§H(Nl+8(H1)‘3)l/6Hl 1/9+N1+£(H1k3)1/5
A1x

+ N34 4 (Hya3) " 3) log H
N
<o+ (N (H3) V'S 4 N (H L)'

4 N3/Ate +A;1/3) log H

and choosing H = [A;3/]9] gives

S w(Fm) < NN+ N1

N<n<2N

the second term being absorbed by the first one, and log H < log N < N°¢ since
3= N30 2 > 1, then NAY™ > N and if a3 < N™193, then 27"/ > N19/°
so that we may state the following result.
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Corollary 6.38 Let f € C3[N,2N] such that there exists a real number i3 > 0
such that, for all x € [N,2N] we have | f"(x)| < A3. Then, for all £ > 0, we have

Y w(fm) < NE(NAYY + N1,
N<n<2N

Applied to the Dirichlet divisor problem, this result implies that
Z w(f) < Ns(x3/]9N7/19+N3/4+N4/3x*1/3)
N<n<2N "

so that, for x sufficiently large, we get

X 29/95+¢
OR

n<x2/5

which is better than the previous one obtained by the third derivative test, but once
again this result does not allow us to recover the whole range of summation.

6.6.5 Double Exponential Sums

In [Vor04], Voronoi derived a very elegant formula for the remainder term Ay (x)
of the Dirichlet-Piltz divisor problem. Later, some mathematicians obtained a trun-
cated version of this formula which may be written in the case k =2 as

1/4

Alx) <L x Z 3/46(2\/11)() +x/FERT2 4 x#

n<R

for all ¢ > 0, where R > 1 is a parameter at our disposal such that R <« x4 for some
A > 0. Using the fact that T (n) =}, 1 we get

eQVRT)|
2. 2

1/24¢ p—1/2 e
(kd)3/4 R +x°.

Adx) < x4

d<Rk<R/d

Splitting the domain d < R, kd < R into 0(log2 R) subdomains of the form
[M,2M] x [N,2N] with M, N positive integers such that M N < R gives

A(x) < x*  max 0g? R+ x!/2HeR=12 4 x#

M<R,NER
MN=R

Z Z e(Z\/Tx)

(m )3/4

M<m<2M N<n<2N

and using Abel’s summation we get

Alx) K xV4R73* max  max Z Z e(2/mnx) long

M,NKR M<M|<2M
MN<R N<Nj<2N ' M<m<M; N<n<N

+x12TeR=12 4 e
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Hence we have here a double exponential sum to deal with instead of the function .
Note that the trivial estimate of this double sum and the choice of R = x!/3 enable
us to recover Theorem 6.14 with x!/3+ instead of x!/3 log x. The theory of multiple
exponential sums was developed nearly at the same time as the simple exponential
sums. In [Kol85], Kolesnik establishes the following result.

Lemma 6.39 Let X > 0 be a real number and M, N, R > 1 be integers such that
M >N and MN < R, and let D C [M,2M] x [N,2N]. Let o, B € R\ Z such that
o+ B #3,4,13/3 and (a — 4)* + B(a — 3) £0. Then, for all € > 0, we have

Z e(X<%>a(%)ﬂ> « RS/ T3+e x11/173 4 pl168/197+e x11/197
(m,n)eD

+ R263/230+8X—22/23O + R21/26+8X1/13

| R255/302+¢ y9/151

Using this result withe = =1/2 and X =2/ M Nx < +~/Rx we get
A(x) <« x195/692 g83/692+e | | 219/788 p103/788+e | | 93/460 p159/460+e

| 15/52 5/52+e | (169/604 p75/604+e | 1/2+e p—1/2

and we choose R so that the first and the last terms are equal, which gives R =
x131/429 and therefore

A(.x) << ‘x]39/429+6.

We have % ~(0.32400932... This bound is slightly better than the one obtained
with exponent pairs. The proof of Lemma 6.39 involves very complicated mathe-
matics, this is the reason why the research then took a new turn.

6.6.6 The Discrete Hardy-Littlewood Method

The idea to adapt Hardy—Littlewood’s circle method for exponential integrals to ex-
ponential sums first appeared in [BI86] in which the authors obtained an improve-
ment in the problem of bounding ¢ (% + it). The method was later used by Iwaniec
and Mozzochi [IM88] to treat the Dirichlet divisor problem and the Gauss circle
problem, which are similar by nature. This method is one of the trickiest in expo-
nential sum theory. The proof is far beyond the scope of this book,> but one can
systematize the ideas in the following six steps.

ZFor a complete exposition of this subject, the reader should refer to [GK91, Hux96].
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In what follows, let f € C"[N/2,2N] with r > 4 and the derivatives satisfying
van der Corput type hypotheses as in (6.16) so that there exist ¢; > 1 and T > 1
such that, for all x € [N/2,2N], we have

|f<f>(x)|<c — (=1,...,r).

We also suppose that c37 < N>. The purpose is to get an estimate for the exponen-
tial sum

S= > e(fm).

N<n<2N

Step 1. Major and Minor Arcs

As in the original circle method (see [IK04] for a complete exposition), the interval
[N,2N]is covered by [N/M] + 1 intervals Iy = [N + (k — 1)M, N + kM| where
M is a positive integer chosen so that M < N /10, M3T < 2C3N3 and M*T < N*.
Let R be the integer such that

(R—1)2MT <2c3N3 < R*MT

so that R?2 > M and suppose that R < M, since this is the range where this method
really works. The role of R is to give the right order of magnitude of ¢ when we
approximate the real number f”(x)/2 by a rational number a/g. With the two pa-
rameters defined above, we have ensured that, for all x € [N/2,2N],

M3 L") <M™? and fPx)< M.

The problem is then to find a point in I; such that the derivatives of f at this point
are rational numbers, in order to expand f(x) in a Taylor series about this point.
Since Ij has length M, as x runs through I, f”(x)/2 runs through an interval Jj of
length < MT N3 < R™2. Choose a rational a/q = ai/qx in Ji with (a, ¢) =1 for
which ¢ is minimal. If ¢ < R?/M, we call I} or Ji a ma]or arc, otherwise a minor
arc. Having chosen a/q, we pick the integer ng = ”0 € Iy for which f"(ng)/2 is
the closest to a/q. Since f” is strictly monotone, we have |ng — x| < | where xg
is the unique solution of the equation f”(x)/2 =a/q. Hence we have

f"(no) a

<ol c3T < 463
2N3

Next we choose a rational approximation b/s to g f’(ng) such that

—1' and sgmax(l,Mq_l)

b
'; —qf'(no)| <qM
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which is always possible by Dirichlet’s approximation theorem, and set

bx ax? 3
gx)y=f(no)+—+—+nux
qs q

where u = % f""(ng). This polynomial g(x) is the function which is used to approx-
imate f(x + ng). The values of m such that ny + m lies in I; belong to an interval
[M1, M3] such that M| > M, M> < 3M and M, — M| < M, and writing

Z e(f(no+m)) = Z e(f(no+m)—g(m))e(g(m))

My<m<M; My<m<M;

and using the fact that
b 2a x3
f'(0+2) = g'() = fmo) = =+ x(f”(no> - ;) + 5 [ o +0x)
where 0 < 0 < 1, we get using the estimates above

flg+x)—g'(x)y < M™!

for all x < M such that ng +x € [N/2,2N], so that by partial summation we get

Z e(g(m))"

M3<m<Ma

Z e(f(no+m)) <« max

M <M3<M.
My <m<M> 1XM3X M2

For each k we have a different polynomial g(m) = gx(m) and different limits

M3(k), Mz(k). Also note that we have bounded S by the sum of the moduli of << N/M
shorter sums of length < M. Since the best result one can hope for these sums is
<« M2 the best estimate we could obtain for S would be

N
S« (—)M”2 <

(6.20)

M M1/2

Step 2. Gauss Sums
The sum
3 am?®>  bm
Yo elgm)=e(fne) > elum’+—+—
Mz <m< M, M3<m< My q

may be viewed as an incomplete Gauss sum perturbed by the factor e(um?). Gauss
sums are usually defined as sums of additive or multiplicative characters. In our
problem, the quadratic Gauss sum

G(a,b;q) = Z ey (am2 + bm)
m (mod q)
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plays a key part since

2 b 1
Z e(um3+%+—m)=— Z G(as,b+k;qs)

S
Ms<m<M> gl

k (modgs)
km
< Y e(,mt_).
qs
M3<m< M,

Gauss sums have some interesting properties. For instance, if b 4+ k = ds for some
integer d and if g is odd, then

G(as,b+k;qs) =seq(—4ad2) G(a,0;q)

otherwise the sum is zero. If g is even, there is a slight variation in this identity
which does not really affect the result. The notation &@ means the integer 8 satisfying
aff =1 (modg). Since |G(a,0; q)| = /q if g is odd and (a,q) = 1, we get by
[Hux96, Lemma 5.4.5]

Ll

Mz<m< M,

R )

d (modq) Mz<m< M,

if g is odd, which we shall suppose from now on.

Step 3. Poisson Summation

One may apply the truncated Poisson summation formula of Lemma 6.28 along
with a computation about a special integral called the Airy integral and the use of
Lemma 6.26. This process replaces the sums over d and m above by

! 1 v “da h2 2 [(h 3/2
'Ma@nX:gMze(g(m))‘_ﬁXh:(IZhlu) ¢q(—4a )e(—m(§> )‘
qg+R )

+ 0 loe M
<ﬂ o8

for u > 0, where £ is an integer variable, k1 = h — b/s and the sum is such that

3ugM3? < hy <3ugM3.

For ;1 < 0 we use —g(m). Since R? < N3(MT)~!, the size of each summand is

PN q 1/4
— — = (uM) V2> <R
< <uh1) < <M2M261> (A

and the length of the range of summation is < 18ugM? < 144c3g M R™2. Hence
the trivial estimate on the sum over % is < Rq~!'/? times the number of terms. On



332 6 Exponential Sums

major arcs, we have gMR~% < 1 and one can prove [HW88] that the number of
major arcs with O < g <20 is < NQ*(MR?*»~! + 1. Thus, dividing the major
arcs into ranges Q < g < 2Q where Q is a power of 2 such that Q < R%>/M, we
infer that the major arcs contribute

R (NQ?
< > W(MR2+1)logM
0=20<R>/M

N R loe M
<\mr e TF)8

N
< <M1/2 +R> log M

to the sum §, where we used the inequality R < M. Taking (6.20) into account, this
estimate is nearly a best possible result.

Step 4. The Large Sieve on Minor Arcs

We now look for the contribution of the minor arcs for which ¢ > R?/M. The use of
the large sieve corresponds to Vinogradov’s mean-value theorem in the continuous
case (see Lemma 6.41). The sum over & above is first tidied with some analytic tools
like partial sums by Fourier transforms, Holder’s inequality, etc. Sums of bilinear
forms of the type

Yo elem) < Rq“/ZZ/ K(#)

Mz<m< M

e (—x(h) . y(t)) dr

H<h<2H

ql/zlogM

thus appear, where H runs over all powers of 2 covering the range of A in the
summation above, K(¢) is a kernel function satisfying

1/2
K(t)dt <logM
—1/2

and the vectors X" and y(¢) have respectively integer and rational coordinates in
four dimensions, the first one corresponding to / and the second one to the minor
arc Ji. After some rearrangements, the sum is treated with the following inequality
called the double large sieve inequality.

Let xV, ... x®) agnd y(l), e y(L) be real vectors in h dimensions satis-
fying
wp o Xi oy Y
|x; |<7 and |y;’| < S5
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fori=1,....hk=1,...,Kandl=1,...,L. Leta; = X; /(1 + X;Y;) and
b;i =1/ X;. Then we have

2

ize ®) . y0)

k=11=1

p 4h h
<(5) A@BMm) [ (XY, +1)

i=1

where
x® X(;)
A(a) = Zznmax(o Y A )
j oi=1 ai
OR0)
B(b) = ZZHmax(O 1— u >
joi=1

Step 5. Semicubical Powers of Integers

This is the trickiest point of the method. The numbers A(a) and B(b) require to
count the number of solutions of a system of four Diophantine inequalities involving
semicubical powers of eight integer unknowns. This is done using very complicated
combinatorial arguments (see [BI86, GK91]).

Step 6. Final Step

The final step rests on counting the points indexed by the minor arcs. One has to
count the number of coincidences of the points y, i.e. to count the number of Dio-
phantine inequalities with rational unknowns. The numbers M and R are then cho-
sen optimally.

This method enables us to get some new exponent pairs which are not attainable
by any successive A- and B-processes. In [HW88], Huxley and Watt were able to
get the exponent pair (% + ¢, % + % + ¢). They gradually improved their estimates
by getting the pairs

> 35
Lye 2 1
<l3+8,52+8> (1987),
89 1 89
k=14 (2 e -4 2 1996),
*.1) (570* 2+570+) (1996)
2 L1y 32 ) 005
205 "2 T205 "¢

the last two exponent pairs being obtained by Huxley [Hux96, Hux05].
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In [Hux03], Huxley used the ideas exposed above and added some refinements,
notably bounding the number of integer points near a specific smooth curve (as in
Chap. 5), to estimate the following double exponential sum

D an Y bae(hf(m)

H<h<2H N<n<2N

where (a;,) and (b,) are of bounded variation. Using Corollary 6.2, he then deduced
the following result.

Theorem 6.40 (Huxley) Letr > 5, N > 1 be integers and f € C"[N,2N] such that
there exist real numbers T > 1 and 1 < cg < --- < ¢ such that, for all x € [N,2N]
andall j €{0,...,r}, we have

T : T
7 SIFV@|<ej 45

Then we have

S w(fm) < (NT)/416(10g NT)18627/8320,
N<n<2N

Applied to the Dirichlet divisor problem, this gives the best known result up to
now namely

Alx) < x131/416(10gx)26947/832().
Corollary 6.22 with van der Corput’s theory gives under the same hypotheses
S v (fm) < (VT3
N<n<2N

if T > N.Wehave 1/320.33... and 131/416 ~ 0.314903 84 ... which shows the
extreme difficulty in getting some new improvements—this is actually the case with
every problem in analytic number theory.

6.6.7 Vinogradov’s Method

Let us move on now to another divisor problem and suppose we want to estimate
the sum anx o (n). As in Chap. 4, we have

ow=32al(a)+)

n<x d<x

325D+ ()+)
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EEEORIDED

d<x
x2 1 1 X
=572zl gv(z)row
d<x d<x

x2c(2)  x? 1 1 [x
=Y e v (G) row
d>x d<x

x2z(2) 1 [x 1 [x
= —ngw<g>—x Z EW(E)—FO(X).

d<./x Jx<d<x

We apply (1.6) to the second sum with f(¢) = t_lw(x/t), a = +/x and b = x. Since
VE(f) « 14 x1/2 we have

X 2
3 l¢<f>=/ ltp<£)dt+w+w<ﬁ) +0()
ﬁ<d<xd d Jit t 2x Jx

du4+0(1) K1

/ﬁww
1

u

so that

2¢(2 1
Za(n):x {2( ) —Xx Z r—lw<;—c>+0(x).

n<x n</x

The trivial estimate on the sum gives

1 X 1 1
Z ;1#(;)‘ < 5 Z - < logx (6.21)

n</x n</x

so that we get the asymptotic formula

2
Zo(n) =2 ;2(2) + O(xlogx).

n<x

If we intend to improve on the error-term, the use of previous results such as Corol-
lary 6.35 can help to reduce the interval of summation. Indeed, using Abel’s sum-
mation and Corollary 6.35 with the exponent pair (6.19), we get

1 X 1 X
N<n<2N

Ry a(x)<N<Jx

log x



336 6 Exponential Sums

>z 'G)

N<n<N;

< max N~ max

log x
a(x)<N<J/x N<N1<2N

« max N7' max (x97/348N35/348+N2x_1)10gx
a(x)<N<J/x N<N|<2N

< max (X97/348N_313/348 + Nx_l)logx «1
a(x)<N<J/x

where a(x) = x97/313(log x)348/313 ~ x0279 (log )12 However, this method does
not enable us to cover the whole range of summation.

From 1934 to 1937, Vinogradov created another tool to deal with exponential
sums which may supersede Weyl-van der Corput’s method when the orders of the
derivatives of the function are large. We sketch below the ideas underlying this
method, but we omit the proofs. For more information about Vinogradov’s work,
see [For02, Mon94, Vin54].

Let k be a large integer, say k > 5,and f € C k+1 [V, 2N] such that there exists a
real number Ayt € [N~2, N~1] such that, for all x € [N, 2N], we have

f(k—H)(x)
’ (k+ 1)!

= Akt1-

Let H be a positive integer satisfying H < N/2 and H*'1;1 « 1. Using Weyl’s
shift (6.9) with a, = e(f(n)) and Taylor’s series expansion we get

Y orm)<y ¥

N<n<2N N—H<n<2N
1

:EZ

N—H<n<2N

Ze(f(n—l—h))‘—i—H

h<H

> e(Qn(h)+un(h>)‘ +H

h<H

where
hk
On(h) =hf'(n) +--- + gf‘“(n) and
h
un(h) = f(n) + % / (h =0 & D+ 1) dr.
*Jo

Since Hk+1)\k+1 <« 1, the total variation of u,, (h) is < 1, so that using Abel’s sum-
mation we get

Yo oe(rm) < % 3

N<n<2N n~N

Z e(Q,,(h))‘ +H

h~H
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and writing £ (n)/j! =[fD(n)/j1+ {fY)(n)/j!} we have

Y. e(fm) <<% SO e(Pn(h))‘ +H

N<n<2N n~N'h~H

where P, (h) = h{f' (n)} + h>{f"(n)/2} + --- + K*{f® (n)/k!}. The first step in
Vinogradov’s method is to prove the following estimate

> e(fm) < (Hk("“)/zB(H)Jk,,(H)N 2% 4 g (6.22)
N<n<2N

where b is a fixed positive integer, B(H) is the number of pair (n, n) such that

<H* and HM}_{MH@{H

k! k!

‘f“‘)(n) FOm)
B (k — 1)! k — 1)!

and Ji » (H) is the Vinogradov integral defined by

Jip(H) = / f

One can get an upper bound for B(H) in the following way. Set n’ = n+£ with |£] <
L < N for some L € Z¢. Then the first condition implies that (k + 1)[£|At41 <
H~*. Taking L = (A1 H*)~! and taking the inequality |{a} — {b}| > |la — b|| into
account, we get

alh + - +akhk)
h<H

da1 -+ dag.

(k=1)
B(H)<<Card{(n 0:0<¢]<L, NJ2<n<2N, ||MII<H1—"}

(k—1)!

A, £=D)
<N+ Y R(M,N,ZHl_k)
0<le<L :

KN+ Y (Nl + NH' ™ + (e B T 1)
0<le|I<L

where we used Theorem 5.6. Now since N LAy1 < NH' " and (|€|A 1 H<H 71>
H we get
log N

B(H N + +
() < H¥» =gy g HE!

and the choice of H = [A,:i{ak_l)] gives

B(H) < Nlog N (6.23)
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where we used the fact that N2A;41 > 1. Note that from the hypotheses above we
have
k+1 — k2
Nz <<H<<N2k and H""'A\jpp] K N %1,

The next result, which gives a non-trivial upper bound for Ji ,(H), lies at the heart
of Vinogradov’s method.

Lemma 6.41 (Vinogradov’s mean-value theorem) Set ¢ = e=P% Then

-]kb(H) << H2b—(1—€)k(k+1)/2

The proof relies on the observation that J; ,(H) counts the number of integer
solutions of the following system of Diophantine equations
hi+---+hy,= h)+---+hy,
h%+...+h%=h’%+...+h’2,

hk—i- hk = e +h/’;

with 1 < h;, h: < H. Indeed, expanding the power in the integrand of Ji ,(H) and
exchanging the order of summation and integration, we get

h,h/ j=1
whereh = (hy,...,hp)andh = (W'q, ..., ') run 1ndependently over {1, . H}b.

Hence the 1ntegra1 vanishes unless h] 4+ + h] = h’] 4+ 4+ h’j for all 1 < k.
Note that Lemma 6.41 is nearly the best p0551ble result since one can show that

Jk b(H) > H2b7k(k+1)/2.

If b is large compared to k2, say b > ck*logk for some ¢ > 1, then the bound is
quasi-optimal.
Now putting (6.23) and Lemma 6.41 into (6.22) we get

1= ektD)
Z e(f(n))<<N »H % logN+H
N<n<2N

l—5q ~ flk((zkk+ 1|)> =
KN'TBA logN + X, 5~
<<N1 2b ]0gN+N2k T

where
k(k+ 1
eib/kz ( )

bk)=1— .
r.k 2%k —1
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Taking b = k?logk with k > 5 then gives

1
S e(fm) <N ot log N,

N<n<2N

We can state the following result.

Theorem 6.42 (Vinogradov) Let k > 5 be an integer and f € CKT1[N,2N] such
that there exists a real number Ap41 € [N~2, N~ such that, forall x € [N,2N],
we have

X Ak+1-

f(k+1)(x)
‘ (k+ 1!

Then

Lt
3 e(fm) <N ek logN.

N<n<2N

In [Wal63], Walfisz was able to get a non-trivial upper bound for the sum (6.21).
For large N, he used a van der Corput type estimate as in Corollary 6.25, and for
smaller ones he used a Vinogradov type result. Afterwards, Karacuba [Kar71, Pet98]
obtained a refined estimate using similar ideas as in Vinogradov’s work which con-
tains both methods. Applying this result to the function f(n) = T/n, Pétermann
and Wu showed in [PW97] that, if 20 <N <N 1<2Nand T > N2, then there
exists co > 0 such that we have

> T) « Nex (log N)’
el — —cg————— ).
n P O(logTN—1)2
N<n<N;

Applying this in Corollary 6.2 we obtain with ¢ < N < Ny < 2N and N < x!/?
x B (log N)?
E Y- )< NH 4+ Nexp| —co—————— | logH.
n (log HxN—1)2
N<n<N;

Setc = 15(4cg) "3 and w(x) = eclogx)?, Choosing H = [exp{(log N)3/(log x)?}]
gives for all w(x) < N < x1/2

N(logN)3 log N)3
> w(f) <<4§Og . exp(—cl(og )>
N<n<N; n (ng)

(logx)?

with ¢; = 64c¢(/81 and where we have used the bounds N > w(x) and H < x178.
An application of Abel’s summation yields

(log N)? (log N)?
2 _‘/’<) (logx)? e"p(_ <logx>2>

N<n<N;
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for w(x) < N < x/2 and a similar argument to that used in the proof of [PW97,
Lemma 2.3] finally gives

1

> —¢<5> < (logx)*3.
n n

w(x)<n<xl/2
Since we have trivially
Yo o—yls)« > = < (logx)
n n n
n<w(x) n<w(x)

we may state the following result (compare to (4.14)).

Theorem 6.43 (Walfisz) For all x > 2 sufficiently large, we have

Z () == )+0(x(10gx)2/3).

A similar method was used to get the following improvement for the average
order of Euler’s totient function (compare to Exercise 10 in Chap. 4).

Theorem 6.44 (Walfisz) For all x > 2 sufficiently large, we have

Z o) = 2§(2) (x(logx)z/%(log logx)‘m)

6.6.8 Vaughan’s Identity and Twisted Exponential Sums

The sums ZP<X e(f(p)) and Zn<x u(n)e(f(n)) frequently arise in number the-
ory. For instance, if we intend to get an estimate for »_ N<n<2N um)y(f(n)), we
may use the asymptotic formula of Remark 6.3 which 1mphes that, for any positive
integer H, we have

Yo wmy(fm) = Z > nme(hfm)

N<n<2N 0<|h|<H N<n<2N
1
+ 0 { mm( ) } (6.24)
N;M HIF 0

so that we need to have at our disposal bounds for sums of the type

> wme(hfm). (6.25)

N<n<2N
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For the error-term of (6.24), it can be shown [MV81] that the minimum admits a
Fourier series expansion. Nevertheless, it is sometimes simpler to use the following
lemma.

Lemma 6.45 Let N > 1 and H > 4 be integers, and f : [N,2N] —> R be any
function. We set K = [log H/log2]. Then we have

K-2

1
in(1, ——— ) <2aNH ' +2 Y 27 *R(f£, N, 2*H).
2 mm( HIIf(n)II>< +2) 2ER(S )

N<n<2N k=0

Proof We have

1 1 1
in(1, — | = 14—
2 mm( an(n)n) 2 Yy 2w

N<n<2N N<n<2N N<n<2N
If el <H—1 Ifei=H1

1 1
=R(f,N,H ")+ — .
(f ) H N@Z%N I fm)l

IfeI=H=1
Since
[neN2NINZ: | fm)| > H '}
K
c U{n €[N 2NINZ:2MTH < fm)ll <2H')
k=1
we get
1 K 1
> <2 >
vaow IO = N<n<2N If @l
IfmizH=! k=1 =1 fmy| <2k H—1
K—2 |
SIN+DER"E+22K\m+ ) >
=l NanoaN I f ()l
k=T H=1g) foyl<2km—T
K-2
<6x2_K(N+1)H+2H22_k Z 1
k=1 N<n<2N

ILf ()| <2k H—1
K2
<I2(N+1)+2H Y 27*R(f.N.2"H")
k=1
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since 27X <2H~!. Thus we get

1
in(1, ——— R(fL,N,H VY +24NH!
2 mm( Hllf(n)||)< (f )+

N<n<2N
K-2
+2> 27*R(£.N.2°HTT)
k=1
which implies the desired result. U

In the case of the function f(n) = x/n with x > 1 being a large real number,
Shiu’s result may be used to get a quasi-optimal estimate.>

Lemma 6.46 Let x > 1 be a real number, N > 1 and 4 < H < x be integers. Then,
forall ¢ >0, we have

1
min( 1, — ) <. NH 1x%.
2 ( H||x/n||) ‘

N<n<2N

Proof Using Lemma 6.45 we get

[log H/log?2]-2

1 x 2k
in(1, ——— NH™! 27kR(Z, N, =
2 mm( H||x/n||><< DY (n H)

N<n<2N k=0

and interchanging the summations we obtain using Lemma 5.2

X 2k x 2k x 2K
i) X (a7
N<n<2N
< > >

_k+1 -1 < k+1 —1 dlm
x=28INH- <m<x 428N H N<d<aN

< > T(m)

x—2k+I N -1 <m§x+2k+lNH*1
& 2ENHx®
where we used Theorem 4.62 in the last estimate. This implies the asserted result. []

It is obvious that the equality (6.24) still holds for all bounded sequences (a;) of
complex numbers instead of w(n). Furthermore, with f(n) = x/n, if we replace the

30ne may slightly improve on this result by using Hooley’s A-function instead of the t-function,
and making use of Theorem 4.65 instead of Shiu’s theorem.
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Mobius function by any sequence (a,,) of complex numbers satisfying a, < n® in
(6.24), then the error-term of Lemma 6.46 is only affected by a factor x® if N < x.
We may therefore state the following useful result which generalizes Corollary 6.2
in the case of the function f(n) = x/n.

Proposition 6.47 Let ¢ > 0, x > 1 be real numbers, N > 1, H > 4 be integers
satisfying max(N, H) < x, and (a,) be a complex-valued sequence supported on
[N, 2N] such that, for alln € {N, ...,2N}, we have a, < nf. Then we have

o 1 h
> a,,1p<;—c)<<NH Ix2 +ZE > aw(%)‘

N<n<2N h<H 'N<n<2N

Another long-standing problem in number theory is to ask whether there is a
prime number in the interval Z =]x, x + x1/2] for large x. Even if we assume the
Riemann hypothesis, it seems to be extremely difficult to answer this question. As
an approximation, Ramachandra [Ram69] suggested the problem of showing that
there is n € Z having a large prime factor p with p > x? and ¢ being as large as
possible. We may proceed as follows. Let P(n) be the greatest prime factor of n
and, for all positive integers d, set

Ndy=) 1.

nel
dln

The starting point is the following easy estimate. Interchanging the summations and
using the convolution identity A x 1 =log, we get

ZN(d)A(d): Z ZA(d): Z logn =x'"?logx + O(x'/?).

d<x x<n<x+x1/2 din x<n<x+x12

Now note that N(d) < 1 for all d > x!/? so that, using Chebyshev’s estimate of
Lemma 3.42, we get for all € > 0

Z N(d)A(d):Z Z N(p®)logp

x3/5—¢ <d<x 0[22 x3/57s <put gx
dnot prime
< D logpt ) ) logp
p<al2 a>3 pr<x

<x1/210g4+x1/310gx<<x1/2
for large x. Similarly, using N (d) = x'/2d~" + 0 (1), we get
A(d) -
N(d)A(d) =x'? ——+0o(w(x'/*
Y. N@A@=x 3 ——+0(¥(x!*7))

d<x1/2—s d<x1/2—s

= (% —s)xl/zlogx + O(xl/z)
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where we used Chebyshev’s estimates of Corollary 3.47 and Lemma 3.42. We then
have at this step

x'2logx + 0(x'?) =" N(d)Ad)
d<x

= Y N@AD+ > NdAW@

dgxl/Z—s xl/2—s<d<x3/5—s

+ Y. N@Ad+ Y., N(plogp

X358 <d<x X35t <pLx®
d not prime

+ Y. N(plogp
x9<p<x

1
= (5 — e)xl/zlogx + 3+ 33
+ > N(plogp+0(x'7?)
x¢<p<x

where

) = > N(d)A(d) and 3= > N(p)logp

xl1/2—¢ <d<x3/5_£ X3/5—s<p<X¢
so that
1
> N(p)logp= <5 + 8>x1/2 logx — T — T3 + O (x'/?).
xb<p<x

The next step is to show the following estimate

1
S= 15 x'logx + 0(x'7?) (6.26)

and to find the largest exponent ¢ such that the upper bound
2 1p
Y3 < 3 x/“logx (6.27)

holds, so that we shall have

1 1/2
Z N(p)logp>§8x logx
x?<p<x

for x sufficiently large, which yields the existence of a prime p satisfying p > x¢
such that N (p) = 1, so that there exists an integer n € Z such that P(n) > x?.
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The estimate (6.26) has been proved in [Liu93, Har07] using the following argu-

ments. Since
x1/2 x4 x1/2 X
Nd) =——— _ —
(d) 7 1/f< 7 >+1/f<d)

it is sufficient to show that, for all positive integers N such that x 172 o N < X35,
we have

xl/2
Y ADfd) < — (6.28)
logx

N<d<2N

)c—{—xl/2 X
o= () (2)

The estimate (6.27) is shown in [BH09] with ¢ = 0.7428, and also in [Har07] with
the slightly weaker value ¢ = 0.74, by using sieve techniques, and more precisely
the Rosser—Iwaniec sieve and an alternative sieve.

To treat the sums (6.25) and (6.28), and to get fine estimates for (6.27), one can
make use of Vaughan’s ingenious identities based upon some decompositions of
certain formulae involving the Riemann zeta-function (see [MV81]). Let U > 1 be
a real number and set

where

w(mn)

s

Aw)

F(s) = and G(s) = Z

n<U n<U

We have for o > 1

g’ (s)
¢(s)

g'(s)
¢(s)

=F(s) — () F($)G(s) — ()G (s) + (— - F(S))(l —£(5)G(s)).

For o > 1, these functions can be expanded as Dirichlet series and Proposition 4.42
implies that

A(m) =a1(n) +ax(n) +az(n) + as(n)

where
am={ 0" M, @0 == ¥ Mm@,
i<t
a3(n)=z,u(d)logk and as(n) = — Z A(m)(Z,u(d)).
kd=n mk=n d\k

d<U m>U,k>U d<Uu
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Multiplying throughout by f(n) and summing we get

4
Yo oAmfm=Y_ Y amf®.

N<n<2N i=1 N<n<2N

Similarly, by using

1 1
—— =2G(s) — G(s)°¢(s) + (— - G(S))(l — ()G ()

£(s) £(s)

we get
u(n) =bi(n) + by(n) + bs(n)
where
2 , ifn<U,

b= [ S == Y )

and
bimy=— Y M(M(Z M(d)>
m>m[§:kn>U dd\<‘kU

so that

3

dooumfm=Y > binfn).

N<n<2N i=1 N<n<2N

Later, Heath-Brown [HB82] generalized Vaughan’s identities by providing some
formulae which are more flexible. One usually bounds the sums with a;(n) and
bi(n) trivially. The other sums involve the so-called sums of type I and type II in
Vaughan’s terminology which may be defined in the following way. We consider
integers M, N, R, R’ > 1 such that R < R’ <2R.If f :[R, R'] —> C is any func-
tion, it is convenient to call sums of type I (related to f) the sums

Sr= Y. Y awf(mn)

M<m<2M N <n<2N
R<mn< R

and sums of type II (related to f) the sums

Su= Y. Y awbuf(mn)

M<m<2M N <n <2N
R<mn<R

where a,,, b, are complex numbers supported respectively on [M,2M] and [N, 2N]
and satisfying a,, <, m® and b,, <, n®.
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By using Vaughan’s or Heath-Brown’s identities, one may prove the following
useful result (see [Bak07]).

Proposition 6.48 Ler S > 0 be a positive real number and suppose that the follow-
ing estimates

S/ <S for N>R
Sy<S for RV}« N<«RY?

hold for all sums of type I and type II. Then we have

> ) f(n) < S(log3R)’.

R<n<R’

A similar result holds for the sum (6.28). For instance, using Heath-Brown’s
identity, the authors in [RSO1] proved the following proposition.

Proposition 6.49 Ler k > 4 be an integer, (2k)’1 < o < 1/6 be a real number and
S > 0 be a positive real number. Suppose that MN < R and that the following
estimates

S «S for N=RUY™? andfor R* <N <R3,
Sn<S for R*<N<R™

hold for all sums of type I and type II. Then we have for all ¢ > 0

Y A () Kke SR

R<n<R’'

One may notice that Vaughan’s identity for the function A is in a certain sense a
rearrangement of the convolution identity A = —p log 1. Harman [HarO7] points
out that the genesis of these identities lies in approximating infinite series by finite
sums. Such considerations were certainly around in the 1930s, when Vinogradov
adapted the sieve of Eratosthenes—Legendre by replacing a sum over primes by dou-
ble sums. But it is noteworthy that Vaughan’s rearrangement was not used until the
1960s—70s. It also should be mentioned that these identities do not work if f is mul-
tiplicative. Indeed, we have in this case, supposing f completely multiplicative and
neglecting the multiplicative condition R < mn < R’ for the sake of simplicity,

Sn=( > amf(m>)( > bnf<n>)

M<m<2M N<n<2N

so that the new sums are not easier to deal with than the original sum. In fact, one
generally uses these identities with f(n) = e(g(n)) or f(n) =3,y e(g(h,n)) for
some real-valued function g.
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One can prove that the condition R < mn < R’ can be removed from sums S;
and Sy at a cost of a factor log R (see [Bak86, Lemma 15] or [RSO1] for instance).
Over the last two decades, many authors have provided some non-trivial bounds for
sums of type I and type II (see [Bak86, Bak94, Bak07, CZ98, CZ99, CZ00, FI89,
GR96, KRW07, Liu94, Liu95, LW99, RS06, SW00, Wu93, Wu02, Zha99] among
a lot of references). As an example, we prove an analogue of the third derivative
theorem for sums of type II.

Theorem 6.50 Let f € C3([M, 2M] x [N, 2N1]) such that there exists A3 > 0 such
that, for all (x,y) € [M,2M] x [N, 2N], we have

a 92
dx dy?

.

Let (ap,) and (b,) be two complex-valued sequences supported respectively on
[M,2M] and [N, 2N] satisfying |a,| < 1 and |b,| < 1. Then we have

o > awbue(fon.m) < MNAY/C + MNY* 4+ M2N
M<m<2M N<n<2N

+ M3/4N1/2A;]/4.

Proof We may suppose A3 < 1 otherwise the estimate is trivial. Let Sys v be the
sum on the left-hand side and

Sumy=" Y ane(f(m,n))

M<m<2M

so that

Sun= Y baSu).
N<n<2N

Let H be a positive integer such that H < M. By Cauchy—Schwarz’s inequality we
have

ISunP<N Y [baSumP <N Y Sy
N<n<2N N<n<2N

and van der Corput’s A-process (Lemma 6.18) gives

2M?  AM h
|SM(’1)‘2< 74‘71{3{}’;{(1—?) Z am+h@e(Ahf(m,n))}

M<m<2M—h

Apf(m,n)= f(m+h,n)— f(m,n).
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We infer that

NYRIERS (MN) Z >

h<HM<m<2M

> e(Anfm, n>)‘

N<n<2N
and since
82
— Ay f(x, = hA
‘ 5y nf( y)’ 3

forall (x, y) € [M,2M] x [N, 2N], using van der Corput’s inequality (Theorem 6.9)
we get

N2
sl < B L B S S (N 2 4 ()Y
h<HM<m<2M
MN)?
<! H) + (MN)*(H3)"? + M N (Ha3)~'/?

so that
ISyl <K MNH™Y?2 4+ MN(HA3)* + MNY2(H )14

and Lemma 5.5 gives the asserted result plus a secondary term M N A;/ 4 which is
absorbed by the main term since A3 < 1. 0

6.6.9 Explicit Estimates for A(x)

Since Voronoi’s paper [Vor03], there have been so far few explicit estimates for the
remainder term A(x) in the Dirichlet’s divisor problem. This was investigated in
[BBR12] where a modified version of Lemma 6.16 was used to get the following
estimates.

Theorem 6.51 (Berkane, Bordelles and Ramaré) We have

0.961/x, ifx>1,
j >
A< 0.482/x, if x > 1981,
0.397./x, if x > 5560,
0.764x'3logx, ifx >9995.

Furthermore, these estimates are sharp in view of

|A(1980)] > 0.5v/x, |A(5559)] > 0.4/x and |A(9994)] > 0.8x'*logx.
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6.7 Exercises

1 Letx,y,a, B €Rand M < N be integers.
(a) Show that 4|lx — y|| < |e(x) —e(y)| <2m|x — y|.

(b) Show that
(v=4 57c7)
min(f N - M, —— ).
2|«

2 Let N < N1 < 2N be large integers and f : [N, N{] —> R be a function satisfy-
ing the hypotheses of Theorem 6.9 with A, < 1072 and let § €10, 1/10] be a small
real number. Suppose also that f” is non-decreasing.

N

Z e(an+B)| <

n=M+1

(a) Splitting the sum into two subsums, show that

D e(£fm) <K R(f.N,8)+(Nrg+ 15"

N<n<N|

(b) Using Theorem 5.6 and choosing § optimally, deduce another proof of van der
Corput’s inequality.

3 Leta € R and H € N. Show that

H-1 2
> e(ha) > (H - |hDe(ha).
h=0 |h|<H-1

4 Let f:[N,2N] — R be any function and § € ]0, %[. Set K = [(88)’1] + 1. The
purpose of this exercise is to prove the following result.

For all positive integers H < K, we have

H-—

R(f.N.8) < Z

h=1'N<n<2N

e(h f(n))‘ (6.29)

One should compare this inequality to Corollary 6.2.

(a) Let n € [N,2N] N Z such that || f(n)| < 8. Prove that, for all integers i such
that || < H, we have

2
Rele(hf ()} > %
(b) Prove that

H-1

> e(hf(m)

h=0

2
RUN.O <1 D
N<n<2N
[FAQIES

and show (6.29) by using Exercise 3.
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5 Use (6.29) to prove the following result.

Let f be a function satisfying the hypotheses of Definition 6.32 and let
(k, 1) be an exponent pair. Suppose that N < 8T . Then we have

1

R(f, N,8) < N6+ (T*N")&T 4+ T*N!7F, (6.30)

6 Apply the previous exercise to the squarefree number and square-full number
problems from Chap. 5.

7 Let s =0 + it € C such that % <o <1landr >3, and ¢(s) be the Riemann
zeta-function.

(a) Show that {(o + i) K| Y. ,<,n 7|+ 1172 logt.
(b) Let (k, ) be an exponent pair such that [ — k < % Prove that

k(1—=0)
(o +it) Kt TH =1 logt.

Deduce that, for all £ > 0, we have ;(% +it) « 132/205+¢,
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Chapter 7
Algebraic Number Fields

7.1 Introduction

Algebraic number theory came from the necessity to solve certain Diophantine
equations for which the classical tools borrowed from arithmetic in Z were not suf-
ficient enough to provide a satisfying answer. For instance, the Fermat equation
x" 4+ y" = 7" where x, y, z are positive integers and n > 3 is an integer, can be
factored using a primitive nth root of unity ¢, = e, (1) as

)

The right-hand side makes numbers appear which are of the form x + ¢! y. These
numbers do not belong to Q, but lie in a larger set which may be viewed as an
extension of QQ, contained in C, and obtained by adjoining the number ¢, to Q. This
new set thus obtained is denoted by Q(¢,) and its elements can be written in the
form

n—1

Zai;i with a; € Q.

i=0
One can prove that such a set is a field, called a cyclotomic field, which belongs
to the sets named algebraic number fields. Note that ¢, is a root of the algebraic
polynomial X” — 1 but not a root of X¢ — 1 for any d < n.

Another example is the set Q(v/—5) whose elements are of the form a + bhy/—5
with a, b € Q. This set is also a field, called an imaginary quadratic field, and has
a subset of algebraic integers denoted by Z[~/—3] whose elements are of the form
a + by/=5 with a, b € Z. One can prove that Z[+/—5] is a ring and is the analogue
of Z in Q. As shown in Definition 7.6, one can supply this ring with arithmetic tools.
For instance, if «, B € Z[/=5], we say that « divides 8, written « | B, if there exists
y € Z[/—5] such that 8 = ay. A unit is an element which divides 1, an irreducible
is an element 7 such that any factorization w = «f implies that « or 8 is a unit and

O. Bordelles, Arithmetic Tales, Universitext, 355
DOI 10.1007/978-1-4471-4096-2_7, © Springer-Verlag London 2012
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a prime is an element 7 such that if 7 | ¢, then 7 | @ or 7 | 8. One can show that
3, 7, 1 +24/=5 are irreducibles in Z[+/—5] (see Exercise 1), but since

21=3x7=(1+2v=5)(1—=2/-5)

we see that in this ring the unique factorization of the elements into irreducibles
is false. One says that Z[/—3] is not a unique factorization domain (UFD). In Z,
both notions of irreducibles and primes coincide so that Z is a UFD. Thus, such a
generalization of Z and Q requires a more careful approach.

This problem lies at the heart of algebraic number theory. Lamé thought that,
if x and y are chosen in Z so that x + y and x + g“,’; y have no common factors in
Z[¢,] for any 0 < i < n— 1, then the Fermat equation has a solution only if there are
z;i € Z such that x + ;‘,iy =z} for all 0 <i < n — 1. This was actually his argument
when he addressed a meeting of the Académie des Sciences on March 1, 1847 and
where he announced he had solved Fermat’s Last Theorem.! Liouville said that the
assumption that allows equation x + ¢!y = z; to follow in the argument is that
Z[&y,] is a UFD for all n. But on April 28, 1847, Kummer proved that this is not the
case in general, and later Cauchy showed that the first counterexample occurs for
n = 23. This led Kummer to invent what he called ideal numbers to restore unique
factorization and get what we now call the Fundamental Theorem of Ideal Theory
that we shall see in the next section.’

7.2 Algebraic Numbers

7.2.1 Rings and Fields

In this chapter, the reader is supposed to be familiar with the notions of groups and
subgroups. For a nice introduction to these subjects, see [GG04]. Let us only quote
two of the most important basic results in the theory of finite groups.

Theorem 7.1 Let G be a finite group of order |G]|.
(1) (Lagrange). Let H be a subgroup of G. Then H is a finite group and we have
|Gl =(G:H) x|H|

where (G : H) is the index of H in G. In particular, |H| divides |G]|.
(ii) (Cauchy). Let p be a prime divisor of |G|. Then G has an element of order p.

IThe FLT states that the Fermat equation has no solution in positive integers x, y, z as soon as
n > 3. This was finally proved by Wiles in 1995.

2For an interesting account of the history of the birth of the ideal theory in the late 19th century,
the reader is referred to [Mol99, ST02].
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Recall® that (R, +, X) is a ring if the three following rules occur.

Ri. (R, +) is an abelian group.

R>. The binary operation X is associative and has an identity element, usually de-
noted by 1 or 1.

R3. Multiplication is left- and right-distributive over addition.

If multiplication is commutative, then the ring is said to be a commutative ring.* If
a ring has no zero-divisor, then it is called an integral domain. An element a € R
is a unit if there exists b € R such that ab = 1. Such an element b, which is then
unique, is called the inverse of a, generally denoted by a~!. A field K is a non-zero
ring such that every non-zero element in K is a unit. The notions of subrings and
subfields can be defined in a similar manner, and one can check that a set S C R is
asubringof aring Rif lp € Sandifa + b, —a,ab € S for all a, b € S. Similarly,
a set k C K is a subfield of a field K if 1x e k and if a + b, —a, ab,a~! € k for all
a,b €k such that a #0.

Let R be aring. The set of the units of R is a multiplicative group denoted by R*.
If K is a field, we then have K* = K\ {0} and this group is usually denoted by K*.

The characteristic of aring R or a field is the non-negative integer defined by

char(R) =min{n e N:nlg =0}.

If no such integer exists, then we set char(R) = 0. It may be proved that, if R is a
finite ring, then char(R) > 0 and divides |R| and if R is an integral domain, then
char(R) = 0 or is equal to a prime number. In the latter case, we have the important
identity

(a +b)? =a? +b?

valid for all a, b € R.
Let R, L be two rings. A homomorphism f from Rto Lisamap f: R — L

such that, for all x,y e R, we have f(x +y) = f(x) + f (), f(xy) = f(x) f(y)
and f(1g) = 1.. An isomorphism is a bijective homomorphism. The kernel and
image of a homomorphism are defined in the usual way

ker f={xeR:f(x)=0} and Imf={f(x)eL:xeR}

The important concept of ideal will play a key part in this chapter. An ideal of a
commutative ring R is a non-empty subset a of R such that

I1. (a,+) is an additive subgroup of R.
I. r € Rand a € a imply that ra € a.

3See Sect. 2.6 in Chap. 2.

It should be mentioned that in this chapter we only consider unitary commutative rings unless
explicitly stated to the contrary.
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Let R be aring and S a subset of R. One can check that the intersection

e
a ideal

SCa

is still an ideal of R, called the ideal generated by S and denoted by (S). It is a
classical exercise to verify that we have

n
(S)::Zais,-:neN, s;i€S, a,€R;.

i=1
If S ={s1,...,s;} is finite, then one may deduce from above that
S)=C1,...,8)={a1s1+---+a,s,:a; € R}

which may be denoted by (S) = Rs; + --- + Rs,. Since R is commutative, one
usually writes (S) = s1R + --- + s»R. Such ideals a = (s, ..., s,) are said to be
finitely generated.

If S = {5} has only one element, we shall say that (S) = (s) is a principal ideal.
Hence a principal ideal a of R is of the form a = (s) = Rs =sR = {rs :r € R} for
some s € R. This leads to the following definition.

Definition 7.2 (PID) An integral domain in which all the ideals are principal is
called a Principal Ideal Domain, abbreviated in PID for convenience.

The concept of quotient ring is also needed (see [Bou70]).

Definition 7.3 (Quotient ring) Let R be a commutative ring and a be an ideal of R.
The quotient ring R/a is defined by

R/a={r+a:r € R}.

with addition (r + a) 4+ (s + a) = (r + ) + a, multiplication (r +a)(s +a) =rs+a
and identity element 1g + a. Furthermore, the ideals of R/a are of the form b/a
where b is an ideal of R such that b D a.

We have the useful isomorphism theorems.

Theorem 7.4 (Isomorphism theorems) Let R, L be commutative rings.
(i) Let f: R —> L be a ring homomorphism. Then R/ker f ~Im f.
(ii) Let a; C ap be two ideals of R. Then R/ay >~ (R/ay)/(az/ay).
Proof

(i) Set K = ker f whichis an ideal in R, and define the (additive) group hgmomor-
phism f: R/K — Im f by f(r + K) = f(r). One may check that f is well-
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defined and is a surjective ring homomorphism. Furthermore, if f r+K)=0,
then r € K so that f is also injective, and hence is a ring isomorphism.

(ii) Define the (additive) group homomorphism f : R/a; — R/ax by f(r+a1) =
r 4+ az. Since a; C ap, we infer that this map is well-defined and clearly surjec-
tive with kernel ker f = a>/a;. One may check that a>/a; is an ideal in R/ay
and that f is a ring homomorphism. The result then follows by (i).

The proof is complete. O

One can define two operations on the ideals of a ring R. First, the sum of two
ideals a and b is by definition

a+b={a+b:aca, beb}

so that a 4 b is the ideal generated by a and b. If a + b = (1) = R, then a and b are
said to be coprime. The product of a and b is the ideal generated by all the products
ab with a € a and b € b so that

ab= {Zaibi .a; eaq, b,’ (S] b}.
i
This product is commutative, associative and has the identity element (1) = R. Also,
it is clear from the definition that, for all ideals a, b of R, we have
abCanNbCa+b.
Furthermore, if a and b are coprime, then
ab=anb.

Indeed, since a and b are coprime, there exist a € a and b € b such thata + b = 1.
Let c € anb. Then ¢ = ca + ¢b with ca € ab and ¢b € ab, so that aN b C ab. One
can easily extend this result by induction, showing that if ay, ..., a, are pairwise
coprime ideals of R, then

n
ﬂai=a1-~-an.
i=1

One may generalize the concept of congruence in the following way:
if a is an ideal of R, we shall write x =y (moda) to mean x —y € a.
We are now in a position to prove the following version of the Chinese remainder

theorem we shall need.

Proposition 7.5 (Chinese remainder theorem) Let R be a ring, n € N and
ai, ..., a, be pairwise coprime ideals of R. Then

R/aj---a,~R/a;®---®R/ay,.
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Therefore, given any ri,...,r, € R, there exists some o € R, unique modulo
ap - - - ay, such that

o =r| (modayp),
o =r, (moda,).
Proof Define the ring homomorphism

F: R — R/a1®---®R/ay,,

r — (r4+ay,...,r+a,).
> We have
n
kerF={reR:req fori:1,...,n}=ﬂa,~=a1-~-un
i=1
since the ideals ay, ..., a, are pairwise coprime, and Theorem 7.4 (i) implies that

R/aj---a,~ImF.

> It remains to show that F is surjective. To this end, we first prove that, for i €
{1, ..., n}, the vector

vi=(ar, ..., 01, 1 +a;, aip1, ..., 0)
is in Im F'. To see this, for i € {1, ..., n}, put
b,‘ =l_[aj.
J#i

Since a; and b; are coprime, there exist x; € a; and y; € b; such that x; + y; = 1 and
hence

F)=F(1—-x)=(a1,....,0 -1, 1 +a;,8i41,...,0,) =v;

implying the desired assertion. Now, for all rq, ..., r, € R, we deduce that
n
F(Zrm) = (Fi(r1), -, Fa(ra))
i=1
where the projections F; : R —> R/a; are surjective, concluding the proof. O

One can define arithmetic tools in commutative integral rings in the following
way. Let R be an integral domain and a,b € R. We shall say that a divides b,



7.2 Algebraic Numbers 361

written a | b, if there exists ¢ € R such that b = ca. This is clearly equivalent to
write (b) C (a). Hence

alb < (b)<(a). (7.1)
We also need the following concepts.

Definition 7.6 Let R be aring and a,b € R.

(i) a and b are associate, written a ~ b, if there exists a unit u € R* such that
b = ua. Hence we have

a~b <= albandbla <+ (a)= (D).

Furthermore, u is a unit if and only if (¥) = (1) = R.

(ii) a is irreducible if a is not a unit and the factorization a = bc implies that b is
a unit or ¢ is a unit.

(iii) a is a prime if, forall b,c € R, we have a | bc = a |bora | c.

It is important to know whether the elements of an integral domain can be fac-
torized into products of irreducible elements. A first tool is the following result
introducing the Norm map.

Lemma 7.7 (Norm map) Let R be an integral domain and suppose there exists a
map N : R —> N, called a norm map, such that, for all a, b € R, we have N (ab) =
N(a)N(b) and N(a) =1 <= a € R*. Then every element of R can be written as a
product of irreducible elements.

Proof Let b € R. We proceed by induction on N (b). If b is irreducible, then we
have nothing to prove, so assume that b is not irreducible. Then b = ac with a ¢ R*
and ¢ € R*. Hence we have N (b) = N(a)N(c) with max(N (a), N(c)) < N(b). If
a and b are irreducible, then we are done. Otherwise, their norms are smaller than
N (b) and we conclude the proof by using the induction hypothesis. g

Example 7.8 Let A # 0 or 1 be a squarefree integer and consider R = Z[/A]. We
define amap N : R —> N such that N (a 4+ bv/A) = |a*> — Ab?| (a, b € 7). We have

N((@+bvVA)(c+dvA)) =|(ac+bdA)* — (ad + be)* A
= |(a2 — Abz) (c2 — Ad2)|
= N(a+bvVA)N(c+dVA)

and if u =a + b\/Z is a unit then there is v € R such that uv = 1. Therefore we
have

1=N({1)=Nuv)=Nw)N(v)
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which implies that N(u) = 1 and N(v) = 1 since N is a positive integer-valued
function. We deduce that N is a norm map, and hence every element of Z[+/A] can
be written as a product of irreducible elements by Lemma 7.7.

A second tool is the concept of netherian ring.

Definition 7.9 An integral domain R is a netherian ring if every ideal of R is
finitely generated.

One can characterize the ncetherian rings with the following three equivalent as-
sertions (for a proof, see [AW04a, EM99, ST02] for instance).

Lemma 7.10 Let R be an integral domain. The following conditions are equiva-
lent.

(i) R is a neetherian ring.
(ii) Every ascending chain of ideals of R stops, i.e. given an ascending chain of
ideals

aCa, S Ca S

there exists an integer n for which a,, = ;1 for all k > 0.
(iii) Every non-empty set of ideals of R has a maximal element, i.e. an ideal which
is not properly contained in every other ideal of the set.

The next result shows that ncetherian rings make factorization into irreducibles
always possible.

Proposition 7.11 Let R be a neetherian ring. Then every element of R can be written
as a product of irreducible elements.

Proof Suppose that there exists an element a € R \ R* which cannot be written
as a product of a finite number of irreducible elements of R. By assertion (iii) of
Lemma 7.10, a can be chosen so that (a) is maximal. By definition, @ = bc where
b and c are not units, so that (a) € (b) by (7.1). If (b) = (a), then a and b are
associates and hence c is a unit by Definition 7.6 (i), which is not the case. We infer
that (a) € (b), and similarly we have (a) C (c). Since (a) is maximal, b and c can
necessarily be expressed as products of irreducible elements of R, which implies in
turn that a can also be written as a product of irreducible elements of R, giving a
contradiction. The proposition is proved. O

The distinction between irreducibles and primes must be well understood. If a is
a prime in R, then a is irreducible but the converse may not be true as we shall see
in the following example.

In R = Z[+/-5], 3 is irreducible (see Exercise 1) but it is not a prime since we

have for instance 3 | (1 +2+/=5)(1 —2+/=5) but 341+ 2+4/—5and 341 — 2/-5.
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In fact, this really is the core of the problem of unique factorization, for which the
failure of irreducibles to be primes is precisely the reason why unique factorization
fails. This motivates the following definition.

Definition 7.12 (UFD) An integral domain R in which factorizations into irre-
ducible elements are possible and all such factorizations are unique is called a
unique factorization domain, abbreviated to UFD.

We have the important following result which gives a strong sufficient condi-
tion to solve the problem of unique factorization (for a proof, see [AW04a, EM99,
GGO04)).

Theorem 7.13 Let R be a ring. If R is a PID, then R is a UFD.

The Euclidean division plays an important role in the arithmetic of Z or K[X].
One can mimic this tool in more general integral domains in the following way.

Definition 7.14 (ED) An integral domain R is a Euclidean domain if it has a Eu-
clidean function, i.e. a map ¢ : R \ {0} —> Z3( such that, for all a,b € R\ {0},
there exist g, € R suchthata =bg +r andr =0or ¢ (r) < p(b).

Z is an ED with ¢ (n) = |n| and, if K is a commutative field, K[X] is also an ED
with the Euclidean function ¢ (P) = deg P. Once again, one has a stronger sufficient
condition to solve the problem of unique factorization.

Theorem 7.15 Let R be a ring. If R is an ED, then R is a PID and hence R is a
UFD.

Proof Let a be an ideal of R, which we may suppose to be non-zero. Take an
element a € a such that ¢(a) is minimal among all the elements of a and let
b € a. Since R is an ED, one can find g,» € R such that b =qga +r and r =0
or ¢(r) < ¢(a). Thus r = b — ga so that r € a and therefore we cannot have
¢ (r) < ¢(a) since ¢ (a) is minimal. We infer that » = 0 and b = ga for some ¢ € R,
so that a is principal. g

7.2.2 Modules

The notion of vector space may be generalized in the concept of module, in which
the set of scalars is only supposed to be a ring.

Let R be a commutative ring with an identity element. An abelian group (M, +)
with the operation

RxM — M,
rm) +— r-m

is a R-module if, for all a, b € R and all x, y € M, the following four rules hold.
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Mi. a-(b-x)=(ab) - x.

M. (a+b)-x=a-x+b-x.
M3.a-(x+y)=a-x+a-y.
My. 1 -x =x.

Example

[

. If R is a field, then M is a vector space over R.

. Let V be a vector space and R be the ring of all linear maps of V into itself. Then
V is an R-module.

. Any abelian group is a Z-module.

. An additive group consisting of 0 alone is a module over any ring.

. Every ring R is an R-module.

. Every ideal a of aring R is an R-module.

[\

SN AW

The notion of sub- R-module can be defined in a similar way, and one may check
that, if M is an R-module and N is a non-empty subset of M, then N is a sub-R-
module of M if, forall a,b € R and all x,y € M, wehavea-x +b-y e N. The
concept of quotient module is defined as

M/N ={x+ N :x e M}

where N is a sub-R-module of M.
Suppose here that R is an integral domain. The set denoted by Mios of M and
defined by

Miors={x € M :3r € R\ {0}, r - x =0}

is a sub-R-module of M and is called a torsion sub-R-module of M. We shall say
that M is torsion free if Mo = {0} and M is a torsion module if M,s = M.

The concept of module homomorphism is defined in the usual way and so are
the concepts of the kernel and of the image of such a homomorphism, which are
submodules. Replacing the ring by a module and the ideals by sub-R-modules, we
see that Theorem 7.4 may be generalized and adapted to the modules. For instance,
the proposition (ii) of Theorem 7.4 may be rewritten in the following form.

If N C M C P are three sub-R-modules of a module, then we have
(P/N)/(M/N)~P/M.

Similarly, one may define a netherian module in the same way as a ncetherian ring
and the assertions (ii) and (iii) of Lemma 7.10 are still valid if we replace “ring” by
“module” and “ideals” by “sub- R-modules”.

As for the rings, if S is a subset of a module M, the set (S)r, also sometimes
denoted by RS, of the finite sums

n
(S R=RS = Zrm:neN, ri € R, sieS}

i=1
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is called a sub-R-module of M generated by S. If S = {s1,...,s,} is finite, we
say that (S)g is finitely generated. In particular, a module M is said to be finitely
generated if there exist a positive integer n and elements x, ..., x, € M such that,
for all m € M, there existry, ..., r, € R satisfying

n
m = E riXi.
i=1

A module M is said to be free if there exist a set I, finite or not, and elements (x;);cy
with x; € M such that all m € M can be uniquely written in the form

m = Z riXi
iel
with r; € R. The set of elements (x;);cs is called a basis of M.

We give some properties of these notions without proof. The reader interested in
this subject could refer to [GG04, Sam71] for more information.

Proposition 7.16 Let R be a commutative ring with identity element.

(i) Let M be a finitely generated R-module. Then
M>~R"/N

where n € N and N is a sub-R-module of the free R-module R".
(i) An R-module M is a naetherian module if and only if every sub- R-module of
M is finitely generated.

(iii) Suppose that R is a PID. Then every sub-R-module of a finitely generated
module is finitely generated. In particular, every sub- R-module of R" is finitely
generated and can be generated by at most n elements.

(iv) Suppose that R is a neetherian ring. Then an R-module M is neetherian if and
only if M is finitely generated.

(v) All bases of a free R-module M have the same number of elements, called the
rank of M, written rank M .

(vi) Suppose that R is a PID. Then every sub- R-module of a free R-module of rank

n is free of rank < n.

‘We now wish to focus on R = 7Z which is a PID. Recall that a Z-module is an
abelian group.

Definition 7.17

1. An abelian group G is said to be a finitely generated abelian group if G is finitely
generated as a Z-module, so that there exist n € N and elements g1,...,8, € G
such that, for all g € G, there exist 71, ..., r, € Z such that

n
8= Zl’igi-
i=l
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2. We say that the elements gy, ..., g, € G are linearly independent over 7 if

n
Z"i&':o = rn=--=rn=0

i=1

3. A linearly independent set which generates G is called a Z-basis of G. If
{g1, ..., gn}is such a basis, then every g € G has a unique representation

n
g=) rigi (i€l

i=1

4. An abelian group G with a basis of n elements is called a free abelian group of
rank® n.

Proposition 7.18 Ler G be a free abelian group such that rank G = n.

(1) Let {e1, ..., ey} be a basis for G and set f; = Z?Zl ajjej with a;j € Z. Then
{f1,..., fu) is a basis for G if and only if | det(a;;)| = 1.

(i) Let H be a subgroup of G. The group G/H is finite if and only if rank G =
rank H. In this case, if {e1, ..., ey} is a basis for G and { f1, ..., fu,} is a basis
for H such that f; = 27:1 ajjej with a;j € Z, then

(G : H) = |det(a;;)|.

Proof

() If {f1,..., fu} is a basis for G, then there exist b;; € Z such that ¢; =
Z';=1 bij fj. Set A = (a;j), B=(b;j) € M, (Z). Since f; = Z?=] ajjej, we
deduce that AB = I,,, and hence det(AB) = 1, so that det Adet B = 1, and we
conclude by noticing that det A, det B € Z.

Conversely, if |det A| = 1, then the f; are Z-linearly independent and from
the well-known formula A~! = (det A)_IZ where A € M, (Z) is the adjoint
matrix, we deduce that A~ = :I:AV, so that e¢; = Z?:l b;j fj with Al = bij).
Hence the f; generate G, and thus {f1, ..., f,} is a basis for G.

(i1) From the structure of subgroups of free abelian groups (see [Lan93] for in-

stance), H is free of rank m < n. Furthermore, there exist a basis {g1, ..., gx}
for G and positive integers rq, ..., I, such that {rig1, ..., rmgm} is a basis for
H.Hence G/H is the direct product of finite cyclic groups or orders rq, ..., ry

and of Z"~™. We infer that H is finite if and only if n — m = 0 and we then
have in this case

(G:H)=|G/H|=r1-rm=ri-rp.

5By Proposition 7.16 (v), all bases of a finitely generated abelian group have the same number of
elements.
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Now write g; = Z?:lbijej, fi = Z;'.:lc,-jrjgj and define A = (a;;), B =
(bij), C =(cjj) and D = diag(ry, ..., 7,). Then we have

n
aij = Zcikrkbkj
k=1

which may be written as A = CDB so that
|detA| =|detCdetDdetB|=|detD|=|r1---r,| =|G/H]|.

The proof is complete. g

7.2.3 Field Extensions

The polynomial X2 + 1 has no root in R but has roots &i in C. Thus, working in
a field K, it may be interesting to work in a larger field IL such that K is a subfield
of IL. We then say that LL is a field extension® of K, written L/K.

A field extension LL/K has a natural structure of vector space over K with vector
addition the addition in LL and scalar multiplication the operation Av with A € K and
vel.

Definition 7.19 Let L/K be a field extension.

(i) A K-basis of 1L is a basis of IL as a vector space over K.
(i) The dimension of the vector space L over K is called the degree of L /K and is
denoted by [L : K].
(iii) If [L : K] < oo, then IL/K is called a finite extension.

The degrees of field extensions have the property of being multiplicative as
shown in the next result (for a proof, see [GG04, ST02]).

Lemma 7.20 Ifk C K C L are fields such that 1L/k is a finite extension, then
[L:k]=[L:K]x [K:k].
Furthermore, if k and L are finite fields, then |L| = |k|T¥].

Let L/K be a field extension and S be a subset of L. The concept of extension
generated by S, denoted by K(S), can be defined in the same way as that of ideal
generated or module generated by a subset, i.e. the intersection of all sub-extensions
of /K containing S. One can check that K(S) is the subfield of L. generated by

SMore generally, suppose we have a homomorphism ¢ : K —> L. Since these sets are fields, ¢ is
injective and one may identify K with its image ¢ (KK), which is a subfield of L.
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KUS. If S ={aq,...,a,}, then K(S) is written K(«1, ..., «,) and if § = {«}, then
K(S) = K(w) is called a simple sub-extension of /K. One can prove (see [GG04]

for instance) that the extensions K(ay, ..., ;) are characterized by
P(ay,...,ay)

Koy, ..., an) = {—n:P, Q e K[Xy, ..., Xul, OQai,...,00) #0¢.
Q(a],...,()ln)

7.2.4 Tools for Polynomials

Polynomials with coefficients in Q play an important role in this chapter. The main
problem we shall have to deal with is to determine whether a given polynomial
P € Q[X] is irreducible over QQ or not. After defining this concept, we will provide
some useful irreducibility criteria.”

Definition 7.21

1. A polynomial P € Z[X] is irreducible, or irreducible over Z, provided that P #
+1 and whenever P = QR with Q, R € Z[X], either Q = +1 or R = %1.

A polynomial not irreducible over Z and not 0, 1 or —1 is called reducible
over Z.

The polynomials 0, 1 and —1 are considered neither irreducible nor reducible
over Z.

2. A polynomial P € Q[X] is irreducible, or irreducible over Q, provided that P
is not constant and whenever P = QR with Q, R € Q[X], either deg Q =0 or
degR =0.

A non-constant polynomial not irreducible over Q is called reducible over Q.
Constant polynomials are considered neither irreducible nor reducible over Q.

For instance, the polynomial X2 + 1 is irreducible over Z and Q and the polyno-
mial 5X + 5 is reducible over Z and irreducible over Q. These examples suggest an
important connection between irreducibilities over Z and Q. Gauss’s lemma implies
the following answer.

Gauss’s Lemma. If P € Z[X] is irreducible over Z, then it is irreducible over Q.
Furthermore, if P € Z[X] is irreducible over QQ and if the gcd of its coefficients is
equal to 1, then P is irreducible over Z.

It follows that if P € Z[X] is a reducible polynomial over QQ, then there exist
0O, R € Z[X] such that P = QR with deg Q > 0 and deg R > 0. This is sometimes
used to prove the irreducibility over QQ of a polynomial P € Z[X].

It should be pointed out that Definition 7.21 agrees with the algebraic concept of
irreducible element of a ring seen in Definition 7.6 (ii). Furthermore, the following
remarks, coming readily from the definition, can sometimes be of some help.

7We sometimes make use of the equality P = P(X) where the right-hand side is the composition
of the polynomial P with the polynomial X.
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1. If P € Z[X] is such that P(0) # 0 and if n = deg P, then P(X) is irreducible if
and only if X" P(1/X) is irreducible.
2. Let P eZ[X] and a € Z. If P(X + a) is irreducible, then P(X) is irreducible.
3. If P € Z[X] is an irreducible polynomial over Z, then P has no multiple roots.
Indeed, if there exists @ € C such that (X — a)2 divides P, then « is a com-
mon root of P and its formal derivative P’, so that gcd(P, P’) is a non-constant
polynomial of degree < deg P dividing® P.

The first useful irreducibility criterion, often referred to as Eisenstein’s criterion,
was first proved by Schonemann and shortly afterwards by Eisenstein.

Proposition 7.22 (Schonemann—Eisenstein) Let P = a, X" + --- + a1 X + ag €
Z[X] with n € N. Suppose that there exists a prime number p such that p 1 ap,
pla; foralli <n and p? tag. Then P is irreducible over Q.

Proof Suppose that P = QR with O, R € Z[X],r =deg Q > 0and s =degR > 0.
Since IF), is a commutative field, the ring IF,[X] is a UFD by the examples given
after Definition 7.14. Now we have

OR =P =a,X" (mod p)

and since p { ay,, the leading coefficients of Q and R are not multiples of p, so that
there exists b, ¢ € Z such that

Q=bX" (modp) and R =cX’® (modp).

Since r, s > 0, we get that p divides the constant terms of Q and R. This contradicts
that p? 1 ap, which concludes the proof. O

Note that the condition “over Q” of the proposition cannot be removed. Indeed,
by using Eisenstein’s criterion with p = 5, we see that the polynomial P =3X7 +
15X3 + 15 is irreducible over Q, but reducible over Z.

A polynomial is said to be monic if its leading coefficient is equal to 1. With
this definition, one may slightly simplify Proposition 7.22. Indeed, in this case, the
condition p tay, is trivially true and the ged of all the coefficients of the polynomial
is equal to 1. One may deduce the following consequence.

Corollary 7.23 Let P = X" + a1 X"V + o+ a1 X + ag € Z[X] be a monic
polynomial with n € N. Suppose that there exists a prime number p such that p | a;
forall 0 <i<n—1and p2 tag. Then P is irreducible over Z.

Example 7.24

1. Let p be a prime and m be an integer such that p f m. Then X" —mp is irreducible
over Z.

8More generally, one can prove that if K is a field such that char K = 0, then P € K[X] can be
written in the form P = Q2R if and only if P and P’ have a common factor of degree > 0.
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2. Let p be a prime. Then the cyclotomic polynomial P = XP~' 4+ XP~2 4 ... 4
X + 1 is irreducible over Z.
Indeed, it suffices to apply Corollary 7.23 to the polynomial

PX+)=xP14 (P)xr2 o (P)xr=34 o 7).
1 2 p—1

The next criterion shows how the reduction modulo a prime of a polynomial may
be helpful. If p is a prime number and P € Z[X], we write P € F,[X] its reduction
modulo p.

Proposition 7.25 (Reduction modulo p) Let P=ay, X"+ +a1 X +ap € Z[X]
and p be a prime number such that p { a,. If P is irreducible over F ,, then P is
irreducible over Q.

Proof Suppose that P = QR with O, R € Z[X],r =degQ >0and s =degR > 0
and write b, and c, the leading coefficients of Q and R. Since P = Q x R, we have
an = bycg (mod p). Since I, is a field, the hypothesis p { a, implies that b, # 0
(mod p) and ¢; # 0 (mod p). Since P is irreducible over F p» at least one of the two
polynomials Q or R has degree 0. Suppose that deg Q = 0. Therefore deg Q =0,
and P is irreducible over Q. O

Once again, if P € Z[X] is monic, one can slightly simplify this result.

Corollary 7.26 Let P = X" +a,,_1X_"_1 +---+a1 X +ag € Z[X] be a monic poly-
nomial and p be a prime number. If P is irreducible over I, then P is irreducible
over Z.

For instance, the reduction mod 2 of the polynomial P = X3 + 46246X2 —
9987X 4 258963 is given by P = X> + X + 1 (mod?2). Since X + X + 1 has
no roots in [y, it is irreducible over IF», and hence P is irreducible over Z.

One may be careful that the converse of this result is generally untrue. There even
exist irreducible polynomials over Q which are reducible over I, for all primes p
as can be shown in the next result.

Lemma 7.27 Let a, b € Z. Then the polynomial P = X* 4+ aX?* + b? is reducible
over F, for all primes p.

Proof If p = 2, there are only four polynomials of the form indicated, all re-
ducible. Suppose p > 2 is a prime number. One can choose an integer ¢ such that
a =2c (mod p) which readily gives

P=(X>+c)’ = (-1

(X% +b) — 2b—20)X?

(X% = b)* = (=2b—2¢)X> (mod p).
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Hence the result follows from the fact that one of the numbers ¢ — b2, 2b — 2¢
or —2b — 2c¢ is a quadratic residue modulo p. By Proposition 3.33, if x is not a
quadratic residue modulo p, then x(?~1/2 = —1 (mod p) and therefore if two inte-
gers are not quadratic residues modulo p, then their product is a quadratic residue
modulo p. Now if 2b — 2¢ and —2b — 2¢ are not quadratic residues modulo p,
then (2b — 2¢)(—2b — 2¢) = 4(c* — b?) is a quadratic residue modulo p, and so is
¢? — b2, which concludes the proof. U

For instance, the polynomial P = X* + 1 is reducible over F p for all primes p,
but it is irreducible over Z. Indeed, the only non-trivial real factors of P are the
polynomials X2 4 X+/2 + 1 whose roots are (1 & i)/2 and (—1 £ i)/2, but these
polynomials do not belong to Z[X].

The next result relates the irreducibility of polynomials with the prime numbers,
i.e. the irreducible elements of Z (see also Exercise 14 in Chap. 3).

Proposition 7.28 (Ore) Let P € Z[X] be of degree n. If there exist at least n + 5
integers m such that |P(m)| is 1 or a prime number, then P is irreducible over 7.

Proof The starting point is the proof of the following assertion.

If O € Z[X] is of degree d > 1, then there exist at most d + 2
integers m such that Q(m) = %1. (7.2)

First note that, if A, B € Z[X] such that A(X) — B(X) =2 and if a,b € Z such
that A(a) = B(b) =0, then a — b | 2. Now let « € Z be the greatest solution of the
equation (Q(x) + 1)(Q(x) — 1) = 0. The factor vanished by « has at most d integer
roots, and if B is an integer root of the other factor, then « >  and a — B | 2 by
the argument above applied with A(X) = Q(X) + 1 and B(X) = Q(X) — 1, so that
a — B =1 or 2 which proves (7.2).

Now we may proceed as in Exercise 14 in Chap. 3 to show Proposition 7.28.
Suppose that P is not irreducible. Since P is not identically 0, 1 or —1, we have
P = QR with Q,R € Z[X], QO # =1 and R # £1. Let r =deg Q and s = deg R.
By (7.2), there are at most r + 2 integers m such that Q(m) = £1 and there are
at most s + 2 integers m such that R(m) = £1. Now if |P(m)| = |Q(m)||R(m)|
is 1 or a prime, then either Q(m) = £1 or R(m) = %1, so that there are at most
r + s+ 4 =n + 4 integers m such that |P(m)| is 1 or a prime, which proves the
proposition by contraposition. U

For instance, let P = X° + 8X°% +22X* +22X3 +5X2 +6X + 1. It may be
checked that | P(m)| is 1 or a prime for m € {—10, —6, —5, -3, -2, —1,0, 2, 3, 4, 8}
so that P is irreducible® over Z.

9The curve y*> = P(x) is an example of hyperelliptic curve of genus 2 whose jacobian was first
treated with a 2-descent method in [FPS97]. Using a refinement of a profound result due to
Chabauty and Coleman, it may be shown that this curve has only six rational points, i.e. the two
points at infinity and the points (0, 1) and (=3, £1).
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An irreducible polynomial P over Q such that deg P > 2 has no roots in QQ, but
the converse is untrue, since the polynomial (X 24 (X 24 2) has no roots in Q
but is reducible. On the other hand, if deg P = 2 or 3, then P is irreducible over
Q if and only if it has no roots in QQ, since any non-trivial factorization of P uses
polynomials of degree 1 which have a root in Q. These examples show that a link
between roots and irreducibility must exist. The next result is another example that
illustrates this subject.

Proposition 7.29 Ler P € Z[X] such that P # 1 and let m € 7Z such that | P (m)|
is 1 or a prime number and such that P has no roots in the disc {z € C : |[z—m| < 1}.
Then P is irreducible over 7.

Proof Suppose that P = QR with O, R € Z[X], Q # £1 and R # +£1. By as-
sumption, we have |Q(m)| =1 or |R(m)| = 1. Without loss of generality, sup-
pose that |Q(m)| = 1. Since Q # =£1, Q is not constant and we may write Q =
alliy(X —a;) witha € Z\ {0}, r e Nand a1, ..., a, are the roots of Q counted
to their multiplicity. Hence we have

L=10(m)|=la|[]Im - ail.

i=1

Since a is a non-zero integer, we have |a| > 1, so that there exists j € {1,...,r}
such that [m —a;| < 1and P(a;) = Q(a;)R(a;) =0, which is impossible since P
has no roots in the disc {z € C: |z — m| < 1}. The proof is complete. 0

This result supposes that we have at our disposal some tools to locate the roots
of polynomials. The following lemma, due to Enestrom and Kakeya (see [ASV79]
for instance), is a useful tool to do the job.

Lemma 7.30 Let P = a, X" + --- 4+ a1 X + ap € R[X] such that a; > 0 for all
i €{0,...,n}. Then the roots of P are contained in the annulus

. ai ai
min |z] < max .
0<i<n \ dj+1 0<i<n \ dj+1

Example 7.31 Let P = XP~ ' 42XP~243XP 3 +... 4 (p—1)X + p where pisa
prime number. By Lemma 7.30, all the roots of P are in the annulus 1 +1/(p —1) <
|z| < 2. In particular, P has no roots in the disc {z € C: |z| < 1} and since | P(0)| =
p is prime, we infer that P is irreducible over Z by Proposition 7.29 applied with
m=0.

N

The next result shows a more general context in which irreducibility and roots
are once again related.
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Proposition 7.32 Let P € Z[X] be a monic polynomial for which P (0) # 0. Sup-
pose further that P has exactly one root o with multiplicity 1 such that || > 1.
Then P is irreducible over 7.

Proof Suppose that P = QR with O, R € Z[X], Q # £1 and R # +£1. Since P is
monic, deg Q > 0 and deg R > 0 and one may suppose that they are also monic.
Without loss of generality, suppose that R(«) = 0. Since P(0) # 0, Q(0) is a non-
zero integer, so that |Q(0)| > 1 and one may write Q = (X — 1) --- (X — B,) with
r € Nand By, ..., B, are the roots of Q satisfying |8;| < 1 for all 1 <i < r. There-
fore we get

1<loo|=[]IAl<1
i=1

giving a contradiction. 0

The well-known Rouché theorem from complex analysis also provides some con-
nections between irreducibility and roots. We state a particular version that will be
needed.

Lemma 7.33 Let P, Q € C[X] such that, for all z € C such that |z| = 1, the strict
inequality |P(z) + Q(2)| < |P(2)| + |Q(z)| holds. Then P and Q have the same
total number of roots, counting multiplicity, in the open disc {z € C:|z| < 1}.

Example 7.34 Let P = X'0—8x15 —4x _2xB Y12 Xiand 0 = 2X—1)P.
Thus
12
Q=2X"-17x"->"x"+1

i=1
and set R = 17X 6. Then for all z € C such that |z| = 1, we have

12
10 + R@)| <2021+ ) Izl +1=15<17=|R@)| < |Q@)| +|R(2)|

i=1

so that by Lemma 7.33 we infer that Q and R have the same total number of roots,
counting multiplicity, in the disc {z € C: |z| < 1}, and thus Q has exactly 16 roots
in this disc. Since deg Q = 17, this implies that Q has exactly one root o with
multiplicity 1 such that |o| > 1. We deduce that P has also exactly one root & with
multiplicity 1 such that |«¢| > 1. Furthermore, P is monic and P(0) = —1 so that
P satisfies all the hypotheses of Proposition 7.32, and hence P is irreducible over
Z. Note also that the condition monic cannot be removed in Proposition 7.32, since
the polynomial Q is indeed such that Q(0) # 0 and has exactly one root « such that
|| > 1, but Q is not irreducible over Z.

We end this section by providing some other irreducibility criteria and results
about polynomials.
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Proposition 7.35 Let P = X" +a,_1 X" ' 4+ .-+ a1X + ap € Z[X] be a monic
polynomial such thatn > 1.

(i) (Dumas). Let p be a prime number such that p | ag, (vp(ao),n) = 1 and satis-
fying nv,(a;) = (n —i)vy(aog) for 1 <i <n—1.Then P is irreducible over Z.

(ii) (Eisenstein generalized). Let p be a prime number and k € {0, ..., n} such
that p | a; for all 0 <i < k and p*tag. Then P has an irreducible factor of
degree > k.

(iii) (Perron). Suppose that ag # 0 and |a,—1| > 1 + |ag| + - - - + |an—2|. Then P is
irreducible over 7.

(iv) (Filaseta). Suppose that a; are such that 0 < a; < 10. If P(10) is a prime
number, then P is irreducible over 7.

(v) The nth cyclotomic polynomial ®,, is irreducible over Z for all positive inte-
gers n.

(vi) Almost all polynomials in Z[X] are irreducible over Q.

Definition 7.36 (Discriminant of a polynomial) Let R be an integral domain, P €
R|X], k be the quotient field of R, r > 2 be an integer and let P = a H?zl (X — ;)
be the factorization of P in an algebraic closure k of k. The discriminant of P is
defined by!'?

r r
disc(P) = a" 4P T TT (@i — ).

i=1 j=i+1
The following examples are important in practice.

Example 7.37 Let p be an odd prime number, a, b, ¢c € Z and m > 2 be an integer.

disc(aX?® +bX% +cX +d) = —4b3d + (bc)? + 18abed — 4ac® — 27(ad)?.
disc(X* —2(a + b) X% + (a — b)?) = {64ab(a — b)}>.

disc(X* —2bX?% + b* — ac?) = (16ac®)?(b* — ac?).

disc(X™ +aX + b) = (=1)"=D/2(—yn=1 G — 1y —1a™ 4+ mmpm—1}.
disc(XP~ ' 4+ X + 1) = (=1)P~D/2pr=2,

Nk v

7.2.5 Algebraic Numbers

Let K/k be a field extension and o € K. Define the homomorphism

Fy: k[X] — K,
P +— P(a).

10This definition comes from the theory of resultants. The word “discriminant” indicates that
disc(P) does not vanish if all the roots «; are distinct so that disc(P) discriminates the roots
of P.
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Since K is a field, the image Im F,,, often denoted by k[«], is a subring of K and is
then an integral domain. By Theorem 7.4 (i), we have k[ X]/ ker F, >~ k[«] and since
k[«] is an integral domain, we infer that ker F,, is a prime ideal by Lemma 7.80.
There are two cases.

1. ker F, = (0).

2. ker Fy # (0). In this case, since k is a field, the ring k[X] is a PID, so that we
deduce that ker F,, is a maximal ideal,!' and is then of the shape ker F, = (P,)
where P, is an irreducible polynomial over k.

Definition 7.38

1. The number « is said to be algebraic over k if ker F,, # (0), otherwise « is called
transcendental over k. In other words, « is algebraic over k if there exists a non-
zero irreducible polynomial P, over k such that « is a root of P,. One may
choose this polynomial to be monic, in which case it is unique, and is called the
minimal polynomial of « over K, denoted by ., and we have

k(@) ~k[X1/(1to) and k(@) =k[a]=|P(@): P e k[X]}.

2. The degree of u is called the degree of o over K, written deg «c.

3. The extension K/k is an algebraic extension if every element of K is algebraic
over k, otherwise it is called a transcendental extension.

4. The field k is said to be algebraically closed if every non-constant polynomial of
k[X] has a root in k. An algebraic closure of a field k is an algebraic extension
k/k such that the field k is algebraically closed.

5. 6 € Cis called an algebraic number if 6 is algebraic over Q. The set of algebraic
numbers is Q. If 6 is not an algebraic number, then it is called a transcendental
number.

Note that @ is countable. Indeed, it is the set of the roots of P € Z[X]. We define
the following map

o Z[X] — N,
P:Z?zoaiXi > N=degP+) [ ,lail.

Given N € N, there are only finitely many polynomials P such that ®(P) = N, so
that Z[X] is countable as a countable union of finite sets, and hence @ is countable.
The set of transcendental numbers is then uncountable and has no structure since
the sum or product of two transcendental numbers could be algebraic. For instance,
e is shown to be transcendental'? over Qbute —e=0.

Let K/k be an extension and @ € K. It can easily be seen that, if « is algebraic
over k and if its minimal polynomial is of degree d, then [k() : k] = d and the set
{1,c, ..., 0% 1} is a k-basis of k().

1h a PID, every non-zero prime ideal is maximal. See [GG04, Théoreme X.3.1] for instance.

2Hermite, 1873. In 1882, using essentially the same ideas, Lindemann proved that 7 is also tran-
scendental over QQ and hence showed that squaring the circle is impossible.
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Example 7.39

1. The numbers i, ~/d withd € Z \ {0, 1} squarefree, \3/5, p=0,0= 5+ /5 are
algebraic over Q. Indeed, the minimal polynomials are respectively X% +1, X —
d,X3>—2, X%+ X +1 since they are monic and have no roots in QQ so that they are
irreducible over Z, and the minimal polynomial of # is X* — 10X? — 20X + 20
since it is monic and irreducible over Z via Eisenstein’s criterion applied with
p =5. We deduce that

[Q():Q]=2, [QWd):Q]=2, [Q(V2):Q]=3,
[Q(0):Q]=2 and [Q(V5++5):Q]=4.
2. Let0 = /2 + p/4=2(1 + p/2). We have
0% =2(1+3pv2+3p?V4+2) =6(1 + pv/2 + p*V4) = 6(1 + pb).

Hence 6% — 6p60 — 6 =0. Since 2p = —1 4+ /=3, we get 63 +30 — 6 = 30/—3
from which we infer that (83 + 30 — 6)> = —276% which means that 6 is a root
of the polynomial

P=x%4+6x*—12X3 +36X% - 36X + 36.
It can be readily checked that | P (m)] is prime whenever
m e {—43,-37,-23,—-13,—-11,-5,—1,1,11, 29,41}

so that P is irreducible over Z by Proposition 7.28. Since P is monic, it is the
minimal polynomial of 8 and we get

[Q(V2+¥3): Q] =6,

3. Similarly, the number 6 = /8 + 3v/7 isaroot of P = X*—16X2+1 and | P (m)|
is 1 or a prime number for m € {—14, —12, -4, -2,0,2,4, 12, 14} so that P
is irreducible over Z by Proposition 7.28. Since P is monic, it is the minimal
polynomial of 6 and we get

[Q(/8+3V7): Q] =4.
The following result is an easy consequence of Bézout’s theorem in Q[XT].

Lemma 7.40 Let o be an algebraic number and [y be the minimal polynomial
of a. If P € Q[X] is such that P(a) =0, then |1y divides P.

Proof 1f uy does not divide P, then since u, is irreducible, we have gcd(uy, P) =
1, so that there exist U, V € Q[X] such that U(X)uq(X) + V(X)P(X) = 1. How-
ever, evaluating this identity at X = « gives a contradiction. g



7.2 Algebraic Numbers 377
The next result relates finite and algebraic extensions.

Lemma 741 Let K/k be a field extension and 6 € K. Then k(0) is a finite-
dimensional k-vector space if and only if 0 is algebraic over k. In particular, every
finite extension is algebraic.

Proof k(0) is a sub-k-vector space of K generated by 1, 0, g2, ...,0", ... If k(6) is
a finite-dimensional k-vector space, then dimk(0) = deg iy by above. Conversely,
if k(0) is a finite-dimensional k-vector space with dimension 7, then the vectors
1,6,...,0" are k-linearly dependent so that there exist (ag, ..., a,) € k"t such
that a,0" + a,_16" ! + - - - + ap = 0, and hence @ is a root of the non-zero polyno-
mial a, X" + a,_1 X"~ ' + -+ + ap, and therefore 6 is algebraic over k. O

This result leads to the following definition.

Definition 7.42 An algebraic number field is a finite extension of Q, written K/Q.
The dimension of K as a Q-vector space is called the degree of K/Q and is denoted

by [K: Q].

Hence if K is an algebraic number field, then K = Q(«y, ..., «y) for finitely
many algebraic numbers «q, ..., a,, as for instance a Q-basis of the (Q-vector space
K. The following result improves on this observation.

Lemma 7.43 If «a, 8 are algebraic numbers, then there exists an algebraic number
0 such that

Q(a, ) =Q(O).

Proof Let j1q and pg be the minimal polynomials of « and . We want to show
that we can find ¢ € Q such that = o + ¢ and Q(e, B) = Q(). If such a g exists,
then clearly Q(0) € Q(«, B). Set f(X) = uqe (@ — gX) € Q(0)[X]. Since

f(B)=pa® —gB) = pa(ax) =0

we infer that 8 is a root of f. Now we choose g such that 8 is the only common
root of f and pg. This can be done since only a finite number of choices of g are
thus ruled out. Therefore ged(f, ug) = a(X — B) witha € C\ {0}. Thena(X —B)
Q(#)[X] which implies that a, a € Q(0) andso B € Q(0). Now 6 =a+¢gB € Q(0)
which implies that « € Q(0) and hence Q(«, 8) € Q(0), so that Q(«, ) = Q(0) as
required. d

This result may be generalized quite easily by induction to show that for a set
o1, ..., oy of algebraic numbers, there exists an algebraic number 6 such that

Qai, ..., 00) =Q(0).
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We deduce that any algebraic number field K can be written as'?

K=Q(®) (7.3)
for some algebraic number 6.

Definition 7.44 Let K = QQ(#) be an algebraic number field and pg be the minimal
polynomial of the algebraic number 6, abbreviated to u for convenience.

1. The polynomial u is called a defining polynomial of K.

2. The roots of wu, which are all distinct since u is irreducible, are called the conju-
gates of 6. Hence if deg t = n, then 6 has n conjugates, including itself, some-
times denoted by 6 =61, 65, ..., 6,.

3. Fori e{1,...,n}, the field K; = Q(6;) is called a conjugate field of K.

4. The homomorphism o; : K — C defined by o;(0) = 6; is injective and called
an embedding of K into C.

It has been seen above that the set {1, 0, ..., 8"~} is a Q-basis for K = Q(6).
Therefore if &« = ag + a10 + - - - + a,—160" "' € K with g; € Q, then for all i €
{1,...,n}, we get

oi(@)=ayg+a16; +--- _i_an_l@in—l'

5. If 0;(K) € R which happens if and only if 0;(0) € R, we say that o; is real,
otherwise o; is complex. Since complex conjugation is an automorphism of C, it
follows that o; is an embedding o; of K for some j. Hence o; is real if and only
if 5; = 0; and since &; = o}, the complex embeddings come in conjugate pairs.
We may enumerate in such a way that the system of all embeddings is

Oly 50715 Ori+150r 1415+« 5 Ory+rps Or +r -

real complex

Then ry + 2r; = [K : Q] and the pair (r1, rp) is called the signature of K. One
may note that r; and 2r, are also respectively the number of real and complex
roots of 1.

6. The algebraic number field K is called a Galois number field, or normal number
field, if, for all @ € K, the minimal polynomial p, has all its roots in K. This is
equivalent saying that all the conjugate fields of K are identical to K.

The set of all embeddings of a Galois number field K is a group called the
Galois group of K and denoted by Gal(K/Q).

A Galois number field K is said to be abelian if Gal(K/Q) is abelian and
cyclic if Gal(K/Q) is cyclic.

From Galois theory, we know that, if K/Q is Galois, then |Gal(K/Q)| = [K :
Q] = n and the signature of K must be of the form (n, 0) or (0, n/2).

3This result is sometimes called the theorem of the primitive element.
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For instance, if d € Z \ {0, 1} is squarefree, then the number field K = Q(/d)
is a cyclic number field with Galois group Gal(K/Q) = {Id, o} where 1d is the
identity and o (@ + bv/d) = a — b~/d. On the other hand, the algebraic number field
K = Q(~/2) is not Galois since the two conjugate fields Q(pf/i) and Q(p2€/§) are
distinct from K.

When K = Q(0) is not Galois, one may define the Galois closure K*, or normal
closure, of K to be the intersection of all subfields of @ which are Galois and contain
K. This is also the splitting field of g, i.e. the field obtained by adjoining to Q all
the roots of wy. For instance, if K = Q(f/ﬁ), then K = @(3/5, 0).

7.2.6 The Ring Ok

A number o € C is an algebraic integer if there is a monic polynomial P € Z[X]
such that P(«x) =0.

For instance, /—2 is an algebraic integer since it is a root of X 242 butl /3
is not an algebraic integer. The number +/2/3 is an algebraic number since it has
a root of 9X? — 2, but it is not an algebraic integer. Indeed, assume the contrary.

Then there exists a monic polynomial P = X" + Zl”;(} a; X' with a; € Z such that

P(+/2/3) = 0. Clearing out the denominators we get
(V)" +an1 x 3% (V2" - ag x 3" =0

which implies that 3 | 2"/2 if n is even and 3 | 2*~1/2 if n is odd, which is false in
either case. Hence +/2/3 is not an algebraic integer.

If « is an algebraic number of degree n, then the set {1, c, .. ., (x”_l} is a Q-basis
for Q(«). Thus one may think of the structure of Z[a] = {P(x) : P € Z[X]} to try
to determine whether « is an algebraic integer. This is the idea underlined in the
following criterion.

Proposition 7.45 Let o € C. The following assertions are equivalent.

(i) « is an algebraic integer.
(i1) The monic minimal polynomial i, lies in Z[X].
(i) Zlo] is a finitely generated Z-module.
(iv) There exists a non-zero finitely generated Z-module M such that aM C M.

Proof

> (1) = (ii). Let P € Z[X] be a monic polynomial such that P(«) = 0. By
Lemma 7.40, we have P = gy Q for some Q € Q[X]. We write uy = (a/b)u*
with a,b € Z and u* € Z[x] whose coefficients are coprime, and similarly
Q = (c/d)Q* with ¢,d € Z and Q* € Z[x] whose coefficients are also coprime.
We infer that bd P = ac u*Q* and Gauss’s lemma implies that bd = +ac, so
that P = +u*Q*. Therefore the leading coefficient of both u* and Q* is +1 and
since u*(a) =0, we finally get o = +u* € Z[X].
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> (i) = (iii). Let o = X" +ap_1 X"~ '+ - 4+ag € Z[X]. It is sufficient to show
that {1, c, ..., oz"_l} generates Z[a] as a Z-module, i.e. for all m € N, o™ is a
linear combination of {1, «, ..., a”_l}. The result is clear for m < n, so assume
m > n and suppose this holds for o/ with j < m. Then we have

n—1
a" =" "o =" (—ao —ajo— - — an,ux"_l) = Zaj (—am_"aj)
j=0
and the result follows by induction hypothesis.
> (iii) = (iv). Obvious by choosing M = Z[«].
> (iv) = (i). Let my, ..., m, be generators of M. Since « M C M, we obtain the
existence of a;; € Z, with (i, j) € {1, ..., r}2, such that, foralli € {1,...,r}

r
om; = E ajjm;
j=1

holds. Set B € M, (Z) the matrix with entries b;; = a;; — ad;; where §;; = 1 if
i = j and 0 otherwise. Since M is non-zero, not all m; can vanish and we infer
that det B = 0. Expanding now this determinant gives an equation of the form
P(x) =0 with P € Z[X] monic.

The proof is complete. d

Remark 7.46 One may prove in a similar way the following more general situation.

Let a € B where B is an integral domain and let A be a subring of B. The
following assertions are equivalent.

(1) « is a root of a monic minimal polynomial P € A[X].
(i1) Al«l] is a finitely generated A-module.
(iii) There exists a non-zero finitely generated A-module M such that
aMCM.

Corollary 7.47 (The ring Ok) Let K be an algebraic number field and define Og
to be the set of all algebraic integers in K. Then Ok is a ring called the ring of
integers of K.

Proof By Proposition 7.45 we know that for «, 8 € Ok, one can choose non-zero
finitely generated Z-modules M, N satisfying «M € M and SN € N. The Z-
module M N is finitely generated and non-zero, and we have

(¢B)MN CMN and (¢f)MN CMN
so that o + 8 € Ok and a8 € Ok by Proposition 7.45. O

The next result is a refinement of (7.3).
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Corollary 7.48 Let K be an algebraic number field. Then there exists 6 € Ok such
that

K=Q(@).
Proof By (7.3) there exists an algebraic number « such that K = Q(«). Let
Mo =X"+a, 1 X"+ +ag € Q[X]

and choose d € Z \ {0} such that da; € Z for all i € {0, ...,n — 1}. Then the num-
ber do is a root of a monic polynomial of Z[X] and hence da € Ok by Proposi-
tion 7.45. Now it is clear that Q(do) = Q(«), which completes the proof by choos-
ing 0 =do. g

Remark 7.49 The ring Ok is the most important object of the theory for it contains
all the arithmetic information of K. However, one must be careful with the following
problem. Let K = Q(0) with 8 € Ok. Then Z[#] C Ok but it may be possible that
Z[0] # Ok. For instance, K = QG/=3) is an algebraic number field and =3 is
an algebraic integer. But p = ¢3 € K and since it is a root of X? + X + 1, we have

p € Ok, but p € Z[/-3].
This leads to the following definition.

Definition 7.50 (Index) Let K = QQ(6) be an algebraic number field with 6 € Ok.
The index of 6 in Ok is the number f =[Ok : Z[6]].

The arithmetic structure of f plays an important role in certain results of the
theory. Dedekind provided the following criterion to determine whether a prime
number p is not a divisor of f (see [Coh93]).

Proposition 7.51 (Dedekind) Let K = Q(6) be an algebraic number field with 6 €
Ok, p a prime number and f =[Ok : Z[0]]. Suppose that the decomposition of
o € Z[X] in ¥ [ X] is of the form

8
m =[P/
i=1

where g,e; > 1 are integers and P; is irreducible in FplX]foralliell,..., g}
Set

1 S
ﬂm=;bw@r{13%m}

i=1

Then we have
ptf < e=1lorP;{TinF,[X] (1<i<g).

Diaz y Diaz restated Dedekind’s criterion as follows (see [Coh00]).
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Proposition 7.52 (Diaz y Diaz) With the notation of Proposition 7.51, for all i €
{1,..., g}, let R; be the remainder of the Euclidean division of g by P;. Then we
have

ptf < R &p’ZX] forallie{l,...,g} suchthate; >2.

We will prove in Exercise 6 the following third criterion when the minimal poly-
nomial of  is a p-Eisenstein, i.e. g satisfies the conditions of Corollary 7.23.

Proposition 7.53 Let K = Q(0) be an algebraic number field of degree n with
0 € Ok and write

po=X"+a,_1 X" '+ +ayeZ[X].

Let p be a prime number such that p | a; for all 0 <i <n — 1 and p? 1 ap.
Then pt f.

7.2.7 Integral Bases

Let K= Q(0) be an algebraic number field of degree n with 8 € Ox. We denote
by 6y, ..., 6, the conjugates of 6 and o1, ..., g, the embeddings of K in C. It is a
matter of fact that all the 6; have the same minimal polynomial g. We first define
the following two numbers.

Definition 7.54 (Norm and trace) Let @ € K. The norm and trace of o are defined
by

Ngjg@) =] Joi@) and Trgjg@) =) oi(@).
i=1 i=1

Since the o; are homomorphisms, we have clearly the following rules. Let
a, pek.

1. Nk/g(aB) = Nk /q(e) Nx/o(B) and Trgq( + B) = Trr () + Trr g (B).
2. Ng(1) =1 and Trg,q(1) =n.
3. Forall ¢ € Q, we have Ni,g(qe) = ¢" Ni,g() and Trg o(ga) = g Trr/g(@).

The next result shows that the norm and trace are rational numbers.
Proposition 7.55 Let o € K. Then Nk (o) € Q and Trg g(«) € Q. Furthermore,
ifa € Ok, then Nk q(a) € Z and Trg /() € Z.

Proof We define the so-called characteristic polynomial of o

n
Coz:l_[(X_O—i(a)):Xn“r‘bn—IXn_l+"'+b0 (7.4)

i=1
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so that Nk q(a) = (—1)"bg and Trg,g(a) = —b, 1. Hence it suffices to show that
C, € Q[X]. We first note that, if « = Q(8) for some Q € Q[X], then o; () = Q(6;)
foralli € {1,...,n}. Then we may write

Co = H(x —0(6))

1

where the 6; runs through all the roots of the minimal polynomial ug of 6 whose
coefficients are in Z. Expanding the product we see that the coefficients of C, are
of the form R(6y,...,6,) where R € Q[X1,..., X, ] is a symmetric polynomial.
Therefore we have C,, € Q[ X].

The second part of the proposition follows from the following assertion

Cy is a power of iy (7.5)

Indeed, if (7.5) is true and if @ € Ok, then u, € Z[X] and C, € Z[X] by Gauss’s
lemma. The rest of the text is devoted to the proof of (7.5). Since w4 is irreducible,
by factorizing Cy, into irreducibles, we have Cy, = ), P with py and P are coprime
and both monic. If P is not constant, then there exists i € {1, ..., n} such that o; (&)
is aroot of P and hence 6; is a root of the polynomial P o Q. By Lemma 7.40, we
infer that pg | P o Q, which implies in particular that P o Q(6) = 0 and thus

P@)=PoQ(®) =0

so that g | P which is impossible since u, and P are coprime. We deduce that P
is constant and monic, so that P = 1 and then Co, = /.. O

Example 7.56 The norm and trace can sometimes be useful to determine the
ring of integers and the index of some algebraic number fields. For instance, let
K = Q(+/—5). This is an algebraic number field of degree 2 by Example 7.39 with
embeddings {Id, o} where o (a + b/—5) = a — b/=5 for all a, b € Q. Hence if
a =a+ by/=5 €K, then

NK/Q(“):a2+5b2 and TI"K/Q(O{):ZLZ.

Assume now that a € Ok. By Proposition 7.55, we have 2a € Z and a*> + 5b*> € Z
which implies that the denominator of a, and hence also of b, is at most 2. Writing
a=c/2and b =d/2, we must have (c2 4 5d?)/4 € Z, or equivalently ¢ + 5d* =
0 (mod4). Since all squares are = 0 or 1 (mod4), we infer that ¢ and d are even,
and hence a, b € Z. Therefore Og = Z[+/—5] and f=1

It has been seen above that we can choose a Q-basis {«1, ..., «,} of K as a vector
space over Q. Now since Ok is a Z-module, we may ask for a Z-basis for Ok.

Definition 7.57 (Integral bases) Let K be an algebraic number field of degree n and
Ok be its ring of integers. Then a Z-basis of Ok is called an integral basis for K.
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In other words, {1, ..., a,} is an integral basis if and only if o; € Ok and every
element of Ok can be uniquely expressed in the form

m
Zaiai with a; € Z.
i=1

By Corollary 7.48, it follows that an integral basis is a Q-basis for K, so that we
have m =n.

Now one may wonder if such bases exist. If K = Q(6), then a natural candidate
is {1,6,..., 0"’1} which is a Q-basis for K with 6 € Ok and we may indeed take
this basis if Og = Z[6], but we have seen in Remark 7.49 that this equality may
be false. Thus we need more work to establish the existence of integral bases for
all algebraic number fields. One possible proof'* uses the following very important
invariant of K.

Definition 7.58 (Discriminants) Let K be an algebraic number field of degree n and
ag, ..., o, €K

1. The discriminant of «1, ..., «, is the number defined by

Agjolar, ..., an) = (det(ai (Olj)))2

where det denotes the determinant of the matrix with entries o; () in the ith
row and jth column.

2. If {a1, ..., &y} is an integral basis for K, then Ag,q(a1, ..., o) is independent
of the choice of that basis. It is called the discriminant of K and is denoted by di .
When (aq,...,a,)=(1,0,..., 9”_1), one may check that we have

n

Akp(1,6,...,6"h) ]_[ ]_[ a,(@)—a,-(@))zzdisc(ug) (7.6)

by Definition 7.36, which explains the word “discriminant”. The next result provides
the first basic properties of the discriminants.

Proposition 7.59 Let K = Q(0) be an algebraic number field of degree n with
0 e O]K.

(i) Letay,...,a, € K. Then we have

Agjolar, ..., an) = det(Tl‘K/Q(OliO[j)).

14See also [EM99] for another proof using the properties of sub-Z-modules of finitely generated
Z-modules.
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() If{ar,...,an} is a Q-basis for K, then Ag (a1, ..., a,) € Q. Furthermore,
ifa; € Ok, then Agjg(at, ..., o,) € Z.
In particular, we have di € 7.
(iii) Let ay,...,a, € K. Then we have

Agolar,...,0,) =0 <& the a; are Q-linearly dependent.

In particular, the discriminant of any Q-basis for K is a non-zero rational
number.

@iv) Let {ay,...,a,} and {B1,..., Bu} be two Q-basis for K such that B; =
Z?:l ajjoj with ajj € Q. Then we have

AxsQ(B1,---, Bn) = (det(aij))zAK/Q(ah e Op).

Proof

(i) Consider the matrix M = (o;(ct;)) € M, (C). Then we have MTM = (mij)
with

n
mij = Zak(ai)dk(aj) = Trg g(aia;)
k=1
and we conclude by using the facts that det M7 = detM and det(AB) =
det Adet B.

(i1) This follows readily from (i) and Proposition 7.55.

(iii) If the o; are QQ-linearly dependent, then so are the columns of the matrix
M defined in (i) since Q is invariant by the o;. Conversely, assume that
Ag,o(aq, ..., a,) =0. This implies that ker MTM # {0} and since MT M has
entries in Q, there exists g; € Q such that, for all j, Trg,g(xc;) = 0 with
x =Y 1 gia; #0.If the o; are Q-linearly independent, they generate K as
a Q-vector space and we have Trg,g(xy) = 0 for all y € K with x # 0. But
taking y = x ! gives 0 = Trg /(1) =n which is impossible. Then the «; are
Q-linearly dependent.

(iv) Setting M = (0;(«)), N = (0i(B;)) and A = (a;;), we infer that

A/QBi. -, Bn) = (detN)? = (det MAT)?
= (det A)?(det M)?
= (det(aij))zA]K/Q(otl yeeasQp)

as asserted.

The proof is complete. 0

Now we are in a position to answer the question of the existence of an integral
basis in any algebraic number field.
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Corollary 7.60 Let K = Q(0) be an algebraic number field of degree n and let O
be its ring of integers. Then Ok has an integral basis. Furthermore, Ok is a free
Z-module of rank n.

Proof By Corollary 7.48, there exists a Q-basis {1, ..., «,} for K with o; € Ok.
It remains to show that there exists such a basis which is a Z-basis for Ok. By
Proposition 7.59 (ii) and (iii), the discriminants of such bases are in Z \ {0}. Thus
we may choose a basis {«q,...,a,} with o; € Ok and discriminant, abbreviated
here in Ag/q(a), such that |Ag,g(a)| is minimal. Suppose that this basis is not a
Z-basis for Ok. Then there exists 8 € Ok such that § = ZLI gio; with ¢; € Q
and at least one of these ¢; is not an integer. Without loss of generality, assume that
q1 € 7Z and write q1 = [q1] + {q1} with O < {q1} < 1. The matrix

@} a2 - an
0 1 0
0 0 1

is non-singular since det A = {q1} # 0 so that {y, a2, ..., @y} is a Q-basis for K by
Proposition 7.59 (iii) where y = 8 — [q1]o, and using (iv) we get

Ak, @2, .. )| = 1g1) | Ak jo@)] < |Ak/g(@)]
which contradicts the minimality of |Ag,q(a)|. Hence as a Z-module, we get
Ok =Za1®Zar® --- B Loty

which concludes the proof. O

7.2.8 Tools for Ok

The determination of an explicit integral basis and of the discriminant of Ok is not
an easy task. Our aim here is to collect some tools which can sometimes be helpful.

In what follows, K = Q(0) is an algebraic number field of degree n with 8 € Ok,
discriminant dr, signature (r{, 7). Let f =[Ok : Z[0]] be the index of 6 in Ok
and pg € Z[X] be the minimal polynomial of K. For convenience, we denote by
Ak, (#) the discriminant of the Q-basis {1,6, ..., "1},

Proposition 7.61
(i) Let {Bi1, ..., Bn} be a Q-basis for K such that 8; € Ok. Then
Ak/QB1, .-, Bn) =[Ok : NT x di
where N =781 + - - - + ZB,. In particular, we have

disc(ug) = 2 x dx.
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(ii) (Stickelberger). Letay, ..., a, € Ok. Then Ak g(ay, ..., ay) =0or 1 (mod4).
(iii) (Kronecker). The sign of dx is (—1)"2.
@iv) We have

Axjg®) = (=1)"" D2 Ng g (1h(©))

(v) Let {B1, ..., Bn} be a Q-basis for K such that B; € Ok. If Ax/Q(B1, ..., Bn) is
squarefree, then {B1, ..., Bn} is an integral basis for K.

(vi) If disc(ug) is squarefree or if disc(ug) = 4D with D squarefree and D # 1
(mod4), then {1,90, ..., 9”*1} is an integral basis for K and dg = disc(ug).

(vii) Suppose that, for any prime number p such that p* | Ag,(0), the polynomial
Wy is a p-Eisenstein (see Proposition 7.53). Then we have

Ok =Z[0].
(viii) Suppose that f > 1. Then there exists o« € Ok of the form
a= P_l(ao +al0+--- +an719"_1)

where p is a prime number such that p2 | Ag,@(0) and a; € Z such that 0 <
ai < pforallie{0,...,n—1}
Proof

(i) Let {o, ..., a,} be an integral basis for K. By Proposition 7.16 (vi), as a sub-
Z-module of the free Z-module Ok, Z[#] is a free Z-module and thus has
a basis {y1,..., vu} such that y; = Z?:l mjjoj with m;; € Z. By Proposi-
tions 7.59 (iv) and 7.18 applied with G = Ok and H = N, we have

AR5 - osV0) = (det(mij))2 x dg =[Ok : NI* x dx.

Now by Proposition 7.59 (ii), the discriminants Ag,@(B1....,8,) and

Ax;Q(y1, ..., yn) are integers and, with Proposition 7.59 (iv) again, we in-
fer that Ag,@(Bi1, ..., By) divides Ag,o(¥1,.-.,¥n) and A1, ..., Vn)
divides Ag,Q(B1, ..., Bn) and their signs are equal, so that

AK/Q(yls cee Vn) = AK/Q(IBh ey ,Bn)

which gives the asserted result.
The assertion disc(ug) = f> x dg follows by applying this result to
{1,0,...,0"'} and using (7.6).
(ii) Expanding the determinant det(o;(c;)) and using the n! terms allows us to
write

det(oi(erj)) =P — N

where P is the contribution of the terms corresponding to permutations of even
signature and N is the contribution of the terms corresponding to odd permu-
tations. Hence

Ak/Q(@1, ..., @) = (P —N)*>=(P+N)>—4PN.
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Now since 0;(P + N)=P + N and 0;(PN) = PN wehave P+ N, PN € Q

by Galois theory, and we have in fact P+ N, PN € Z since «; € Ox. The result

follows from the fact that a square is always congruent to 0 or 1 modulo 4.
(iii) By (7.6) and (i) we have

di = 2 [(o0) — 01(0))*.

i<j

Now a case-by-case examination shows that when conjugate terms are paired,
all the factors become positive except for

[T (©4n® -a®)’

ri<i<ri+r

whose sign is (—1)"2 since o0;4,,(8) — 0;(9) is purely imaginary.
(iv) Writing g = l_[.’/;l (X —0j(9)) we get

/1«/9 (X) — Z Mo ()C)

ot x—0o;(9)
and thus
1y (01©) =] J(0:6) — 0;(0)).
j#i
We deduce that
Nicjo(1h(6)) = ]_[ (0:@) =] [ ](c:®) — ;)
i=1 i=1j#i

- (= (01(®) =0, ©)")

i=1j=i+1
= (=D)"" D2 Ak 0(6)

as asserted.
(v) Let{ay,...,a,} be an integral basis for K so that there exist a;; € Z satisfying
Bi = Z 1 aijoj. By Proposition 7.59 (iv), we have

Ao, - Ba) = (det(@;))) Ao, ..., an)

and we infer that | det(a;;)| = 1 since Ag;Q(B1, ..., Bu) is squarefree. We con-
clude by using Proposition 7.18 (i).

(vi) If disc(ug) is squarefree, then we apply (v). If disc(ip) = 4D with D as stated
in the proposition, we first note that f2 | 4D by (i) and (7.6), and hence f =1
or f =2 since D squarefree. If f = 2, then we have 4D = 4d so that D =
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dk and hence dk # 1 (mod4), which contradicts (ii). Hence f =1 and then
disc(ug) = di.

(vii) By Proposition 7.53, we infer that f is not divisible by p for any prime p such

that p? | Ag,(0). Using (i) we get f =1 as asserted.

(viii) Since f > 1, there exist p | f and B € Ok /Z[6] of order p by Cauchy’s

theorem (Theorem 7.1 (i)), and thus pB € Z[0]. Since {1, 6, 02, ...,9"‘1} is a
Z-basis for Z[0], we get pB=bo+ b1+ --- + bu—10"1 with b; € Z. Now
the Euclidean division of b; by p gives b; = pg; + a; with 0 < a; < p and
gi € Z, so that the number « = 8 — Z::(} qi0" € Ok satisfies the conditions of
the proposition. Furthermore, we have p | f so that p? | Ag,(©) by ().

The proof is complete. g

Example 7.62

1.

Let K = Q(6'/3). The polynomial P = X 3 — 6 satisfies Eisenstein’s criterion
with respect to 2 and 3 and hence is irreducible over Z, so that P = pg. We have
disc(P) = —22 x 3° and the use of Proposition 7.61 (vii) implies that Og =
Z[0]. Therefore K is an algebraic number field of degree 3, called a pure cubic
field, signature (1, 1) so that K is not Galois, discriminant dg = —2% x 3% and
{1,6, 67} is an integral basis for K.

. Let 6 be a root of the polynomial P = X* 4+ X + 1. We check that |P(m)]| is

1 or a prime for m € {—6,-3,0,1,2,5,6,9, 11}, so that the polynomial P is
irreducible over Z by Proposition 7.28. Let K = Q(6) be the corresponding al-
gebraic number field. Using Example 7.37, we obtain disc(P) = 229. Since 229
is prime, we have Ok = Z[f] and {1, 6, 62,03} is an integral basis for K by
Proposition 7.61 (v). Hence K is an algebraic number field of degree 4, signature
(0, 2), discriminant dg = 229 and Ok = Z[0].

. Let K = Q(v/8 + 3+/7) from Example 7.39. The minimal polynomial is

o =X*—16X*+1
whose discriminant is equal to
disc(P) = (16 x 7 x 3%)*(8> =7 x 3%) =28 x 3* x 72

by Example 7.37. Hence the only prime factors of f are 2, 3 or 7. Proposi-
tion 7.52 gives 21 f, 3| f and 7t f so that f =3 or f = 9. In particular f > I,
so that using Proposition 7.61 (viii) we infer that there exists o« € Ok of the form

1
a=z(a+bo + 0% +do’)
with integers 0 < a, b, ¢, d < 2. Since Trg (o) =4(a + 8c)/3 € Z, this implies
that 3 | @ + 8c so that (a, ¢) = (0,0), (1, 1) or (2, 2). In the first case we have

N L 203d +2 24326d> +d¥) eZ
K/Q(a)_gl(b +32b°d + 258(bd)” + 32bd’ + d*) €
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which implies that (b, d) = (1, 1). We verify that (6 + 93)/3 e Ok. If (a,c) =
(1, 1), then

1
Nicjg(e) = o (b* +32b%d + b*(258d” — 36) + b(32d> — 576d) + d*
—4572d” + 324)
and since Ng,q(a) € Z, we get (b, d) = (0,0), (1, 1) or (2,2). We check that
1(1+6%) € Ok and let A be the discriminant of {1,6, 3(1 + 62), 16 + 6°)}.

Straightforward computations give A = 28 x 72. Hence |A| is minimal, so that
f=9and dg = A =23 x 7% by Proposition 7.61 (i). Furthermore

1+6% 6+63
e 555

37 3
is an integral basis for K.
The algebraic number field K is said to be monogenic, or to have a power basis, if

there exists & € O such that Og = Z[«]. The following example, due to Dedekind,
shows that there exist some algebraic number fields which cannot be monogenic.

Example 7.63 (Dedekind) Let K = Q(0) be an algebraic number field where 0 is
a root of the polynomial P = X3 — X? — 2X — 8. One may check that disc(P) =
—4 x 503 and that P is irreducible over Q by Exercise 12 in Chap. 3 for instance.
Let g = %(92 +0). A simple calculation shows that 83 — 382 — 108 —9 = 0 so that
B € Ok and, using Definition 7.58, we have

1
Ak/o(1,6,0%) =—4x503 and AK/Q(],@,,B)ZZAK/Q(1,0,92)=—503.

Since Ag/q(1, 0, B) is squarefree, we deduce that {1, 6, B} is an integral basis for K
by Proposition 7.61 (v). Now let @ € Ok and set @ = a + b0 + ¢ with a, b, c € Z.
We get

o = (a® + 6¢ + 8bc) + (2c* — b* + 2ab) + (2b* + 3¢* + 2ac + 4bc) B
so that
Ako(l, @, ?) = (be)*(3c + b)* (mod 2)

which is an even number in all cases. Hence this discriminant cannot be equal to
—503 which proves that Ok has no integral basis of the form Z[«].
7.2.9 Examples of Integral Bases

In this section, we intend to study some examples of algebraic number fields often
used in the literature. The calculation of an integral basis for these fields requires
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both basic principles seen in the former sections and a touch of some arithmetic
technicality.

Quadratic Fields

Proposition 7.64 Let d € 7.\ {0, 1} be a squarefree integer and K = Q(v/d) be a
quadratic number field. We set

T(1++/d), ifd=1(mod4),
w =

Jd , otherwise.
Then
d Integral basis Discriminant Polynomial
d =1 (mod4) (1, ) d X2 —x+ 124
d 1 (mod4) 1, ) 4d X2—d

Proof We first look at the algebraic integers in K and let « € K. Then there exist
a,b,ce”Z with (a,b,c) =1 and ¢ > 0 such that

a-+byd
o=—""
c

If o« € Ok, then Trg g(e) = 2a/c € Z and N, g(e) = (a* — db?)/c* € Z. If there
exists a prime p dividing both a and c, then from the norm we infer that p | b since
d is squarefree, which contradicts the fact that (a, b, c) = 1. Hence (a,c) =1 and
the condition on the trace implies that c | 2.

> Suppose that d % 1 (mod4). If ¢ = 2, then from the norm we deduce that a
and b have to be both odd and a> — db®> = 0 (mod4). This implies that d =
1 (mod4), giving a contradiction. Hence ¢ = 1 and since Ak (1, Jd) = 4d with
d squarefree, we infer that O = Z[+/d] in this case by Proposition 7.61 (vi).

> Suppose that d =1 (mod4) and set f =[Ok : Z[Vd]). If P = X% — d, then
by assumption on d we get P = (X + 1)? (mod2), and hence 2 | f by Propo-
sition 7.52. Since f? | disc(P) = 4d, we also have f? |4 since d is square-
free. Thus f = 2. Note that w = %(1 + /d) is a root of the polynomial
X2 - X - }T(l —d) € Z[X] so that w € Og. Now Ag,@(l,w) =d so that
Ok = Z[4(1 + +/d)] by Proposition 7.61 (v).

The proof is complete. g
Cyclotomic Fields
Let¢, = e, (1) = e%7/n Then the n numbers 1, Cn, (,%, el ,:’_1 are the nth roots of

unity, forming a regular n-gon in the complex plane. If (k, n) > 1, then {,f is a root
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of unity or order n/(n, k) < n whereas if (n, k) = 1, then ;,’l‘ is not a root of lower
order, and is called a primitive nth root of unity. The number of these roots is then
@(n) where ¢ is Euler’s totient function. We define the nth cyclotomic polynomial
to be the monic polynomial ®, whose roots are the primitive nth root of unity so
that

n

o= [] (x-2).

i=1
(i,n)=1

We have
n d
d
Xn_l:l_[X gn =1_[ 1_[ X_é'n 1_[1_[ ln/ Hq)d
k=1 din din i=1 din
(k, n) n/d (i,d)=1
so that we get by the Mobius inversion formula
o, =[[(x4 - 1™ (1.7)

d|n
and hence @, € Z[X] for all n > 1. In particular, if n = p is a prime number, then
O, =X XPT2 XL

The irreducibility over Z of ®, has been proved in Example 7.24 and the irre-
ducibility in the general case has been stated in Proposition 7.35. We now intend to
show that ®,, is irreducible over Z for all positive integers n. A possible proof uses
the following lemma established by Schonemann.

Lemma 7.65 Let A= (X —ay)--- (X —ay) € Z[X] be a monic polynomial and let
p be a prime number. Set A, = (X — a; Py .. (X —al). Then Ap =AinF o[ X1

We are now in a position to prove the irreducibility of ®,,.

Lemma 7.66 Let n be a positive integer. Then the polynomial ®,, is irreducible
over 7.

Proof We have clearly ®, #0, £1 if n > 1. Suppose that &, = PQ with P, Q €
QI[X] such that deg P > 0. Gauss’s lemma implies in fact that P, Q € Z[X]. Let p
be a prime number such that p { n and we define the polynomial R by

R=[](x~-¢7)

teZp

where Zp is the set of the roots of P, so that R = P in F,[X] by Lemma 7.65.
Note that if F = X" — 1 and since nF (x) — xF'(x) = —n, we have (F, F') =1
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if ptn, and therefore F is squarefree. Hence @, is squarefree by (7.7). Now we
have (O, R) | R =P and (O, R) | O so that (O, E)z | PO = ®,, and therefore
(Q, R) = 1 since @, is squarefree. Hence (Q, R) = 1 and since R | ®,, we infer
that R | P by Gauss’s theorem. Since these polynomials are monic and have the
same degree, we get R = P.

Now let ¢ be aroot of P. Then there exists a positive integer k such that (k, n) =
1 and ¢* is a root of ®,,. Write k = p; - -- p, where all the non-necessarily distinct
prime numbers p; satisfy p; { n. By the argument above applied r times, we see that
¥ is also a root of P, and applying this with all the roots of ®,, we deduce that
P = ¢,. Hence ®,, is irreducible over Z. O

Lemma 7.66 allows the following definition. The algebraic number field K =
Q(¢y) is called a cyclotomic field. Hence we have [K : Q] = ¢ (n). It can be shown
that K is monogenic (see [Was82]) so that Ox = Z[¢,] for all n > 1. In what fol-
lows, the aim is to prove this result when n = p is a prime number.

Proposition 7.67 Let p be a prime number. Then Q(¢,,) is monogenic.

Proof First note that since ¢, = —1, we have Q(¢2) = Q and since Q(¢3) is a
quadratic field, we may suppose that p > 5. We write ¢ instead of ¢, for conve-
nience. The number A = ¢ — 1 plays an important part in the proof. Using Proposi-
tion 7.61 (iv) we get

Agjo() = Ak g(¢) = (=1)P~D/2pp=2

as also stated in Example 7.37. Now pu, is a p-Eisenstein as seen in Example 7.24,
so that p 1 f by Proposition 7.53. Since 2 x dg = (—=1)P=D/2pP=2 e infer that
f =1 and hence K is monogenic. g

The proof above shows that, if K= Q(¢,), then dg = (—=DH)P=D/2pP=2 More
generally, one can prove (see [Was82]) that, if K = Q(¢,), then

dig = (—1)PM/2,00m) prw(n)/(pfl)_ (7.8)
pln

The next result shows that a cyclotomic field is an abelian algebraic number field.

Proposition 7.68 The algebraic number field K = Q(¢,) is abelian with Galois
group

Gal(Q(¢x)/Q) == (Z/nZ)*.

Proof Set K =Q(¢,). Since ¢, is a primitive nth root of unity and since every nth
root of unity is a power of ¢,, we deduce that the extension K/Q is normal. Since
®,, is irreducible over Q and char Q = 0, we infer that the extension is separable, so
that K/Q is Galois. Now let o € Gal(Q(¢&,)/Q). There exists an integer a = a(o)
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coprime to 7 such that o (¢,) = ¢ @) Since the residue class @ of a(o) modulo 7 is
uniquely determined, one may define the map

GalQ)/Q) —  (Z/nZy",

o > a.

This map does not depend on the particular choice of the primitive nth root ¢,.
Furthermore, one may check that it is a group homomorphism. If @ = 1, then
0 (¢n) = &, so that o = 1Id and the map is injective. We infer that Gal(Q(¢,)/Q)
is isomorphic to a subgroup of (Z/nZ)* and hence is abelian. Since Gal(Q(¢,)/Q)
and (Z/nZ)* have the same order, the result follows. O

Pure Cubic Fields

These are the fields of the form K = Q(m'/3) where m is 3-free and written as m =
ab? with (a,b) =1, a, b 2-frees and we assume that if 3 | m, then 3 | a and 3 1.
Let @ =m'/3 which is a root of the polynomial P = X3 — m. We have

disc(P) = B xm?P=-33xa*xb*= f2 X dig

so that writing dg = —3" x a® x bP, we get f =307/2 x q2=0/2 5 pGE-P/2,
Hencen=1or3,a=0o0r2and =0, 2 or 4. Since P is a p-Eisenstein for any
prime factor p of a, we have p | a = p 1 f by Proposition 7.53. In particular, if
3| m, then 31 f and 27a? | dx. If 3t a, then 3a? | dx so that o > 2 in all cases.
Hence o = 2.
Now let A = m!/3 with i = ab, which is a root of the polynomial Q = X3 —

a’b. Since

1 1

A2 62

with det A = —a # 0, we deduce that disc(Q) = f? x dx. Now
disc(Q) = =33 x a* x b*

which implies that 8 # 4. Since Q is a p-Eisenstein for any prime factor p of b, we
have p | b= p{ f and hence b? | di so that 8 > 2. Therefore 8 = 2. We then get

| —27(ab)?, if 3| m,
= —3(@ab)? or — 27(ab)2, otherwise.

We consider the following three cases.

1. m % +1 (mod9). Thus 91 (m> — m) so that the polynomial § = (X 4 m)> —m
is a 3-Eisenstein. A root of S is 6§ — m and Ag,Q(0 — m) = Ag,g(0) =
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—33 x m?. Then 31 f so that f = b. Since 1,60, » € Og and Ag/q(1,0,1) =
b_ZAK/Q (0) = dg, we infer that

is an integral basis for K.
2. m=1 (mod9). Let v = ;—b(b + abb + 92). One can observe that v is a root of
the polynomial

~

—1 m—1)2
Rexd_x2_"Tly =D7 o
3 27

so that v € Ok. Since 3bv € Z[6], we infer that Ok /Z[6] has an element of
order 3b, so that 3b | f by Theorem 7.1 and then f = 3b and dx = —3(ab)?.
Now Ak/q(1,80,v) = (3b) "2 Ak (0) = dx so that

2
1’9,b+ab9+0
3b

is an integral basis for K.
3. m = —1 (mod9). This case can be treated as above, except that we make use of
0 = 3;(b+ abt — 62) which is a root of the polynomial

M1 (4 1)?
S=x3-x? X —
T3 27

e Z[X]

instead of v.

Also note that m = +1 (mod9) <= m = +1 (mod9). We may sum up the discus-
sion in the following result.

Proposition 7.69 Let K = Q(m'/3) be a pure cubic field where m = ab? is 3-free
with (a,b) =1 and a, b 2-frees. Set 6 = ml/3 ¢ Ok and m = a’b.

> Ifm % £1 (mod9), then dx = —27(ab)? and {1, 6, %} is an integral basis for K.

> Ifm ==+1 (mod9), then dg = —?a(czb)2 and {1,6, %} is an integral basis
for K.

Voronoi’s Method for Cubic Fields

We investigate algebraic number fields K = Q(#) where 6 is a root of the polyno-
mial P = X? —aX 4 b € Z[X] with a 2-free or b 3-free. Using Example 7.37, we
obtain disc(P) = 4a> — 27b%. In [Vor94], Voronoi devised a method to compute an
integral basis for K. A new proof of this method was given in [AW04b, AW04a] and
rests on the evaluation of dg which can be found in [LN83].
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Proposition 7.70 (Voronoi) Let K = Q(6) be an algebraic number field where 0 is
a root of the polynomial P = X3 —aX + b € Z[X] with a 2-free or b 3-free.

> Suppose that a # 3 (mod9) or b> # a + 1 (mod27) and let n* be the largest
square dividing disc(P) for which the system of congruences

X —ax+b=0 (modnz),
3x2 —a =0 (modn)

is solvable for x. Then an integral basis for K is given by

2 2
{I,Q,x a+x0+6 }
n

> Suppose that a =3 (mod9) and b* = a + 1 (mod27) and let n? be the largest
square dividing disc(P) /729 for which the system of congruences

x3 —ax 4+ b=0 (mod27n?),
3x2 —a =0 (mod9n)

is solvable for x. Then an integral basis for K is given by

19—x x2—a+x6 + 62
37 9n )

Examples

1. Let K = Q(#) where @ is a root of the polynomial P = X> — 8X — 57. Using
Example 7.37, we get disc(P) = —5% x 23 x 149 so that n = 5 and x = 4 and
thus {1, 6, 8*'42492} is an integral basis for K.

2. Let K = Q(6) where 6 is a root of the polynomial P = X3 — 12X + 65. Sim-
ilarly, we have 729! disc(P) = —3 x 7% so that n = 7 and x = —5 and then

_ 2. . .
{1, ﬁ, %} is an integral basis for K.

Some Monogenic Algebraic Number Fields

It is a long-standing problem in algebraic number theory to determine whether an
algebraic number field K is monogenic. Indeed, the existence of an element 8 € Ok
such that Og = Z[6] makes the study of arithmetic in K considerably easier. From
above we know that the quadratic fields and the cyclotomic fields are monogenic,
but, in the general case, this property is relatively rare.

Let K = Q(0) be an algebraic number field of degree n and {1, ap, ..., @, } be an
integral basis for K. There exists a form 7 (X», ..., X,) € Z[X>, ..., X,], called the
index form, of degree n(n — 1)/2 in n — 1 variables X, ..., X, such that

Ak Xy + -+ oy Xy) = 1(Xa, ..., Xy) dx.
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Hence K is monogenic if and only if the index form equation
I(x2, ..., xp) = %1

has a solution in Z"~!. The first effective upper bounds for the solutions of this
equation were derived by Gyéry [Gy676] by using Baker’s lower bounds for log-
arithmic forms. As a consequence, it follows that up to translation by elements of
Z, there exist only finitely many generators of power integral bases in an algebraic
number field.

In what follows, we provide some examples of monogenic algebraic number
fields of low degree.

» Degree 3. A cyclic cubic field is an algebraic number field K of degree 3 which is
Galois, the Galois group being necessarily isomorphic to the cyclic group C3 =~
7./37. A profound result' states that such a field is contained in a cyclotomic
field Q(¢ f,) with fx minimal, called the conductor of K. In the case of cyclic
cubic fields, it can be shown that one can always write

_a?+27p?

fK 2

with » > 0 and a =1 (mod3) if fg =1 (mod3), a = 3a’ with a’ =1 (mod?3)
otherwise. In [Gra74], the following necessary and sufficient condition is proved.

Proposition 7.71 With the notation above, K is monogenic if and only if the equa-
tion

bu(u2 — 9v2) + av(u2 — vz) =1

has solutions u, v € 7.

» Degree 4. A biquadratic field is an algebraic number field K = Q(v/dm, /dn)
with d, m, n squarefree, pairwise coprime such that dm,dn,mn # 1, dm =
dn (mod4),d >0, m >n and if dm =dn =1 (mod4), then d < min(|m|, |n|).
Such fields are Galois with Galois group Gal(K/Q) =~ (Z)27)*. Define § €
{0, 1} such that mn = (—1)° (mod4). Then we have the following proposition
[GT95].

Proposition 7.72 Let K = Q(v/dm, ~/dn) be a biquadratic field with d, m ,n as
above.

> Ifdm =dn =1 (mod4), then K is not monogenic.

> If dm =dn #£ 1 (mod4), then K is monogenic if and only if the following two
conditions are fulfilled.
(i) m—n=2%24.

15See Sect. 7.5 and the Kronecker—Weber theorem.
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(i1) The equation 2‘Sm(u2 — v2)2 — Z‘Sn(u2 + 1)2)2 =4s, where s = £1, has solu-
tions u,v € Z.

» Degrees 5 and 6. In a series of papers [ESW07, LSWYO05, SWWO06], the authors
consider some families of monic polynomials giving birth to infinitely many
algebraic number fields of degrees 5 and 6 whose ring of integers are monogenic.
The proofs rest on the following scheme.

a. Prove that the polynomials are irreducible over Z.

b. Determine the Galois groups.

c. Consider a subfamily of these polynomials, for instance those which have a
squarefree discriminant, use results from elementary number theory to show
that this subfamily contains infinitely many polynomials.

d. Prove that the algebraic number fields defined by these polynomials are
monogenic.

Proposition 7.73 Letm € Z \ {1}.

> Let Py =X —2X*+ m +2)X3 — 2m + )X% +mX + 1 such that the num-
ber 4m> + 28m? + 24m + 47 is squarefree. Then P,, is irreducible over 7,
Gal(P,,/Q) >~ D5 and the algebraic number fields defined by P,, are distinct
and monogenic.

> Let P = X0 + QCm+2)X*+ 2m — 1)X? — 1 and assume that 4m* +2m + 7 is
squarefree. Then Py, is irreducible over Z, Gal(P,,/Q) >~ A4 and the algebraic
number fields defined by Py, are distinct and monogenic.

> Let Py = X% —4X> +2X* —3mX3 + X% 42X + | and suppose that the number
729m3 4 522m? + 1788m + 2648 is squarefree. Then Py, is irreducible over 7,
Gal(P,,/Q) ~ PSL(2,5) >~ As and the algebraic number fields defined by Py,

are distinct and monogenic.

Proof (Sketch) We only provide a sketch of the proof of the third case.
Suppose that P, is not irreducible. Since P, # 0, =1 and

Py =(X—1D(X>— X’ - X*—1) (mod3)

then we have P, = Q,, R, where Q,,, R, € Z[X] are monic polynomials such that
deg O, =1 and deg R, = 5. The condition P, (0) = 1 implies that Q,, = X £ 1. If
m = X — 1, then we have 0 = P,,(1) = 3 — 3m contradicting the fact that m # 1.
If O, = X + 1, then similarly we have 0 = P,,(—1) = 3m + 7 contradicting the fact
that m is an integer. Hence P, is irreducible over Z.
The factorization of P, in F3[X] above shows that Gal(P,,/Q) contains a 5-
cycle so that 5 divides the order of Gal(P,,/Q). Since

disc(Py) = (729m* + 522m* + 1788m + 2648)2

we have Gal(P,/Q) C Ag by Lemma 7.140. Among the sixteen transitive sub-
groups of Sg which may be Galois groups of an irreducible polynomial of degree
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6, the only groups having order divisible by 5 and contained in 4¢ are PSL(2, 5)
and Ag. The final step is given by using a result of [Hag00] where a factorization
of a certain polynomial of degree 15 (see Theorem 7.148), along with the fact that
disc(P,,) is a square, ensures that Gal(P,,/Q) ~PSL(2, 5).

A theorem by Erd&s [Erd53] implies that there are infinitely many integers m,
which are odd, such that 8 (m) = 729m? +522m? + 1788m + 2648 is squarefree. Let
p be an odd prime factor of disc(P,,) =& (m)Z. Using Corollary 7.103, we infer that
p | dg. Since 8 (m) is odd and squarefree, we get p > 2 and v, (disc(Py,;)) =2.1f p |
£, then the relation disc(P,,) = f? x dx and the fact that p | dx give p> | disc(P,,),
giving a contradiction with v, (disc(Py,)) = 2. Hence f =1 and O = Z[6]. O

7.2.10 Units and Regulators

This section investigates the multiplicative group Of of the units in the ring Ok.
The structure of this group has been entirely determined by Dirichlet who proved
the following important theorem sometimes called Dirichlet’s unit theorem.

Theorem 7.74 (Dirichlet) Let K = Q(6) be an algebraic number field with signa-
ture (r1,12) and let 8 € Og. We denote by Wk the subgroup of O consisting of
roots of unity in Og. Then O is a finitely generated abelian group with

rank O =r1 +ry — 1

and torsion subgroup equal to Wi. More precisely, setting r =r1 + rp — 1, there
exist units €1, ..., &, called a system of fundamental units, such that every unit
¢ € Ok can be written uniquely in the form

— ni n
8—4‘81 ...ng

with ¢ € Wk and ny, ..., n, € Z. The number r is called the Dirichlet rank of OH*(.
In other words, we have

O]I*€ ~ Wk x zntn-t

Example 7.75

1. Imaginary quadratic fields. Let K = Q(+/—d) be an imaginary quadratic field
with d > 0 squarefree. Hence (r1, r2) = (0, 1) so that OH*( ~ Wk. One may check
that

{£1, +i}, ifd=1,
Of = {£1,+p,+0%}, ifd=3,
{£1}, otherwise.

2. Real quadratic fields. Let K = Q(+/d) be an imaginary quadratic field with
d > 0 squarefree and d # 1. Let o : a + by/d —> a — b+/d be the non-trivial
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embedding of K. Since (r1, rp) = (2, 0), there exists a fundamental unit, denoted
by y4, such that

Ok ={£yfkez).

The calculation of y; requires the theory of continued fractions in the follow-
ing way (see [Sam71] for instance). Let w be the number stated in Propo-
sition 7.64 and assume that —o (w) has the continued fraction development
—o(w) =lag, at, ---,a). If ps_1/q:—1 is the (t — 1)th convergent, then

Yd = Pi—1 + wq—1

and we also have Nk, q(yq) = (—1)".

We do not prove Dirichlet’s unit theorem, but give the main ideas below. The
reader interested in this subject may refer to [EM99, FT91, Jan96, NeulO, Sam71,
STO02]. Our aim is to provide some useful facts about units and roots of unity of Ok
and to define the so-called regulator of K.

A root of unity in K is a number ¢ € K such that there exists a positive integer m
such that ¢ = 1. Hence ¢ € Ok. The following lemma will be useful.

Lemma 7.76 Let A > 0. The set S={a € Ok : |lo1(@)| < A, ..., |o,(0)] < A} is
finite.

Proof The characteristic polynomial (7.4) of o € S belongs to Z[X] by (7.5) and
its coefficients are all symmetric functions in the o; (o) and hence are bounded. We
infer that there are only a finite number of possibilities for this polynomial, e.g.

(2A +2)"" is such a bound. 0

Proposition 7.77 Let K be an algebraic number field of degree n, signature (ry, ra)
and Ok is the ring of integers of K. We set Wi as in Theorem 7.74.

(i) & is a unit in Ok if and only if Nk g(e)| = 1.
(i1) There are only finitely many roots of unity in K.
(i) Wi is a cyclic group of even order. Furthermore if r1 > 0, then |Wk| = 2.
(iv) Leta € Ok and iy be its minimal polynomial. If iy (m) = £1 for some m € 7Z,
then o — m is a unit in Og.

Proof

(i) If & is a unit, then there exists A € Ok such that 1 = 1 so that Nk qg(e) x
Nx/@(A) =1 and these norms are integers. Conversely, if ¢ € Ok satisfies
Nk ,@(g) = %1, then one can write

P (iHo,-(s)) =1
=2

so that ¢ is a unit in Ok as all terms are algebraic integers.
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(ii) Suppose that @™ = 1. Then |o|”™ = 1 and hence |«| = 1 and similarly |o; ()| =
1foralli €{l,...,n}. The result follows from Lemma 7.76.

(iii) Let ap, ..., ar be the roots of unity in K. Since a;"i =1 for some m; > 1,
we get o; = ey, (n;) for some 0 < n; <m; — 1. If we set m =my ---my, then
each «; belongs to the cyclic group generated by e, (1) and therefore Wi is a
subgroup of this group, and hence is cyclic. Furthermore, since {—1, 1} € Wk,
then 2 divides | Wk | by Lagrange’s theorem (see Theorem 7.1). Finally, if | >
0, then Wi = {£1} since all other roots of unity are non-real.

@iv) If P(X) = uo(X + m), then P € Z[X] is monic, satisfies P(0) = uy(m) =
+1 and P(e — m) = py (o) =0, so that the minimal polynomial of « — m €
Ok divides P by Lemma 7.40, and thus has constant term £1. We infer that
Nk/(o —m) = =1 and then @ — m € O by (i).

The proof is complete. g

Dirichlet’s unit theorem can be proved by embedding the unit group in a logarith-
mic space. More precisely, if K is an algebraic number field of degree n, signature
(r1,r2) and embeddings o;, we may define a map

¢: K — R x(C?,

o > ¢ ()
with ¢ (o) = (o1(@) ..., 04 (@), Op 1(@), ..., O 41, (). The map ¢ is an injective
ring homomorphism and one can prove that, if {«1, ..., o} is a Q-basis for K, then
the vectors ¢ (1), ..., P (x,) are R-linearly independent. This map enables us to

get a geometric representation of algebraic numbers.
Define the following map

L: K\{0} — RI+72,
o > (3ilogloi(a)])

where §; =1 ifi e{l,...,ri}and §; =2ifi e {ry + 1,...,r; 4+ rz}. This map is
called the logarithmic representation of K\ {0} and R"1*72 is the logarithmic space.
It is easy to check that L(aB) = L(«) + L(B) for all o, 8 € K\ {0}.

Now consider the restriction L : O — R"1+72_ This abelian group homomor-
phism is not injective, but one may determine its kernel and image. Whereas the
first one is easily described as we will see below, the determination of Im L uses
the so-called geometry of numbers and more precisely a theorem by Minkowski
applied to certain discrete additive subgroups of R"1+"2. A discrete!® additive sub-
group of (R"7"2, 4) generated by the m linearly independent vectors ey, ..., ey
is called a lattice of dimension m. Hence we need to pass from the multiplicative
group O to an additive subgroup of R"! 2 which is the reason why the logarithms
are used.

16 A subset of R" 172 is discrete if and only if it intersects every closed ball of center O in a finite
set.
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We may sketch the proof of Theorem 7.74. To this end, let & € Of.

> From the definition of L above, we immediately see that Wi C ker L. Conversely,
since L(¢) =0 <= |oi(e)| =1 for all i, we infer that ker L is a finite subgroup
of K\ {0} by Lemma 7.76. Hence ker L is cyclic and must consist entirely of
roots of unity. Therefore ker L >~ W, a result proved by Kronecker.

> Now set L(a) = (Li(a), ..., Ly 4r, (). Then

ri+r

Y Li(a) =log | Ng/g(@)]

i=1
and Proposition 7.77 (i) implies

ri+ra

Z Li(e)=0
i=1

so that Im L € H where H is the hyperplane of R"1*"2 of equation xj + - -- +
Xri+r, = 0. We have dim’H =r; +r, — 1. Now let n > 0 and let || |2 be the
Euclidean norm on R"1*"2_ Suppose that ||L(g)||> < 1. This readily implies that
loi(e)| < e foralli e {l,...,r1}and |oi(¢)| <e?forallie{ri+1,...,r1 +
r2}, so that the set of points o (¢) such that ||L(¢)||2» < 7 is finite by Lemma 7.76,
and hence Im L is a lattice of dimension < ry +rp — 1.

Since Wk is finite and O/ Wk =~ Im L by Theorem 7.4 and since ImL is a
lattice, and then a free abelian group, we infer that O is a finitely generated abelian
group of rank < r1 + o — 1. Using topological tools (see [FT91, Lemma 4.7 page
171]), one may prove that the rank is actually equal tor =ry +rp — 1.

The volume of the lattice Im L plays an important role in the theory and is called
the regulator of K. More precisely, we have the following definition.

Definition 7.78 (Regulator) Let K/Q be an algebraic number field of signature
(r1,7r2) and r =7y +r2 — 1 be the Dirichlet rank of O . Let ¢y, ..., & be a system
of fundamental units of O} and define the matrix U € M, , 1 (R) whose ith row is
the row-vector L(g;) for 1 <i <r. Let U, be any r x r submatrix extracted from
U. The regulator of K is the number Rk defined by

Rk = |det U, |.

Note that the regulator is well-defined since changing a Z-basis of Z" into another
involves multiplication by a matrix of determinant 1 by Proposition 7.18 (i).

Example 7.79 Let @ be a root of the polynomial P = X> — X>— 11X —1.If P hasa
rational root, then it must be 1, but P(£1) # 0 and hence P is irreducible over Z.
Define K = Q(0) and hence 6 € Ok. The signature is (1, r2) = (3, 0) and therefore
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the Dirichlet rank of Of is r = 2. Since P(0) = —1, we have in fact 0 € Of.. Now

B +6)>=6%+96%+270 +27 =100 + 380 + 28 =2(6 + 1)(50 + 14)

and we have Nk (1 +6) = —8 and Nk (3 + 6) =4 so that

64 = Njo (B +0)%) = Ni /g (200 + 1)(50 + 14)) = —64 x Nigjo (56 + 14).

Therefore Nk ,q(50 + 14) = —1 and hence 56 + 14 € O by Proposition 7.77 (i).
If 6, and 05 are the conjugates of 6, we then have

_ log 6] log |65 log |63]
" \log|50 + 14| log|56, + 14| log|503 + 14|

so that

log 0] log |62

RK:‘det<log|59+14| log|592+14|>'%11'9265379"'

7.3 Ideal Theory

7.3.1 Arithmetic Properties of Ideals

Let R be a ring. A maximal ideal of R is an ideal a # R such that there are no
ideals of R strictly between a and R, i.e. such that every ideal containing strictly
a is equal to R. A prime ideal of R is an ideal p # R such that, for all x,y € R
satisfying xy € p, then either x € p or y € p; in other words, p is a prime ideal of R
if, whenever a and b are ideals of R such that ab C p, then either a Cp or b C p.

The role of maximal ideals in a commutative ring is illustrated in Krull’s lemma
stating that, in a non-zero commutative ring R, every ideal a R is contained in a
maximal ideal of R.

Since R/(0) ~ R, we deduce that, if R is an integral domain, then the zero ideal
is prime by Lemma 7.80, so that a principal ideal (p) is prime if and only if p is
a prime number or zero. It may seem surprising that 0 is excluded from the list of
prime numbers whereas (0) is a prime ideal.

The next result is a characterization of prime and maximal ideals.

Lemma 7.80 Let R be a ring and a be an ideal of R.
(1) ais prime if and only if R/a is an integral domain.
(1) a is maximal if and only if R/a is a field.

Proof

(1) Assume that a is prime. Then a 7 R and hence R/a # {0}. LetXx,y € R/a such
that X y = 0. We get Xy = 0 so that xy € a. By definition of a prime ideal,
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we have x € a or y € a so that X =0 or y = 0 and hence R/a is an integral
domain.

Conversely, we have a # R and if we suppose that xy € a with x,y € R,
then Xy = 0 and then ¥y = 0. Since R/a is an integral domain, this implies that
¥ =0ory =0, and therefore x € a or y € a so that a is prime.

(ii) Suppose that a is maximal. Then a # R and hence R/a # {0}. Letx #£ 0 € R/a.
We have x ¢ a and the ideal a+ Rx is such that a4+ Rx 2 a, and hence a4+ Rx =
R since a is maximal. One may then write | =y +rx withy €eaand r € R, so
that 1 = 7x = 7 X which means that X is invertible and hence R/a is a field.

Conversely, we have a # R. Let b be an ideal of R such that a C b € R and
let b € b\ a. We then have b # 0 and thus b is invertible, so that there exists
reRsuchthat7h=1and hence rb=1+c withcea,sothat l=rb—cecbh
which means that b = R, and therefore a is maximal.

The proof is complete. d
The following lemma is also needed in the sequel.

Lemma 7.81 Let K/Q be an algebraic number field of degree n. Let a be a non-
zero ideal in Og. Then Ok /a is finite.

Proof By Corollary 7.60, Ok is a free Z-module of rank n. Since the ideal a
is non-zero and Z is a PID, a is a free Z-module of rank r < n by Proposi-
tion 7.16 (vi). It remains to show that we actually have r =n. Let o # 0 € a. If
o =X +ar_1 X"V + .- +ag € Z[X], then we have
ao =a(—a1 —i—ap_ a2 = a“])

and hence ag € a since —a; —---—a,_1a" "2 —a"~! € Og. Hence we getap#0€a
and ag € Z. Now let {61, ..., 6,} be an integral basis for K. Since apb; € a for all
i=1,...,n,wededuce that a contains n Q-linearly independent elements, so that a

is a free sub-Z-module of rank n of Ok and since (ag) € a C Ok, the index (Ok : a)
divides (Ox : (ap)) = lag|™ and hence Ok /a is finite. O

We deduce readily from Lemma 7.80 that every maximal ideal is a prime ideal,
but the converse is untrue in general, as it may be shown with the ring R = R[x, y]
and the prime ideal (x) which is not maximal since R/(x) >~ R[y] is not a field. This
leads to the following definition.

Definition 7.82 (Dedekind domain) Let R be an integral domain. R is a Dedekind
domain if R is ncetherian, integrally closed!” and such that every non-zero prime
ideal is maximal.

17 A domain R is integrally closed means that if o/ 8 is a root of a monic polynomial lying in R[X]
witha, B € R, B#0,thena/B € R.
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The next result shows that the ring Ok is the right tool to deal with.

Proposition 7.83 Let K/Q be an algebraic number field. Then Ok is a Dedekind
domain.

Proof Let A be the set of all algebraic integers.

> The ring Ok is an integral domain since A is an integral domain and Og = ANK.

> The quotient field of Ok is K. Indeed, if F is this quotient field, then it is clear
that F € K. Conversely, if « = a/b € K where a is an algebraic integer and
b e Z\ {0}, then a = ab € K and hence a € Ok, so that« =a/b € F.

> Ok is a finitely generated Z-module and hence Ok is ncetherian by Proposi-
tion 7.16 (iv).

> Let o € K be a root of a monic polynomial P = X" +a, 1 X" ' +...+ap €
Oxk[X]. As a Z-module, Zlay, ..., a,—1] is finitely generated since a; € Ok. Set
M =Zlay, ...,an—1,a]. Since P(a) =0, we can write «” as a Z[ag, ..., dn_1]-
linear combination of o forall 0 < i < n, so that as a Z-module, M is also finitely
generated. Since o M C M, we infer that « is integral over Z by Proposition 7.45,
and hence o € Ok. Therefore Ok is integrally closed.

> Let p be a non-zero prime ideal of Ok. By Lemma 7.81, Ok /p is finite. Since
p is prime, then Ok /p is an integral domain by Lemma 7.80. Since a finite inte-
gral domain is a field, we infer that O /p is a field, and therefore the ideal p is
maximal by Lemma 7.80. O

It follows in particular that O is a ncetherian ring so that every element of Ok
can be written as a product of irreducible elements by Proposition 7.11. We know
that such decompositions may not be unique, but this problem may be overcome
by considering ideals instead of elements of Ok. It remains to define more specific
ideals which play the part of rational numbers.

7.3.2 Fractional Ideals

The study of the uniqueness of the factorization of ideals requires the behavior of
these ideals under multiplication to be known. It has been seen that this operation
has nearly all the properties needed, but inverses need not exist. One may overcome
this difficulty if we remember that ideals in Ok are also sub-Ok-modules of Ok.
This gives birth to the concept of fractional ideal. Note that the following definition
may be generalized in Dedekind domains.

Definition 7.84 Let K/Q be an algebraic number field. A fractional ideal of Ok is
a non-zero sub-Og-module a of K such that there exists o € Ok, o # 0, satisfying

aa C Ok.
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The collection of fractional ideals of O is denoted by Z(K). The collection of
principal fractional ideals of O is denoted'® by P(KK). Hence

aeP(K) <= a=(a)=a0kg (aekK).

Obviously, any non-zero ideal of Ok is a fractional ideal by taking o = 1. In order
to underscore that the fractional ideal a is actually contained in Ok, we will say that
a is an integral ideal.

We may define the multiplication of fractional ideals in the same way as we
did for ideals. This product is associative and commutative with identity element
(1) = Ok. It remains to define the inverse of a fractional ideal of K and to show that
the set Z(K) is a multiplicative abelian group.

We first generalize (7.1) by defining the notion of divisibility for integral ideals.
Let a, b be integral ideals. We shall say that a divides b, written a | b if and only if
a 2 b so that

alb < ©bCa.

Furthermore, the following observation, coming directly from the definition of a
maximal ideal, will be often used.

Let p be a maximal ideal of Ok and a be an integral ideal such that (1) |
al|p. Then

a=p or a=(1). (7.9)

The following first lemma will prove useful.

Lemma 7.85 Let a be an integral ideal. Then there exist prime ideals py, ..., P,
such that

a|p]"'pr~

Proof Let S be the set of integral ideals that do not satisfy the result of the lemma. If
S # @ and since O is a neetherian ring, there exists an ideal b € S which is maxi-
mal as an element of S. By assumption, b is not prime so that there exist o1, oy € Ok
such that @jap € band oy € b and ap € b. Now set 0; = b+ («;) fori € {1, 2}. Since
b is maximal as an element of S, we have 9; ¢ S and therefore both ideals contain a
product of prime ideals. We deduce that

010, = b2 + b(ay) + b(a2) + (jo2) b

and hence b ¢ S, giving a contradiction. d

1811 fact, we should rather denote these sets respectively by Z(Ok) and P(Ok), but we have
followed here the usual practice. Nevertheless, if R is any number ring, i.e. a domain for which
the quotient field K is an algebraic number field, then the collection of all fractional ideals, resp.
principal ideals, of R is denoted by Z(R), resp. P(R). Similarly, the class group or Picard group of
R, which is an invariant of R, is denoted by CI(R) or Pic(R) and is defined as in Definition 7.110
by CI(R) = Z(R)/P(R). When R is the ring of integers of an algebraic number field K, then
CI(Ok) depends only on K and is usually denoted by CI(K). Hence the class group in the usual
sense may be viewed as an invariant of K.
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The next lemma is a technical tool.

Lemma 7.86 Let a be an integral ideal. If o € K satisfies a | aa, then o € Ok.

Proof As a finitely generated sub-Z-module of Ok with rank n, let 81, ..., B8, be a

Z-basis of a. Since aa C a, there exists an integer matrix A = (a;;) € M, (Z) such
that, forall i € {1, ..., n}, we have

n
afi = aijp,
j=1

which may be written as

Bi
(A—aly)| - | =0
Bn
so that « is an eigenvalue of A and hence is an algebraic integer. U

The natural candidate for the inverse of a fractional ideal a will turn out to be
o '={eeK:aa Ok}

We first check that a~! € Z(K). It is obviously a non-zero sub-Og-module and
if x € a with x # 0, then xa~! € O as required. Also note that, if a | b, then
6=! | a~!. In particular, if a # 0 is an integral ideal, then

a”l (D). (7.10)
We are now in a position to show the main result of this section.
Proposition 7.87 Z(K) is an abelian multiplicative group, called the ideal group.

Proof Tt remains to show that, for all a € Z(K), we have
aa”! = (1). (7.11)

1. Let p be a prime ideal. By definition of p~!, we have (1) | p~'p and, using (7.10),
we get p~!p | p and therefore (1) | p~'p | p, so that by (7.9) either p~'p =p or
p~'p = (1). In the latter case, (7.11) holds for prime ideals, so suppose that p =
p~'p and let « € p, o # 0. By Lemma 7.85, there exist prime ideals py, ..., p,
such that

pl()pr---pr

with » minimal. If p { p; for all i, then we can choose for each i an element
¢; € pj such that ¢; ¢ p. But then the product of the ¢; is in p which is impossible



408 7 Algebraic Number Fields

since p is a prime ideal. Therefore there exists a prime ideal p; such that p | p;.
Without loss of generality, assume that p | p;. Since Ok is a Dedekind domain,
p1 is maximal which implies that p = p;. Because r is minimal, (&) tp2 - - - p, SO
that there exists 8 € p» - - - p, such that 8 & («). Then

(@) [pp2---pr [ p(B)

which implies that a = B/« € p~!. Since B & (), we get a & Ox. Now using
p=p_'p, we get p | ap and Lemma 7.86 implies that a € O, giving a contra-
diction. Therefore (7.11) is true for prime ideals.

2. Now we prove that (7.11) also holds for integral ideals. Suppose the contrary.
There exists a non-zero integral ideal a, taken maximal among all non-zero inte-
gral ideals, which does not have an inverse. Let p be a prime ideal such that p | a.
Multiplying both sides by p~! implies that (1) | p~'a | a. Arguing as above,
a = p~'a gives a contradiction. By the maximality of a, we infer that p~'a has
an inverse b and hence p_l b is an inverse of a, leading to a contradiction. We
infer that (7.11) is also true for integral ideals.

3. Since every fractional ideal a can be written as a = db for some d € K and
integral ideal b, we deduce from above that (7.11) is true for fractional ideals. [

It is noteworthy that the divisibility relation between integral ideals may be now
viewed as the divisibility relation in Z.

Let a, b be two non-zero integral ideals. Then a | b if and only if there exists
a suitable non-zero integral ideal ¢ such that b = ac.

Indeed, if b = ac, then b C a. Conversely, if b C a, then we get balCanl= Ok
so that ¢ = ba~! is an integral ideal satisfying b = ac.

7.3.3 The Fundamental Theorem of Ideal Theory

We are now in a position to solve the problem of uniqueness in algebraic number
fields. The following result shows that Kummer’s favorite ideal numbers are the
right tools to generalize the arithmetic in Z.

Theorem 7.88 Let a be a non-zero integral ideal. Then a can be written as a product

a=pr---p,

of prime ideals of O and this decomposition is unique up to order."

19The zero ideal can also be written as a product of prime ideals, but the decomposition is not
unique. Hence the case of the zero ideal is almost always excluded in this book.
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Proof Let S be the set of non-zero integral ideals that cannot be written as a product
of non-zero prime ideals in Ok. If § # @ and since Ok is a ncetherian ring, there
exists an ideal b € § which is maximal as an element of S. Now let p be a non-zero
prime ideal such that p | b. If bp~! = b, then we get p~! = (1) by Proposition 7.87,
which is false. We deduce that b is strictly contained in bp~! and hence bp~! & .
We infer that there exist non-zero prime ideals p, . .., p, such that bp~' =p;---p,,
and therefore we get b =p; ---p,p so that b € S, leading to a contradiction. Hence
S = @& and every non-zero integral ideal can be written as a product of prime ideals.

Now let a be a non-zero integral ideal and suppose that there exist non-zero prime
ideals py,...,p, and qy, ..., g5 such that

a=pr--pr=0qr---gs.

If py {q; foralli € {1,...,s}, then there exist ¢; € q; such that ¢; ¢ p;. By assump-
tion, the product of the ¢; isin p; - - - p, which is a subset of p;, and hence p; is nota
prime ideal, giving a contradiction. Thus there exists i € {1, ..., s} such that p; | q;,
and without loss of generality, suppose that p; | q1. Since q; is maximal, we get
p1 = q1. By Proposition 7.87, we obtain p; - --p, = g2 - - - g5, and arguing as above
we show that pr = 2. Repeating the argument enables us to prove that r = s and
pi=gq; foralli € {1, ..., r} as required. O

Remark 7.89

1. The reader may have seen the analogy between the proofs of Theorems 3.3
and 7.88.

2. As aconsequence of Theorem 7.88, one can readily see that fractional ideals can
also be written uniquely in the following form.

Let a € Z(K). Then there exist prime ideals p1,...,p, and q1, ..., qs
such that

a=(pr---p)@r---q5)""
the decomposition being unique up to order.

3. As in the rational case, the fractional ideals can be uniquely written in the form

__ €l e
a_pl pgg

where p; are distinct prime ideals and e; € Z\ {0} foralli € {1, ..., g}. The ideal
(1) = O is regarded as the unique empty product of prime ideals. The integers
e; are the p;-adic valuations of a, sometimes denoted by vy, (a). These valua-
tions have the same properties as the ordinary valuations of rational numbers. In
particular, if p is a prime ideal and a, b are non-zero fractional ideals of K, we
have

vp(ab) = vp(a) + vp(b),
vp(a+b) = min(vp (@), vp (b)),
vp(aNb) = max(vp(a), vy (b)).
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Example 7.90 Let K = Q(+/—5) which we know is not a UFD since
6=2x3=(1+v=-5(1-v-5).
Theorem 7.88 shows how to restore unique factorization. Set
pr= (2,14 v=5) =20k + (1 + v/=5)Ox

p3=G3,1++/-5) and pg = (3,1 — +/—5). One can check that these ideals are
prime and

(6) = p3p3p3.

7.3.4 Consequences of the Fundamental Theorem

Let K/Q be an algebraic number field of degree n and Ok be its ring of integers.

Generators of Fractional Ideals

As a Z-module of rank 7, any integral ideal can be generated by n elements of Ox.
The purpose of this section is to prove that any fractional ideal can be generated as
an Ok -module by at most two elements. We start with an application of the Chinese
remainder theorem.

Lemma 7.91 Let a and b be non-zero integral ideals. Then there exists o € a such
that the ideals («)a™" and b are coprime.

Proof Using Theorem 7.88, we can write b = p{ b pgg where p; are distinct prime
ideals and f; are non-negative integers. We set a = pfl e p?" ¢with b+ c¢= (1) and

e; are non-negative integers. For all i € {1,..., g}, we pick up an element a; €
p’ \pf"H. Applying Proposition 7.5 withn =g+ 1, R= 0k, a; = pffH fori €
{1,..., g} and agy 1 = c, we infer that there exists « € Ok such that

a=aq; (modpf’“) and o =0 (modc).

Since g; € p;’ \pf"Jrl , we have o =0 (modp{") and & # 0 (mod p?“) so that we

get (a) = ad with b + 0 = (1) which concludes the proof. O
Proposition 7.92 Let a € Z(K). Then there exists o, 8 € K such that

a=(a, ) =a0k + BOk.
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Proof The zero ideal is generated by one element and if a € Z(K) is not an integral
ideal, then there exists d € K such that da € Ok, and since a and da have the
same number of generators, we may suppose that a is a non-zero integral ideal. Let
B #0e€aandset b= (8). By Lemma 7.91, there exists « € a such that the ideals
(e)a~! and b are coprime. Since «, f € a, we have a | (a, B). Let p be a prime
divisor of («, B) and e be its p-adic valuation. Since (e)a~! and b are coprime, we
infer that p® { (a)a~! but since p¢ | () = ()a~'a, we deduce that p° | a. Therefore
we have («, B8) | a and hence a = («, B) as asserted. O

Unique Factorization

Theorem 7.13 asserts that if a ring R is a PID, then it is a UFD. We will prove that
if R is a ring of integers of an algebraic number field, then the converse is true.

Theorem 7.93 Let K/Q be an algebraic number field of degree n. Then Ok is a
UFD if and only if it is a PID.

Proof The factorization of elements of Ok into irreducibles exists by Proposi-
tion 7.11. Suppose that this factorization is unique. By Theorem 7.88, it suffices
to show that every prime ideal is principal. Let p be a prime ideal and o # 0 € p.
Let @ =y - - - 7, be the decomposition of « into irreducibles in Og. Then («) =
(1) - -+ (;r,). Now every (i) is a prime ideal for if ab € (;), then 7 | ab and by as-
sumption of unique factorization we get 7 | a or 7 | b and hence a € (;r) or b € ().
Therefore p divides a product of principal prime ideals and, by Theorem 7.88, we
infer that p is itself one of these principal prime ideals. O

7.3.5 Norm of an Ideal

Let a be a non-zero integral ideal. By Lemma 7.81, the order of Ok /a is finite. This
leads to the following definition.

Definition 7.94 Let K/Q be an algebraic number field and let a be a non-zero
integral ideal. The norm of a is the integer defined by

Nijg(a) =|0k/al.
Example 7.95 Let K = Q(+/—6). By Proposition 7.64, we get Ok = Z[+/—6]. De-

fine the ideals a = (1 + +/—6), b = (2, /—6) and ¢ = (3, /—6).
1. Leta =a+ b/—6, B=c+d/—6 € Z[/—6]. We have @ =  (mod a) if and
only if
a—c+(b—d)/—6
€ Z[v —6].
1++/-6 [ ]
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Since

— b —d)/—6 — 6(b—d b—d—
a—c+( ) _a c+6( )+ a+c\/_—6
14++/-6 7 7

we infer that « = B (moda) <= a — ¢ =b — d (mod7) so that Ng,q(a) =7.
2. One may check that b = {2a + b/—6 : a,b € Z} so that a + bv/—6 = ¢ +
d+/—6 (mod b) if and only if @ = ¢ (mod2) and hence Ni/g(b) =2.
3. Similarly, we have ¢ = {3a + bv/—6 : a,b € Z} so that a + b/—6 = ¢ +
d~/—6 (modc) if and only if @ = ¢ (mod3) and hence Nk g (c) = 3.

The norm of an integral ideal will in a way generalize the role of the integers.
The next result summarizes the most important properties of this operator.

Theorem 7.96 Let K/Q be an algebraic number field of degree n with discrimi-
nant dg.

(i) Let a be a non-zero integral ideal and {o1, . .., o} be a Z-basis for a. Then
Agyo@r, ... an) = (Ni/g(@) dx.
(ii) Leta #0 € Ok. Then
Nijo(@) = [Nk/g(@)]-
(iii) Let a, b be non-zero integral ideals. Then

Nk q(ab) = Nk (@) Nk/qg(b).

Proof
(1) Let {61, ..., 0,} be an integral basis for K and assume that
n
o = Zaijéj
j=1
with a;; € Z forall i, j € {1, ..., n}. By Proposition 7.18, we have

Nijo(a) = |Ok/a] = | det(a;)|

and we conclude using Proposition 7.59 (iv).

(i1) Let {61, ...,6,} be an integral basis for K. Then {«fy, ..., «6,} is a Z-basis
for (o). Writing 6; = Z?=1 a,'jej with ajj € Z, we have NK/Q(O() = det(a,'j),
so that by Proposition 7.59 (iv), we get

Ak /(@b ..., a8,) = Nk /o) dk.
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(iii)
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We conclude by using (i) which implies that

Ag(@by, ..., aby) = Ni g (@) dx

and the fact that NK/Q((O{)) is a positive integer.
By Theorem 7.88 and induction on the number of factors, it is sufficient to
prove

Nk, (ap) = Ni/g(a) Nk/o(p)

where p is a prime ideal. Since a | ap, using Theorem 7.4 (ii) applied with
R =0k, a; =ap and a, = a, we get

Nijo(ap) = Nkg(a) x |a/ap].

It is therefore sufficient to prove that

la/ap| = Nk, (p). (7.12)

First notice that from Theorem 7.88 we deduce that ap is strictly contained in
a. Now we will prove that there is no ideal b strictly contained between a and
ap. Suppose the contrary. We then have a | b | ap and multiplying by a~! gives
(1) | a='b | p, and hence a='b6 = (1) or a~'b = p by (7.9), so that b = a or
b = ap as required.

Now choose a € a \ ap and define the map

F,: Ox —> a/ap,
o > ao+ap

Since there are no ideals between a and ap, this implies that a is generated
by a and ap, so that F, is surjective. Furthermore, if o € p, then ao € ap and
hence F,(x) =0+ ap so that p € ker F,,. Since p is maximal, we get ker F, is
either (1) or p. But F,(1) =a + ap # 0+ ap since a € ap, so ker F, = p. By
Theorem 7.4 (i), we deduce that Ok /p >~ a/ap proving (7.12).

The proof is complete. O

Thus the norm map is completely multiplicative, which is certainly its most im-
portant property. Note also that, for each non-zero integral ideal a, we have

NK/Q(Q) €a (7.13)

by applying Lagrange’s theorem (Theorem 7.1 (i)) to the additive group Ok /a. Fur-
thermore, if o : K — K is any field homomorphism, then

NK/Q(GG) =NK/Q(a). (7.14)
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For instance, let K = Q(+/—6) and take b = (2, /—6) of Example 7.95. If ¢ is the
non-trivial embedding of K, we have ob = (2, —+/—6) and hence by (7.14) and
Theorem 7.96 (iii) and (ii), we get
Ni,g(0)? = Ni/g(bob) = N /g4, 24/=6, —2+/=6, —6) = N0 ((2))
= |Nk/Q(2)] =4.

The next result provides some useful consequences of Theorem 7.96.

Corollary 7.97 Let K/Q be an algebraic number field of degree n.

(i) Let p be a non-zero integral ideal. If Nk q(p) is a prime number, then p is a
prime ideal.
(ii) There are only finitely many integral ideals with a given norm.

Proof

(i) This follows from the complete multiplicativity of the norm.
(i) If NK/Q(a) = m for some positive integer m, then a | (m) by (7.13). By unique-
ness of factorization, m has only finitely many factors.

The proof is complete. O

Example 7.98
1. Let K= Q(+/—10). By using the PARI/GP system, we get

(14) = p1pap3

where p; = (7,2 + +/—10), po = op; = (7,2 — ~/—10) and p3 = (2, /—10).
Suppose that 14 lies in some integral ideal a. Then a | (14) so that by Theo-
rem 7.88 we get

a= p?pgngz
with eq, e2 € {0, 1} and e3 € {0, 1, 2} and hence 14 belongs only to a finite num-
ber of ideals. Also by Theorem 7.96 (ii) we get NK/@((M)) = [NgoU4)| =

142. Now how many ideals a have norm 14 ? This can only happen when a | (14)
by (7.13), so that by above we get

14 = Ng/g(a) =772 x 2

which implies that e; + e = e3 = 1, giving two integral ideals. Note also that by
a similar argument we have only one ideal with norm 2 and two ideals with norm
7. Let vk () be the number of integral ideals with norm m. This example shows
that vg (2 x 7) = vk (2) vk (7). We shall return to this function in Sect. 7.3.

2. Let K= Q(¢g) with defining polynomial &g = X* + 1. We have dg = 256 and
Theorem 7.105 below gives

©2) =p*
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with p = (2,1 4 ¢g). A similar argument shows that p is the only prime ideal
with norm 2. Let us prove that p is principal. It is first clear that p < (1 + ¢g).
Conversely, since

2=(1+¢8)%(¢s — ¢3)

we infer that (1 + ¢g) € p. Therefore p = (1 + ¢g) and then p is principal. We
will show later that O is actually a PID.

7.3.6 Factorization of (p)

By definition, if p is a prime ideal in O, then p N Z is a prime ideal in Z, and
is therefore of the form (p) for some prime number p. This leads to the following
definition.

Definition 7.99 Let K/Q be an algebraic number field, p be a prime number and p
be a prime ideal of Ok. We shall say that p lies above p, written p | p,if pNZ = pZ.

When p lies above p, then p € p so that p | (p) as ideals of Ok, which explains
the notation. We also notice that, for any prime ideal p of Ok, there exists a unique
prime number p such that p lies above p. Indeed, suppose that there is another prime
number g # p such thatp | g. We have p | (p) + (¢) = (1) which is impossible since
p is maximal.

To find prime ideals of Ok, we need to factorize ideals generated by prime num-
bers. Pay careful attention to the fact that the ideal (p) is not in general a prime ideal
of Ok. Theorem 7.105 below, due to Kummer for a particular case and extended by
Dedekind, relates the prime ideal factorization of (p) to the decomposition of 7ty
into irreducible polynomials in F,[ X]. Kummer—Dedekind’s theorem holds for any
algebraic number field K = Q(6) such that p does not divide the index f of 6.
We do not have a similar result in the case where p | f, but algorithms do exist
which perform the factorization of (p) in this case. However, recall that in practice
p? fAkQ(l1,6, ..., 6"=1) is sufficient to ensure that p 1 f and hence all but finitely
many prime numbers p are covered by this result.

We start with the following general situation.

Lemma 7.100 Let K/Q be an algebraic number field of degree n, let p be a prime
number and

8
() =] (7.15)
i=1

be the factorization of (p) into prime ideals.
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(1) There exist positive integers f; such that

8
Nijoi) = pi and Zeifi:n-

i=1

(ii) The index (O /y; : 7/ pZ] is finite and f; =[Ok /p; : Z]pZ].

Proof

(i) First, since p; | (p), we get N,o(pi) | Nk/g((p)) = p”, so that there exist
integers f; € {1,...,n} such that Ng,q(p;) = pfi. Furthermore, since pf’ +
pj.j = (1) for all i # j, the Chinese remainder theorem implies that

Ok/(p) ~Ok/p]' @ ® Ox/pg

and hence, by Theorem 7.96, we get

P"=Nis((p) =Njap]) - Nijolps') = NP - Nijgpg)

which implies the asserted result.
(i1) The map

Z/pZ — Ox/pi,
a —  a-+p;

is well-defined and one may check that it is a homomorphism. Now Z/pZ ~ F,
is a finite field, and the same is true for Ok /p; by Lemmas 7.80 and 7.81 and
the fact that p; is maximal. Hence the map is injective and [Ok/p; : Z/pZ] is
the dimension of Ok /p; considered as a Z/ pZ-vector space. Furthermore, we
have

Nijo(pi) = |Og /pi| = plOs/piiZ/pZ]
by Lemma 7.20, and we conclude by using (i).

The proof is complete. O

Definition 7.101 Let K/Q be an algebraic number field of degree n, p be a prime
number and consider the factorization (7.15) of (p) into prime ideals.

1. (a) The integer e; is called the ramification index of p; over Z, denoted by
e(pi | p).
(b) The integer f; is called the inertial degree, or residue class degree, of p; over
Z, denoted by f(p; | p).
(c) Theinteger g is called the decomposition number of p over Z, denoted by g,.
2. (a) The prime number p is said to be ramified in Ok if and only if there exists
some i € {1, ..., g} such that ¢; > 2. Similarly, the prime ideals p; such that
e; > 2 are called ramified prime ideals.
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(b) The prime number p is said to be unramified in Ok if ¢; =1 for all i €

{1, ..., g}. Two cases are then possible.
s inert g=1, (p)=
p is iner er=1fi=n p)=p
splits completel §=n (p)=p1---
p splits completely = fi=1 P)=P1-Pn

Note that there are intermediate cases which do not deserve a special name. The
ramified primes are characterized by the following result.

Theorem 7.102 Let K/Q be an algebraic number field with discriminant dg and p
be a prime number. Then p is ramified in K if and only if p | dx. In particular, there
are w(|dk|) ramified primes.

We do not supply here a proof of this theorem but, as often in algebraic number
theory, the result is more important than the proof itself. As a corollary, we provide
the following criterion (see also [AW04a, SWWO06]).

Corollary 7.103 Let K = Q(0) be an algebraic number field of degree n, discrimi-
nant di, 6 € Ok and p be a prime number. Let tg = X" + a,_1 X" '+ ... +ap €
Z[X] be the minimal polynomial of 6. Suppose that p || ag and p | ay. Then p | dx.

Proof Suppose that p is not ramified. Then there exist distinct prime ideals
P1, ..., Pg such that

(p)=p1---Ppg-

Since p || ag, we get (ag) = Pp1 - - - pg (b) for some b € Z with p { b and hence p; { (b)
foralli e {1,..., g}. Now Nk,g() = (—1)"ap = 0 (mod p) so that there exists a
prime ideal p € {py, ..., g} suchthat p | (6). As p | (a1), we get

ap=dao — M@(@) = —a19 — . —an_len_l —9"

so that p? | (ag) contradicting the assumption p || ap. Hence p is ramified and we
conclude by using Theorem 7.102. O

In the case of Galois extensions, the result is simpler.
Proposition 7.104 Let K/Q be a Galois extension of degree n and p be a prime

number. Then the ramification indexes are all equal, say to e, and the inertial
degrees are all equal, say to f),. Hence we have

8p €p
(p) = (Hp;)
i=1
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with e), f,8p = n. Furthermore, Gal(K/Q) operates transitively on the prime ideal
above p, i.e. for all prime ideals p;, p; above p, there exists o € Gal(K/Q) such
that o (p;) =p;.

Now we state the main result of this section. The idea is to prove and use the fact
that, if p 1 f, then

Ox/(p) > Fp[X1/ ().

Theorem 7.105 (Kummer-Dedekind) Let K = Q(0) be an algebraic number field
of degree n with 0 € Ok, and p be a prime number such that p1 f. Let u € Z[X]
be the minimal polynomial of 6 and suppose that u factorizes over F,[ X] as

e=[]""

i=1

where the P; are distinct monic irreducible polynomials in F ,[ X]. Then we have

8
(»=[]»
i=1

where the prime ideals p; are pairwise distinct and given by p; = (p, P;(0)) =
pOxk + P;(0)Ok where P; is any lifting of P; in Z[X]. We also have

Nkjopi) = pleehi,

Proof Let p be a prime number such that p{ f.
> Step 1. We will prove that

Ok /(p) =Fp[X1/(0). (7.16)

Let {«1, ..., a,} be an integral basis for K. Then {1,6,..., 9"’1} is a Zfbasis
for Z[#] for which there exists a matrix A = (a;;) € M, (Z) such that ¢’ -
Z;’-:l ajjaj forall i € {1,...,n}. Since det(a;;) = = f and p { f, we infer that
the reduction matrix A = (@;j) € M, (F,) is invertible, and therefore induces an
isomorphism

Ok/(p) = ZI0]/ pZI0].

Now since w is irreducible over Z, we have Z[X]/(u) ~ Z[6] which implies that

Z[0]/ pZ10] = Z[X]/ (., p) = F [ X1/ (1)

and hence (7.16) is proved.

> Step 2. Let (p) = qlfl e q/;’ given by Theorem 7.88 for some pairwise distinct
prime ideals ¢; and positive integers r and k;.
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¢ By Definition 7.3, the maximal ideals of Ok /(p) are of the form q/(p) where
q is a prime ideal dividing (p). We infer that q € {q1, ..., q,} and r is thus the
number of maximal ideals in Ok /(p), which are then of the form q; /(p) for
allie{l,...,r}.

¢ Similarly, we infer that the maximal ideals of IF,[X]/(it) are the ideals
(Py) /() and hence g counts the number of maximal ideals in F,[X]/ ().

Hence we have proved that r is the number of maximal ideals in Ok /(p) and g

is that of maximal ideals in F,[X]/(ix). By (7.16), we getr = g.

Step 3. For all i € {1,..., g}, let P; be any lifting of P; in Z[X] and set pi =

(p, P;(0)). Similarly as for (7.16), one can prove the following isomorphisms for

allief{l,..., g}

Ox/pi = ZI01/(p. P;(9))ZI6] ~ Z[X1/(p., Pi(X))Z[X] ~F,[X1/(P)).
(7.17)

Since the polynomials P; are irreducible over F ,[ X], the ideals (P;) are maximal.
Therefore (7.17) implies that the ideals p; are maximal, and hence are prime

ideals of Og. We also infer that NV o) = pdegﬁ. Furthermore, we have
pitepe = (p. PLO)) " - (p. Pg(©)) S (p. PL(O)' -+ Py(0)%)

and since u = Pf‘ --'P;g (mod p) and w(9) =0, we get P(8)°!--- Py(0)% €
pZ[0] and hence

p-pg S (p).

On the other hand, since p; = (p, P;(6)) 2 (p), we get p; | (p) for all i €
{1, ..., g}. This implies that

(p) =p{' gt

for some non-negative integers a; satisfying a; <e; foralli € {1, ..., g}. Com-
paring the norms as in Lemma 7.100, we obtain

n:aldegﬁ+-~~+agdeg?g

and by the Chinese remainder theorem we also have

8
F,[X1/() ~ EF,[x1/(P)*

i=1
implying that
n=eydeg P + -+ ez deg Py.

Setting d; = deg P; and summarizing the above results, we have finally obtained
aj <ejandaydy +---+agd, =e1dy + - - - +egd,, which implies that a; = ¢; for
alli € {1, ..., g}. The proof is complete. O



420 7 Algebraic Number Fields

Remark The fact that p; = (p, P;(#)) is not really useful in practice. What is more
important yet is to know the nature of the prime ideals above p, e.g. whether they
are ramified or not.

7.3.7 Prime Ideal Decomposition in Quadratic Fields

The Legendre—Jacobi—-Kronecker Symbol

The Legendre symbol was seen in Exercise 17 in Chap. 3 where it was defined in
the following way. Let p be an odd prime number and n be a positive integer. The
Legendre symbol (n/p) is defined by (n/p) =0 if p | n, and otherwise

ny_ |1, if n is residue quadratic mod p
p) | =1, ifnisnotresidue quadratic mod p.

Among the usual properties already proved in this exercise, the main theorem is the
quadratic reciprocity law. If p and g are distinct odd primes, then

(B) (2) — (=1)P=Da=D/4,
a)\p

We also have the two complementary laws

(_—l)z(—l)ﬂ”—n/2 and (3)2(—1)0’2—1)/8.
p p

There are a lot of proofs in the literature. Nevertheless, it is noteworthy that the
Legendre symbol (n/p) is a real primitive Dirichlet character modulo p. In fact, we
have the following useful result (see [Coh07]).

Lemma 7.106 Ler g > 2 be an integer and x be a real primitive Dirichlet character
modulo q. If p is an odd prime, then

—1
Py = (x( )q>'
p

As for all Dirichlet characters, the Legendre symbol may be generalized to
all integers by complete multiplicativity. More precisely, if m, n € Z, the Jacobi—
Kronecker symbol, still denoted by (n/m), is defined in the following way.

> (n/1) =1, (n) — 1) =sgnn), (—=1/2) =1, (=1/n) = (=D® D2 if n > 1 is

odd, and
n\ [ (=D®*=DB ifoyp,
2] }o, otherwise.
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r e;
n n n
() -G
where the (n/p;) are Legendre symbols. A generalized quadratic reciprocity law

still exists with this symbol. Let m,n € Z \ {0} and set n =2°ny and m = 25 my
with ni, my odd. Then

(ﬁ) _ (_1)((M1—1)(n1—1)+(sgn(m)—l)(Sgn(n)—l))/4(ﬂ).

> Ifm==£p]" - p/", then

m n

In particular, if D1, Dy are non-zero integers congruent to 0 or 1 modulo 4, then
& = (_1)((SgH(Dl)—1)(Sgn(Dz)—l))/4 & .
Dy D,
Lemma 7.106 was generalized by Dirichlet for Kronecker symbols (see [Coh(07,
Ros94)).

Lemma 7.107 Let x be a real primitive Dirichlet character modulo q. Then D =
x (—1)q is a discriminant of a quadratic field and

D
x(n)= (—)
n

Conversely, if D is a discriminant of a quadratic field, then the Kronecker symbol
defines a real primitive Dirichlet character modulo g = | D|.

Prime Ideal Decomposition of (p)

Letd € Z\ {0, 1} squarefree and K = Q(/d)bea quadratic field with discriminant
dk. By Proposition 7.64, {1, w} is an integral basis for K where w = %(dK + /dg)
in every case. Applying Corollary 7.103 and Theorem 7.105, we get the following
result.

Proposition 7.108 Let p be a prime number and (dk/-) be a Kronecker symbol.
Then we have

(dx/p) Factorization of (p) Nature Remarks

—1 (p)=p Inert

1 (p) =pip2 Completely split pi=(p,w— @) with b solution
of b? = dx (mod4p)

0 (p)=p? Totally ramified p = (p, ) except when p =2 and

dg =16 where p = (p, 1 + w)
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The Conductor of a Quadratic Field

Proposition 7.109 Let d € Z.\ {0, 1} squarefree and K = Q(~/d) be a quadratic
field with discriminant dx. Then K is a subfield of Q({jay)-

Proof

> If dg is odd, we have dx =d =1 (mod4). Write d = £[]; p; where p;
are pairwise distinct odd prime numbers. Define p} = (=D)Pi=D/2p; 5o that
pi =1 (mod4) and dx = []; p*. Using quadratic Gauss sums, one can show
(see [Hin08, Proposition 4.1] for instance) that for all odd primes p

2 <£>c{4=\/ﬁ

J (mod p)

which implies that Q(\/p_;“) C Q(gp;)- We infer that (@(\/FZ‘) C Q(&jag)) and
hence each p} is a square in Q(|4 ), so that dk is also a square in Q(gjay|)-
Therefore K is a subfield of Q(¢4/) in this case.

> If dk is even, we have dx = 4d with d = 2,3 (mod4). We may suppose that
d # —1 since Q(v/—1) = Q(&). Set d = £2°[]; p; with e € {0, 1} and p; are
odd prime numbers and hence dx = £2°[]; p¥. As above, p* is a square in
Q(¢ax)) and since 4 | dg and Q(v/—1) = Q(g4), —1 is also a square in Q({|4x))-
Therefore dik is a square in Q(¢jgx|) if e =0. If e =1, then 8 | dx and then
Q(zg) € Q(gjag ), so that 2 is a square in Q({}4), and hence di is a square in
Q(&dg)) in this case, as required. O

We say that |di | is the conductor of Q(\/c_i ). Proposition 7.109 is a particular case
of the Kronecker—Weber theorem (see Theorem 7.154) stating that every abelian
extension K of Q is contained in a cyclotomic field Q(¢y).

7.3.8 The Class Group

Let K/Q be an algebraic number field of degree n, ring of integers O, signature
(r1,r2) and embeddings oy, ..., 0,. Recall that Z(K) is the abelian group of frac-
tional ideals of Ok and P(K) is the subset of Z(K) of principal ideals. In view
of (a)(b)~! = (ab™ 1), we see that P(K) is a subgroup of Z(K), and since Z(K)
is abelian, we infer that P(K) is a normal subgroup of Z(K), so that the quotient
group Z(K)/P(K) is well-defined and abelian.

Definition 7.110 (Class group) The abelian quotient group Z(K)/P(K) is called
the ideal class group of O and is denoted?® by CI(K).

208ee footnote 18 for the notation.
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For a € Z(K), we write a the corresponding class in CI(K). We have

a=(1) <<= a=(a)=a0k.

Example Tn K = Q(+/6), set p = (2, v/6). We have Nk /q(p) =2 so that p is not

principal. Since (2) = p?> by Theorem 7.105, we have Ez = (1) and hence p has
order 2 in CI(K).

The main result is the following fundamental finiteness theorem of CI(K). The
finiteness of CI(K) is one of the three important finiteness theorems in algebraic
number theory:

1. CI(K) is finite.
2. O is afinitely generated abelian group.
3. Given D > 0, the set of algebraic number fields K such that |dk| < D is finite.

Theorem 7.111 Let K/Q be an algebraic number field of degree n. The ideal class
group CI(K) of K is a finite abelian group. Furthermore, C1(K) is generated by the
classes of prime ideals p in Ok such that N q(p) < ¢ for some ¢ > 0.

This result leads to the following crucial definition.

Definition 7.112 (Class number) The order of CI(K) is called the class number of
K and is denoted by hx.

The proof of Theorem 7.111 requires the following lemma.

Lemma 7.113

(1) There exists a constant ck > 0, called the Hurwitz constant and depending only
on K, such that in every non-zero integral ideal a there is a non-zero B such
that

|Nk/Q(B)] < ek Nik/g(a).

(ii) Every ideal class of K contains an integral ideal a such that NK/Q(a) < CK.-

Proof

(1) Let {1, ..., a,} be an integral basis for K and set

cK = H(Z |oj(ai)|)
j=1\i=1

and r = [Nik,g(a)!/"]. The set

S={aja; +---+apay:a; €Z, 0< a; <r}
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has (r + 1)" elements and so |S| > Ng,q(a) = |Ox/al. The elements of S
cannot lie in distinct cosets of a in Ok and therefore there are 81, 8> € S such
that 81 # B2 and B; = B2 (moda) by the Dirichlet pigeon-hole principle. Set
B =pB1 — B2. Then B € a\ {0} and is such that B =) 7, bia; with |b;| <r.
Now we have

INesoB)| =[] lei®] <D 1billoj @] < cx r" < ex Nijo(a)

j=1 j=1li=1

as asserted.

(i1) Let b be a fractional ideal in the given ideal class. Without loss of generality,
one may assume that b~! is an integral ideal. Choose an element 8 € b~! such
that | Nk 0 (B)| < ck Nik/p(b~!) and set a = Bb.
> Since € b~ and bb~! = Ok, we deduce that a is an integral ideal.
> We have ab~! = (B) so that

Nejo(@) Nijg(b7) = [Nxjo(B)] < cx Nk (b™")
which implies the desired result.

The proof is complete. g
Now we are in a position to prove Theorem 7.111.

Proof of Theorem 7.111 Let b be an ideal class in CI(K). By Lemma 7.113, b
contains a non-zero integral ideal a such that Mg ,0(a) < cg. From Corollary 7.97,
there are only finitely many integral ideals with a given norm so that there are only
finitely many choices for a. Since b = @, we infer that there are only finitely many
ideal classes b. 0

Remark 7.114

1. The fractional ideals a such that Og C a and Nk g(a) < ck represent all ideal
classes, but that does not imply that the number of ideal classes, i.e. kg, is
bounded above by ck since several fractional ideals containing Ox may have
the same norm.

2. To get upper and lower bounds for A is one of the highlights in algebraic number
theory, mainly because the class number is a sort of measure of the default of
principality of an algebraic number field. Indeed, if kg = 1, then Z(K) = P(K)
and Ok is a PID, and hence a UFD. Conversely, if Ok is a UFD, it is also a PID
by Theorem 7.93, so that Z(K) = P(K) and thus hg = 1. We will provide some
upper bounds using multiplicative methods in the next section.

3. The Hurwitz constant can be very large, and hence useless to help to compute
hk. One can improve on ck by using the following methods.
> The geometry of numbers enables us to obtain the Minkowski bound, i.e. every

ideal class of K contains an integral ideal a such that

Nijo(a) < Mg |dg|"? (7.18)
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with

4\"? n!
MKz(—) n (7.19)

T n n

M is called the Minkowski constant attached to K.
> Analytic methods may supersede the Minkowski constant (see Sect. 7.5).
4. The discussion above allows us to construct an algorithm to compute /. Indeed,
to determine the representatives of the ideal classes, we only need to look at
the integral ideals with norms upper bounded by a fixed constant c. We infer
that every prime ideal dividing these integral ideals has a norm bounded by this
constant, and since the norm of a prime ideal is a power of a prime number, it
is then sufficient to look at the prime numbers bounded by the constant. Indeed,
forming all possible products of the prime ideals lying above p < ¢ will yield all
ideals of norm < c. This gives the following algorithm.
> Given an algebraic number field K = Q(#), determine its degree, signature,
discriminant and compute bx = Mk |dk| /2,

> Determine the prime ideal factorization of (p) for all primes p < bx.

> Find all dependence relations between the integral ideals having norm < bx.
A useful method is to compute Nk,q(¢ + m) for some m € Z and use those
values that only involve the primes p < bi.

It should also be noticed that, if every prime number p < bk factorizes into a

product of prime ideals, each of which is principal, then g = 1.

Example 7.115

1. Let K = Q(+/229). A defining polynomial of K is P = X — X —57, and we have
n=2,(r1,r) =(2,0), {l, w} is an integral basis for K with w = %(1 ++/229)
and dg = 229. We also have Mx|dk|'/? ~5.351.

We factorize (2), (3) and (5) using Theorem 7.105 or Proposition 7.108 which
gives
(2)=p2, (3)=pap; and (5)=psps.

Furthermore, we have
(7—w)=p3ps and (6+ w) =p5p5.

We infer that p, = (1), and

=0l g e
. — p— 5= = P3
p3-ps=(1) :
and
p-pt = —
P s _} — W-m
p3-ps=(D)
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and thus all the ideal classes lie among the following three distinct classes (1) =
P2, b3 and (p3) ™', so that hx = 3.
2. Let 6 be a root of the polynomial P = X3 — X> — 11X — 1. We have n = 3,
(r1,r2) = (3,0), dg = 1304 and Mg |dxk|'/? ~ 8.025.
It was seen in Example 7.79 that 6 is a unit in K so that (6) = (1). Further-
more, using Theorem 7.105, we get

Q) =plph, (B)=psps (G)=ps and (7)=p7.
We also have
(1—60)=paphp3, (1+60)=pap?, Q2+6)=p3 and (3+6)=pop).

Using (1 —0), (34 6) and (3) we get

950 -bri=(1) -
S ()} — B=p=0
132'132=()

—_—

and using (1 +6), (34 6) and (2) we get

= m=p,=()

. —2
P2 ¥, =<1)} -
p2-py=(D)

and since ps = p7 = (1), we get hg = 1 and hence O is a PID.
The following result is of great use in the theory of Diophantine equations.

Proposition 7.116 Let K be an algebraic number field with class number hx and
a be an integral ideal of K. Let p be a prime number such that p t hk. If a? is
principal, then a is principal.

Proof By Bézout’s theorem, we have uhg + pv = 1 for some u, v € Z. By assump-

tion, we have @” = (1) and by Lagrange’s theorem we infer that @ = (1), so that

a= gty = (@) (a@)" = (1)
which implies the asserted result. 0

Example Let us have a look at Bachet’s Diophantine equation x> + 5 = y3. Let
(x,y) e 7?2 be a solution of this equation. One may assume that y is odd, otherwise
x is odd and we have x?> = 3 (mod4) which is impossible. One may also suppose
that x and y are coprime. Consider the quadratic field K = Q(+v/—5). By Proposi-
tion 7.64, we have Og = Z[+~/—5]. In this ring, we have

(x +vV=3)(x —V/=5) =y
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Since y is odd and x and y are coprime, we infer that the ideals (x + +/—5) and
(x — +/=5) are coprime, and hence there exist two coprime integral ideals a and b
such that (x + +/—5) = a> and (x — +/—5) = b3. Therefore a3 is principal. Using
the method of Example 7.115, one has kg = 2 so that a is principal by Proposi-
tion 7.116. By Example 7.75, the units in K are &1 which are cubes, hence we
deduce that there exist a, b € Z such that

x+v/=5=(a+bv=5)".

Equating imaginary parts implies that 3a®h — 5b°> = 1 and hence b | 1, so that b =
+1. This gives 3a®> — 5 = %1 which is impossible in both cases. Hence Bachet’s
equation has no solution in Z2.

7.3.9 The PARI/GP System

The package PARI/GP is one of the main programs designed to deal with computa-
tional algebraic number theory problems. We introduce here some functions which
enable us to compute the main invariants of algebraic number fields. In what fol-
lows, let K = Q(6) be an algebraic number field with 6 being a root of the monic
polynomial P € Z[X].

1. One may enter P in the classical way.
Example P =x% — x° + 8% x* — 8% x> +22 % x> — 22 % x +29.

2. poldisc(P) and nfdisc(P) respectively give disc(P) and dx. One may use the
function factor to provide a decomposition in prime numbers of these invari-
ants.

Example disc(P) = —5° x 7° x 13* and dg = —5° x 7°. We infer that
f =132
3. nfbasis(P) gives an integral basis for K.

Example Seta) = 1,00 =0, 03 = 02, s = 63. Then {ar, o, a3, ag, as, ag}
is an integral basis for K with

0%+ 503 + 462 +20+2 and 05 +503 =562 +50 +3
= ()[6: .

13 13

as

4. idealprimedec(nfinit(P), p) and idealfactor(nfinit(P), a) respectively pro-
vide the prime ideal factorizations of the ideal (p) and the fractional ideal a.

Example (3) = pap5 with p3 = (3, —a1 + a2 + 204 — 4as) and p; =
(3, —5a; — oy + 203 + 204 — 3a5 — o). Furthermore, we also have

fp313)=f(p313)=3.
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5. bnfclgp(P) provides the class number and the class group. The given 3-
component vector provides ik, the structure of CI(K) as a product of cyclic
groups of order m; and the generators of C1(K) of respective orders m; .

Example hg = 2.
6. bnfreg(P) provides the regulator of K.
Example Rg ~2.10101872...

7. bnfclassunit(P) provides the class group, the regulator and a system of fun-
damental units. The result of this function is a 10-component vector v. In par-
ticular, vy is the signature, v3 is dx and f, vg4 is an integral basis, vs is hk
as in bnfelgp, ve is R as in bnfreg and vg is a system of fundamental units
expressed as polynomials.

8. polgalois(P) provides Gal(K/Q).

Example Gal(K/Q) >~ C¢ ~ Z/6Z.

9. rnfconductor (bnfinit(y), P) provides the conductor fi of the abelian exten-

sion K/Q.

Example fi = 35 so that K € Q(¢35) and K € Q(&y) for m < 35. Fur-
thermore, since 35 =5 x 7, the only primes that ramify in K are 5 and 7.

10. kronecker(x, y) provides the Kronecker symbol (x/y) of x, y € Z.
11. polcyclo(n) gives ®,,.
12. polsubcyclo(n, d) gives cyclic subfields of degree d of Q(¢,) with d | p(n).

Example P = polsubcyclo(35, 6)[2] gives P = x® — x 4 8x* — 8x3 +
22x% —22x 4 29.

7.4 Multiplicative Aspects of the Ideal Theory

In what follows, K = Q(6) is an algebraic number field of degree n and let Ok be
its ring of integers. The purpose of this section is to use tools from analytic number
theory to get an answer to certain questions of algebraic number theory.

7.4.1 The Function vi

Definition 7.117 For all positive integers m, the function vk is defined by

vgm) =y 1

NK/@(a)=m

Hence vk (m) is the number of non-zero integral ideals with norm m.
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The following result shows that v is a multiplicative function. Besides, we shall
see later that this function is not really far from the usual Piltz—Dirichlet divisor
function 7,,. Hence we will be able to apply to vk the fundamental results from
Chap. 4.

Proposition 7.118 The function vk is multiplicative. Furthermore, for all prime
powers p%, we have

v (p%) =Dsy....ro) (@)

where D(f],...,fg)(“) is the denumerant of o with respect to g and to the set
{f1,.... fg} of all inertial degrees of the prime ideals above p, i.e. the number
of non-negative integer solutions of the Diophantine linear equation fixi + --- +

Sfexg =a.
Proof

> Let a be an integral ideal of norm Ng,q(a) = bc with (b,c¢) =1 and set a =
[, p? and

b= l_[ p% and c¢= 1_[ pr.

P P
(NK/@(P),b)>1 (NK/@(P),E)>1

Then a = be with N ,g(b) = b and Nk, q(c) = c. Hence, if (b, ¢) = 1, any ideal
of norm bc can be uniquely written as the product of integral ideals of norm b
and of norm c respectively. This establishes the multiplicativity of vk.

> Let p be a prime number. By Lemma 7.100, we have

8
(» =[]
i=1

withl<g<nandejfi+---+e;fo=n.

If a is a non-zero integral ideal satisfying NV g(a) = p® for some « € N, then
a | (p%) by (7.13) so that a = p{’ ---p;g for some (ai, ..., a,) € (Zx0)#, and
comparing the norms we get fiaj + - + feae = . Hence a induces a solution
(a1, ...,ag) € (Z>0)8 of the Diophantine equation fix; + --- + fexg = a, and
if b is another non-zero integral ideal such that N ,q(b) = p* and inducing the

same solution, then proceeding similarly we infer that b = plfl e pgg for some
(b1, ...,bg) € (Z»0)® satistying f1by + --- + fgby = a, and therefore b; = a;
foralli e {1,..., g} sothat b=a.

Conversely, if (a1, ..., ag) € (Z>0)® is a solution of the equation fix; +---+
Sfexg =a, thena= p’l” - -p;g is a non-zero integral ideal satisfying Nk q(a) =
p* by Theorem 7.96 (iii).

We have thus defined a one-to-one correspondence between the set of non-zero
integral ideals having a norm equal to p* and the set of the solutions in (Zx()#
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of the equation fix| +---+ fexg = a, completing the proof since these two sets
are finite. 0

The following particular cases are easy.

Corollary 7.119 With the notation of Proposition 7.118, we have the following re-
sults.
(1) If K is Galois over Q, then

o\ Tg(Pa/f")s lffp |a7
UK(p ) B {0, otherwise.

(ii) If all the prime ideals above p are of degree 1, then vg (p*) = 7, (p*).
(iii) In every case, we have the inequality v (m) < t,(m).

Proof
(i) If K is Galois over Q, then f; =-.- = f, = f, by Proposition 7.104, so that
o T (p*Ir), if fp e,
vK(p"‘) - D“""’”(f_) - {Og othgrwise
» ;
by (4.23).

(i) If f; =1foralli e{l,..., g}, then vg(p®) =D(,.. 1)(a) = T4 (p®) by (4.23).
(iii) The two functions are multiplicative, so that it is sufficient to prove the inequal-
ity for prime powers. Now by (4.23) we get for all prime powers p*

vk (p%) < Da...1y (@) = 14 (p¥) < @ (p®)

as required.

The proof is complete. O

Remark 7.120

1. It should be noticed that from Corollary 7.119 (ii) we infer that vk (p) counts the
number of prime ideals above p with inertial degree 1.

2. The following special cases may be useful in practice. When g = 1, and then
ef =n, we have

1, iff=1, ay_ |1 ifnfaxe,
"K(p)—{o, otherwise and v (p )_{0, otherwise.

—_

Hence if p is inert, so that e = g = 1, we get

vK(p“)z { 1, ifn|a,

0, otherwise.
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7.4.2 The Dedekind Zeta-Function

As in the rational case, one may attach to an algebraic number field K a generating
function which contains all the arithmetic information of K.

Definition 7.121 Let K/Q be an algebraic number field. The Dedekind zeta-
function ¢ of K is the Dirichlet series of the multiplicative function vk, so that
forall s =0 + it € C such that ¢ > 1, we have

vk (m) _ _ _ ; -
Lk (s) = Z o ZNK/@(a)V _1:[<1 NK/Q(P)“)

m=1

where the second sum is taken over non-zero integral ideals, the product runs
through all prime ideals of Ok and the last equality comes from Corollary 4.48.
The absolute convergence in the half-plane o > 1 follows from the estimate

2 <y

Nrom)<x P<x

NK/Q O

if o > 1 and x > 2. It should be noticed that ¢k (s) has no zero in the region o > 1
since none of the factors of the Euler product have any zeros therein.
Remark 7.122

1. We readily get {gp(s) = (), so that the Dedekind zeta-function generalizes the
ordinary Riemann zeta-function.
2. If K is Galois over Q, then the Euler product simplifies

1\~
;K<s>=]"[(1—pfpx> :

p

3. Using Corollary 7.119 (iii), we infer that for all real numbers o > 1, we have

tr (o) <g(0)". (7.20)

We shall see below that the function {k(s) has an analytic continuation to a
meromorphic function in the whole complex plane with a simple pole at s = 1.
Therefore this inequality does not reflect the arithmetic nature of the Dedekind
zeta-function, since ¢ (s)" has at s = 1 a multiple pole of order n.

4. It may be shown that if two algebraic number fields have the same Dedekind
zeta-function, then they have the same degree, the same signature and the same
discriminant (see [Coh93]).

5. One may define the Mobius function for K in the same way as in the rational
case. Let ug be the Ok-arithmetic function defined by ux (Ok) = 1 and, for all
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non-zero integral ideals a

=D, ifa=pre-py,
Mk (@) = {0, otherwise.

One can prove that the Dirichlet series of uk is {k (s)~! and we also have for all
s € Csuchthato > 1

|tk ()] < ¢r(0).

In the sequel, the following specific notation is needed.

Let K/Q be an algebraic number field of degree n, signature (ry, r2), discrimi-
nant di, class number A, regulator Rk and let wk be the number of roots of unity
contained in K (see Proposition 7.77). According to the usual practice, we set

k() =T(s/2)"T(s)”? and Ag =2""27""?dg|'/?

where I'(s) is the usual Gamma-function. The function 'k is sometimes called the
Gamma-function of*' K.

The main properties of the Dedekind zeta-function generalize those of the Rie-
mann zeta-function. In particular, {k(s) satisfies a functional equation and an ap-
proximate functional equation. The former was discovered by Hecke using n-
dimensional analytic methods analogous to the case of ¢. Using adelic Chevalley’s
language, Tate gave another proof of the functional equation in his thesis.??

Theorem 7.123 (Functional equation)

(1) The function ¢ (s) can be extended analytically in the whole complex plane to
a meromorphic function having a simple pole at s = 1 with residue kg equal
to

_ 2" 2m)2hg Rk

= 7.21
o K dg |12 (721

This identity is called the analytic class number formula.
(ii) Forall s € C\ {1}, the function &g (s) = A‘]kFK(S)CK(s) satisfies the following
functional equation®

Ex(s) =&x(l —s).

Furthermore, for all real numbers o > 1, we also have

kg < 2m)%0 (0 — Dég(o)|dg |2 (7.22)

21 The factor Ax 'k (s) is sometimes called the Euler factor of i (s).
228ee [Lan94, Nar04, Neul0] for an exhaustive account of Hecke’s method and Tate’s work.

23Some authors [Coh93, Neu10] consider the “weighted” function 2"2&g (s) instead.
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(iii) Forallt € R, set T = |t| + 3. We have
(1 +it) <x logr and Cx(it) <x v/*logz.
By the Phragmén—Lindelof principle, we infer that, for all 0 < o < 1, we have
k(o +ir) «g "1 log 1.

@iv) In the region

1 (loglogt\?*?
a}l——S(OgOg) and t>1.1
cin logt?

we have
i (s)] < e Tog s
for some absolute constants c1, ¢y > 0.

For a proof of (iv), see [Bar78, Lemma 15].

The next step is to get a zero-free region for the Dedekind zeta-function. As for
the Dirichlet L-functions, a Deuring—Heilbronn phenomenon appears for ¢k (s). We
summarize in the following theorem the main results of this type and also provide
the analogue of (3.35) for ¢k (s) which is used to get these zero-free regions. The

proofs can be found in [Bar78, Sta79]. The result (ii) below is a refinement of clas-
sical theorems by Landau [Lan27] and Sokolovskii [Sok68].

Theorem 7.124 (Zero-free regions) Lets = o +it € C and the constants c¢1,c3 >0
and ¢y > 1 be absolute.

(i) Intheregionl —1/(n+1) <o < 1landt > e, we have
’f]K(S)‘ < eclng\dK|2t600n2{n(l—o)}3/2(logt)2/3‘

(ii) The function {(s) has no zero in the region

1

1— d t>4.
? eV dg P (log )2 (loglog )13~ "
(iii) The function ¢k (s) has no zero in the region
e and teR

1—
log(ldx |(lr] +2)")

except maybe for the exceptional zero of (k(s). If the latter exists, then it is
real and simple.
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Remark 7.125 As in the rational case (see Theorem 3.82), an approximate func-
tional equation for ¢k (s) has been stated in [CN63] where it is proved that, for
some H > 0, x,y > H satisfying xy = |dK|(%)" and ¢; < x/y < ¢, we have

1 1-2. FK(I — S) 1
k)= Y AT Y
r 1—s
N Nk jg(a) K(S) N o<y Nk q(a)

+ O(xl_g_l/" logx).

This implies that

tx(s) < U792

for all 0 <o < 1 where t = |t| + 3.

The functional equation shows that ¢k (s) may have trivial zeros at negative in-
tegers —m with m € N. In fact, it can be shown that if m is even, then the order of
the possible zero is equal to | + r», while for m odd the order equals r,. The Euler
product implies that all other zeros p = 8 + iy satisfy 0 < 8 < 1 and are called
non-trivial zeros. Furthermore, we deduce that the only fields for which some of the
values of ¢k (—m) can be non-zero are totally real fields. The next result shows that
these values are nevertheless rational numbers.

Theorem 7.126 (Siegel-Klingen) Let K/Q be a totally real algebraic number field,
i.e. rp = 0. For all positive integers m, we have {x (1 —2m) € Q.

Combining this result with the functional equation and assuming K to be totally
real of degree n, we get for allm e N

x(2m) = gur?"dy '

for some g, € Q \ {0}.

7.4.3 Application to the Class Number

The problem of getting upper and lower bounds for the class number 4 of an alge-
braic number field K has a long history. In particular, the search for quadratic fields
with class number one became in the early days one of the most important ques-
tions in algebraic number theory. For imaginary quadratic fields, the answer came
in 1966. For real quadratic fields, Gauss conjectured that there are infinitely many
such fields having class number one, but the question remains open (see Sect. 7.5).

One of the first ideas to get an upper bound for A is the use of the functional
equation, in particular the inequality (7.22). Using (7.20) and choosing ¢ near 1
enables us to get very good upper estimates for hix Ri. In particular, this approach
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enables Louboutin [Lou98] to get the following estimate,>* valid for all totally real
algebraic number fields of degree n > 2

1/2

hx Rk < d]K (

1 d n—l
M) . (7.23)

4n — 4

But precise lower bounds for the regulator are needed, and such results are very
difficult to obtain in the general case. Nevertheless, it should be mentioned that non-
trivial lower bounds have been discovered, notably by Cusick [Cus84], Silverman
[Sil84], Friedman [Fri89] and Uchida [Uch94]. These estimates will be discussed in
Sect. 7.5.

Another way to estimate A lies in Theorem 7.111 and the proof of Lemma 7.113.
Let bk be any positive real number such that every ideal class contains a non-zero
integral ideal a such that

Nk,o(a) < bk.

From Remark 7.114, we know that bk could be the Minkowski bound, and we infer

that
hg < Z 1= Z i (m).

Nig,g(a)<bg m<byg

It is therefore important to have at our disposal upper bounds for the average order
of vk which do not depend on the invariants of K. By Corollary 4.59, we get

> vr(m) =kgx + ox(x)

m<x

but kk contains s . Another interesting result is the estimate [CN63]

> vr(m)® <k x(logx)"!

m<x

but the implied constant depends on the usual invariants of K. Using Corol-
lary 7.119 (iii) and Exercise 12 in Chap. 4, we get the following result.

Theorem 7.127 Let K/Q be an algebraic number field of degree n and class num-
ber hi. Let b such that every ideal class contains a non-zero integral ideal a such
that N q(a) < bg. Then we have

n—1 . j 1yl
e < bKZ <n 1) (log bk) o bx(logbk +n —1)

AN J! (n—1D!

24 A proof is supplied in Exercise 11.
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In [Bor02], the function t, has been studied more carefully. This leads to the
following improvement.

Theorem 7.128 Let K/Q be an algebraic number field of degree n > 2 and class
number hi. Let bx > 6 such that every ideal class contains a non-zero integral ideal
a such that N q(a) < bg. Then we have

hi < 2bg (logbg)" ™"

Applied with b = MKldKW 2 where My is the Minkowski constant (7.19), we
get

_ —1
hg < 227" Mx|dx|"/? (log M%|dx|)"

as soon as |dk| = 36Mﬂg2.

7.4.4 Lower Bounds for |dx |

In 1881, Kronecker asked whether |dk| > 1 for all algebraic number fields K of
degree n > 2. This question remained open until 1890 when Minkowski created
the geometry of numbers and discovered the Minkowski bound (7.18). This lower
bound follows readily by using the fact that Ak ,q(a) > 1 and the easy bounds r; <
n/2 and n/n! > 2"~!. By Theorem 7.102, we infer that every algebraic number
field K # Q has at least a ramified prime number, which plays an important role
in the proof of the Kronecker—Weber theorem. Furthermore, Minkowski observed
that his method provides lower bounds tending to co with the degree of K. More
precisely, using Stirling’s bounds (1.2) we see that, for all n > 3, we have

log |dx| > (2 +log z)n +rilog 2 log2mn — 4 = n—1. (7.24)
4 T 6n
In the late 1960s and early 1970s, Stark [Sta75] used the functional equation and the
Hadamard factorization theorem to get a lower bound which eventually supersedes
the geometric methods. This is the purpose of the next result, in which the digamma
function W (o) =TI""(0)/ (o) appears.

Proposition 7.129 Let K/Q be an algebraic number field of degree n, discriminant
dx and signature (r1, r2). For all real numbers o > 1, we have

2 2
logldk| > r1 <10g7t - W(%)) +2ry(log2m — W(0)) — = — ——.
o

o—1
Proof We proceed as in Proposition 3.89. Define

Fi(s) =s(s — Dér(s) = s(s — DALk ()¢ (5).
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Fx (s) is an entire function of order 1, so that by the Hadamard factorization theo-
rem, there exist suitable constants a, b such that

Fx(s) = eftbs H(l — i)es/p

P p

where the product runs through all zeros p = 8 4+ iy of Fk(s) which are exactly the
non-trivial zeros of ¢k (s). The logarithmic differentiation provides

Fy, I
LBy=p+ — - 7.25
o=+ 2(5 ;) 02)

where the sum is absolutely convergent. Taking s = 0 gives b = F’(0)/F(0), and
using the functional equation of ¢k (s) gives F(s) = Fg(l — ), so that

FLO)  FL(1) (1 1 )
Fe©)  Fx(D) 2\

Now if p is a zero of Fx(s), so is p and since F(s) = Fx(1 — s), we infer that
1 — p is also a zero of Fk. This gives

and (7.25) becomes

F! 1 1 1
Kioy—
=i 55)
P
so that, by the definition of Fix(s), we get

2 2
log |dk| = r1 (logn - \Il<2>> +2r2(log2n — \Il(s)) -
s

s—1
1 1 2¢7
SEREEE

~\s—p s—DP

Now we have

1 1 o—B
Z( i _)_ZXK,:IJ—,OI2 -0

S p o—p
and we have from the Euler product of Definition 7.121

log Nk /q(p)
( )= ZNK/Q(P)”—

which concludes the proof. O
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Using this result along with Gautschi’s inequality, we get the following lower
bounds for |di]|.

Corollary 7.130 Let K/Q be an algebraic number field of degree n > 2 and dis-
criminant dg. Then we have

|d| > max(e"!, e78(2m)").
Furthermore, if n > 50, then |dx| > 2m)".
Proof 1If K is a quadratic field, then |dk| > 3 > e, so that we may suppose that

n > 3. The inequality |dx| > ¢"~! has been seen in (7.24). By Gautschi’s inequality
[EGPO00, Corollary 3], we have for all 2 > 0

1+h h
V(l+h) < log(h +e_”) and \I/< -’2_ ) < log<§ _|_e—)’—10g4)_

Using these inequalities in Proposition 7.129 with o =1+ & (h > 0), we get

1+h 2 2
log|dx| >ri(logm — ¥ — +2ry(log2r — W1 +h)) — —— — =

1+h h

4 \"( 27 \*? 2 2

> log -

2h+e7 h+e Y 1+h h

i 2 "2h 4+ 2e Y\ 2 2

=10 -

g h+e Y 2h+ eV 1+h h
2 2 2
>nlog - - —.
h+e7 1+h h

Choosing h = /2e~7 /n gives

log |dg| > nlog2m + f(n)

where

fn) = yn—ZVZeVn<1+ m+2) > —8

for all n > 2 implying that |dk| > e‘8(2n)”. If n > 50, the trivial bound

1 1
<
V2eVn+2  A/2e’n

implies
log|dk| > nlog2m 4+ yn —2+/2e¥n — 2 > nlog2n

as asserted. O
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Let us notice that the proof of Proposition 7.129 rests on the fact that, for all
o > 1, we have

!/
—M+lz< ! + 1_>>0.
{k(0)  25\o—p o—=p

In [Od176], Odlyzko showed that this quantity is in fact quite large and used this
to get substantial improvements on the estimates of Corollary 7.130. Later Serre,
Odlyzko and Poitou used Guinand’s and Weil’s explicit formulae to bound |d| in
a somewhat much more elegant and efficient way than with Proposition 7.129, both
under ERH? and unconditionally. For instance, one may prove [Poi77] without
ERH that

log |dk| > n(y +logdn) +r; —8.6n'/3.

7.4.5 The Dedekind Zeta-Function of a Quadratic Field

Letd € Z\ {0, 1} squarefree and K = Q(/d)bea quadratic field with discriminant
dg. According to Lemma 7.107, the Kronecker symbol (d/-) is a real primitive
Dirichlet character. We define

o0

d
Listy = 30 )

s
m=1

its associated Dirichlet L-series, which is absolutely convergent in the half-plane
o > 0. Our aim is to prove the following factorization of ¢k which may be viewed
as a sort of analytic translation of the quadratic reciprocity law.

Proposition 7.131 For all real numbers o > 1, we have {g (o) = (o) Lay (0).
Proof First note that using the Euler product of L-functions, we get

o (-2) - -2 T ()

o
p ae/p=1> P dg/p=
Now using Remark 7.122 and Proposition 7.108, we get for o > 1

o I (- 10-2)°

o
(dx/p)=1 P (dg/ p)=—1 P pldx

25The Extended Riemann Hypothesis states that all non-trivial zeros of the Dedekind zeta-function
lie on the line o = 1/2. It should be mentioned that ERH is sometimes called GRH, for Generalized
Riemann Hypothesis. However, GRH is referred to in this book as the conjecture asserting that the
Dirichlet L-functions have all their zeros lying on the line o = 1/2. See Footnote 26.
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=Ly [] <1_p%)—1 I (1_%>‘1H(1—L>—1

o
(dg/p)=1 (g p)=—1 p pld p

1 —1
= Lay (0) 1‘[(1 - —g> ={(0) L (0)
» p

as required. U

Now letting 0 — 1 in Proposition 7.131 and using the analytic class number
formula gives L4, (1) = kx which implies that

1/2
Lag (1) dy” a0
hg =] 2logek o (7.26)
Lgy (1) dg|"?wik dd -0
2 ’

where ¢ is the fundamental unit of K in the case of d > 0 and wg = 2, 4, 6 ac-
cording to whether dx < —4 or dx = —4, —3. This is the Dirichlet class number
formula for quadratic fields.

7.5 Further Developments

7.5.1 Euler Polynomials and Gauss Class Number Problems

Let P = X2+ X +41.One may readily check that P (n) is prime forn € {0, ..., 39}
but P (40) = 412 is not a prime number. This polynomial, discovered by Euler in
1772, was one of the first polynomials which can provide a finite subset of prime
numbers as long as n lies in a subset of non-negative integers. One may ask for a
polynomial giving all the prime numbers, but we know by Example 3.12 that such a
single-variable polynomial cannot exist. However, one may formulate the problem
in the following way: are there polynomials of the form P, = X 24+ X +gq,withg
prime, such that P, (n) is a prime number for all n € {0, ..., g — 2} ? The answer is
given by the following result.

Theorem 7.132 Let g be a prime number and P, = X2+ X +q. Then, P,(n)isa
prime number foralln € {0, ...,q — 2} ifand only if ¢ € {2,3,5, 11,17, 41}.

In fact, this result is the consequence of two profound theorems. The first one
relates the values of g to the class number of the imaginary quadratic field K =
Q(/T—4q). More precisely, we have the following theorem (see [Gol85, Rib88]
and the references therein) which goes back to Rabinowitch.
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Theorem 7.133 Let q be a prime number, P; = X?+X+qand K =Q(/1T—4q).
Then Py (n) is a prime number for all n € {0, ..., q — 2} if and only if hg = 1.

In 1966/7, with two different methods, Baker [Bak66] and Stark [Sta67] discov-
ered all the imaginary quadratic fields with class number one, proving the following
result which easily implies Theorem 7.132.

Theorem 7.134 Let d < 0 squarefree and K = Q(v/d). Then hx = 1 if and only if
de{-1,-2,-3,-7,—11,-19,—-43, —67, —163}.

In Articles 303 and 304 of his Disquisitiones Arithmeticee [Gau86], Gauss used
the language of binary quadratic forms to formulate several conjectures which re-
main open nowadays. Translated into the language of modern algebraic number
theory, i.e. Dedekind’s language, the two particular conjectures below can be stated
as follows, where K = Q(+/d) is a quadratic field with class number denoted here
by h(d).

> In Article 303, Gauss conjectured that h(d) — oo as d —> —oo. He also in-
cluded the following table

h(d) 1 2 3 4 5
Number of fields 9 18 16 54 25
Largest |d| 163 427 907 1555 2683

translated into a table of quadratic fields with small class numbers and he sur-
mised that this table is complete. Given any & € N, the problem of finding all
imaginary quadratic fields of class number % is called Gauss’s class number h
problem for imaginary quadratic fields.

> For real quadratic fields, translated into modern language, Gauss surmised in Ar-
ticle 304 that there are infinitely many real quadratic fields with class number
one. This conjecture still remains open today, and we do not know if there are
infinitely many number fields of arbitrary degree having class number one, or
even just bounded.

The conjecture h(d) —> 0o as d —> —oo has a curious and interesting story
(see [Gol85] for more information). In 1918, Landau published the following result
which he attributed to a lecture given by Hecke.

Theorem 7.135 Let d < 0 and x be an odd, real and primitive Dirichlet character
modulo |d|. If L(o, x) # 0 for all real numbers o > 1 — c1/log|d|, then we have

cald|'?

h(d .
D= Togld
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We infer from this result that the GRH?® implies Gauss’s conjecture.

But in the 1930s, Deuring, Mordell and Heilbronn proved that the falsity of GRH
also implies Gauss’s conjecture. Hence this conjecture is true and was the first result
to be proved by assuming the truth and the falsity of GRH.

The flaw of this method is that the result is not effective, since if the GRH is
false, all constants depend on an unknown zero of L(s, x ), namely the Siegel’s zero,
located off the line o = % (see Theorems 3.93 and 3.94). Refining this proof, in or-
der to work with Gauss’s class number one problem for imaginary quadratic fields,
Heilbronn and Linfoot proved that there are at most ten imaginary quadratic fields
with class number one, i.e. the nine fields of Theorem 7.134 plus possibly an un-
known field. The existence of this tenth imaginary UFD quadratic field reflects the
ineffectivity of the Deuring—Heilbronn phenomenon and would also contradict the
truth of the GRH. Then one can imagine that this problem led to intense research.

The solution of Gauss’s class number one problem was found by Baker [Bak66]
and Stark [Sta67], with completely different methods. Baker used an idea of Gelfond
and Linnik who proved that this problem could be solved if one had linear indepen-
dence of three logarithms, whilst Stark showed that a tenth imaginary quadratic field
cannot exist. At this point, it should be mentioned that fifteen years earlier, Heeg-
ner, a High School teacher, announced he had solved the class number one problem
[Hee52]. Unfortunately, his work contained some “gaps” in his proof and his paper
was dismissed at the time. As pointed out by Goldfeld [Gol85], Heegner died before
anyone really understood his discoveries.

The general solution to Gauss’s class number problem for imaginary quadratic
fields comes from another area in number theory. Goldfeld showed that if an elliptic
curve over (Q having certain properties could exist, it would provide a lower bound
of h(d) sufficiently accurate to be effective, and then solve the conjecture. Gross and
Zagier discovered such an elliptic curve, and the method, called today the Goldfeld—
Gross—Zagier theorem, provides a solution to this long-standing problem.

Let us be more precise. To each elliptic curve E with minimal Weierstrass equa-
tion y2 = 4x3 — gox — g3 and discriminant disc(E) = g% - 27g§ # 0, one can define
a positive integer N, called the conductor of E, having the same prime factors as
disc(E) and dividing it, and also define an L-function, called the Hasse—Weil L-
function, by the Euler product

-1 -1
L(E,s)= 1_[ (1_a_p+ 2§1> H <1_Q)

s s
pidisc(E) p p pldisc(E) p

where a, = p + 1 — |[E(F))| and |E(F))| is the number of points of E over I,
including the point at infinity. It has been shown by Hasse that |a,| < 2,/p, so
that the Euler product is absolutely convergent in the half-plane o > % One of
the most important results on elliptic curves over Q is a theorem proved by Wiles

20The Generalized Riemann Hypothesis, or GRH for short, asserts that the Dirichlet L-functions
have all their zeros lying on the line o = 1/2.
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and other mathematicians?’ stating that the function L(E, s) has an analytic con-
tinuation in the whole complex plane into a holomorphic function and satisfies a
functional equation. Another fundamental result is Mordell’s theorem stating that
the group E(Q) of rational points of E is a finitely generated abelian group. The
rank of this group is called the algebraic rank of E, in comparison to the analytic
rank of E which is defined as the order of vanishing of L(E, s) at s = 1. These two
ranks are related in one of the most famous conjectures in number theory.

Conjecture 7.136 (Birch & Swinnerton-Dyer) For all elliptic curves over Q, the
algebraic rank and the analytic rank are equal.

In recent decades, some progress has been made towards this conjecture. In par-
ticular, it can be proved that, if the analytic rank is equal to O, respectively 1, then
the algebraic rank is equal to 0, respectively 1.

The Goldfeld—Gross—Zagier method enables us to prove the following result
[IKO4, Theorem 23.2].

Theorem 7.137 There exists an absolute, effectively computable constant ¢ > 0
such that for all imaginary quadratic fields K = Q(v/d) with d < 0, we have

1\7? 2pt/2\ !
h(d 1+ = 1 log|d|.
()>CH<+p) (+p+1) ogld]

pld

7.5.2 The Brauer-Siegel Theorem

The functional equation of ¢k (s) and the inequality (7.22) imply that, for all o > 1,
we have

kg < o (o —1)220=) gr2=n021gy |O=DRTY (5) ek (o).

Alzer’s inequality [Alz00] states that

x—1-y
b

X ifx>1,
Ilx) < {xau—l)—y

if0<x <1

where y = 0.5772... is the Euler constant and § = %(;(2) —y)~0.5338..., s0
that for all 1 <o <2 we get

I'k(o) < (0/2)r1{5(0/2—1)—y} 572@=1-1)
— o180 2=D)=ylr(o—1-y) o—ri{8(c/2=1)~y}

— g @=D18+r)—y(n=r2)=r1éc/2 5 =ri{8(c/2=1)~y}

2Mmplying in particular, along with a result of Ribet, Fermat’s last theorem.
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and using inequality (7.20) along with ¢ (o) < o/(o — 1) and following the ideas of
[Lou00], we may write
dic| @D

© 1T F(o)

KK <
with

F(o)= O,n+1+(o—l)(r16+r2)—y(n—r2)—r160/2 2r2(l—a)—r1{5(0/2—1)—y} nrz—no/Z.

Now we have foralloc > 1andn >4

202<FF> (0)=2n(y —1)+rd(c+2)+2r(+1-y)-2

=n{doc +2@+y —D}+2rnfcd -8 +1-25—y} -2
n(38+2y —2)4+2rn2—-36—y)—2

>
>ny —2>0.

Since F is positive, this implies that F is convex on [1, +o0o[ so that we have for
oell,2]

F(o) < max(F(l), F(2))

with
2y+6/2 n
F(l)= 2(=2r)(y+8/2) pra—n/2 < <2(=D/2
JT
l—y/2\n
F(2) = 2" 1=r2y gra—n < 2(2 Y ) <20=D/2
T
for all n > 3. Now we choose
2(n—1)
log |dk|

By Corollary 7.130, we have 1 < o < 2 as soon as n > 3, and hence using the
inequality above, we get

e logldx|\""
ki < [ —
K J2 n—1

for n > 4. Using the class number formula (7.21), we infer the following result.

Proposition 7.138 Let K/Q be an algebraic number field of degree n > 4, discrim-
inant dg, class number hi, regulator R and let wg be the number of roots of unity
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in K. Then we have

wr (2\?( e logldx|\""' = |,
hgRg < —( = dg |2,
K K<2<n_> (2\/5 1 |dx|

In particular, we have
hicRie < |dx|'/? (log |die])" .

It is natural to ask for lower bounds of k. Hecke’s integral representation of
¢k (s) enables us to prove that, for 0 < § < 1 satisfying {k(8) < 0, then we have
(see [Lan94, Nar04])

K = (1 — B2 e dy | P12, (7.27)

Using this inequality, one may show that, for all ¢ > 0, there exists ¢, > 0 such that,
for all algebraic number fields K Galois over QQ, we have

KK = Celdr|™°. (7.28)

This implies that there exists a constant ¢; > 0 such that, for all algebraic number
fields K Galois over QQ, we have

lloghx Ri| = c1 log |dx|'/>.

Using this lower bound with Proposition 7.138, we get the Brauer—Siegel theorem.

Theorem 7.139 (Brauer—Siegel) If K ranges over a sequence of algebraic number
fields of degree n Galois over Q for which n/log|dx| tends to 0, then

log hx Rk ~ log |dx|'/>.

However, the lower bound (7.28) for all fields Galois over Q is ineffective. As
in Chap. 3, any attempt at improving it effectively or at providing a value of ¢, for
a sufficiently small ¢ > 0 has been unsuccessful. We have seen above that a pos-
sible exceptional zero of ¢k (s) causes trouble in the effectiveness of this constant.
Stark [Sta74] also observed that algebraic number fields of small degrees, especially
quadratic fields, are a real obstacle to any improvement.

We end this section by pointing out that one may improve on (7.27) in some
special cases. For instance, if K/Q is a totally imaginary algebraic number field of
degree n > 4 and discriminant d satisfying |dk| > 2683", then Louboutin [Lou03]
showed that

ki > (1= B)ldx| P~V
if ¢x(B) <0 for some 1 —2/log|dk| < B < 1.
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7.5.3 Computations of Galois Groups

The purpose of this section is to supply some usual tools from Galois theory
to help compute some Galois groups of Galois extensions. We refer the reader
to [Lan93, Pra04, Soi81] for more information and some proofs. We use group-
theoretic notation for the usual transitive subgroups of S,,, the symmetric group on
{1, ..., n}. For instance A, is the alternating group on {1, ...,n}, C, is the cyclic
group of order n, D, is the dihedral group of order 2n which is the group of sym-
metries of a regular n-gon, and so on. For any positive integer n and prime number
p, PSL(n, p) means PSL,,(F,).

Let K/Q be a Galois extension of Q and P € Z[X] be a defining polynomial
of K. Since P is irreducible, Gal(K/Q) >~ Gal(P/Q) is transitive considered as a
subgroup of S,, i.e. for all i, j € {1,..., n}, there exists o € Gal(P/Q) such that
o (i) = j. The notation a € Q> means that a is a square in Q.

The first criterion enables us to check whether Gal(P/Q) € A, or not.

Lemma 7.140 Gal(P/Q) C A, if and only if disc(P) € Q?.

Proof Since P is irreducible over Q, the roots 0y, ..., 8, of P are all distinct. By
Definition 7.36, we have disc(P) = d* with d # 0 and

d= T[] @ —-0).

1<i<j<n

If d is an algebraic integer, then, for all o € Gal(P/Q), we have o(d) = €(d)d
where €(d) is the signature of o.

> If o € A, then €(d) = 1 and therefore o (d) = d and we infer d € Z from Galois
theory.

> If d € Z, we have o (d) = d because o fixes Q. Since d # 0, we get €(d) = 1 and
thus o € A,.

The proof is complete. g

The next tool, due to Dedekind, relies on the factorization of P in F p[X] for
some suitable prime number p.

Proposition 7.141 (Dedekind) Ler P € Z[X] and p t disc(P) be a prime number.
Assume that in F ,[ X] we have the factorization

P=[]"
i=1

where P; are irreducible polynomials over F p- Then Gal(P /Q) contains a permu-
tation which is the product of distinct cycles o; of length deg P;.
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For Galois groups over I, the following proposition, which is a particular case
of a result due to Frobenius, relies on the ramification of p in the corresponding
Galois extension.

Proposition 7.142 (Frobenius) Let K/Q be a Galois extension of Q of degree n
and P € Z[X] be a defining monic irreducible polynomial of K. Let p { disc(P) be
a prime number with inertial degree f, and assume that P is squarefree in F p[X].
Then Gal(f/IB‘p) is the cyclic group of order f).

The following tools are often useful in the determination of certain Galois groups.

Lemma 7.143

(i) Let H be a transitive subgroup of S,. If H contains a transposition and a
(n — 1)-cycle, then H = S,,.
(ii) Let p be a prime number and H be a subgroup of S,. If H contains a trans-
position and an element of order p, then H =S,
(iii) Let P € Q[X] such that deg P = p is a prime number. If P has exactly two
non-real roots, then Gal(P/Q) ~ S,,.

One may also notice the next lemma due to Jordan.

Lemma 7.144 (Jordan) Let H be a transitive subgroup of S,. If H contains a p-
cycle for some prime number p satisfying n/2 < p <n — 2, then H contains A,,.

When the degree of P is small, it is easy to compute Gal(P/Q).

Lemma 7.145 Let P € Q[X] be irreducible.
() If P = X%+ pX +q, then Gal(P/Q) =~ C,.
(i) If P = X3 + pX +q, then Gal(P/Q) ~ {A3—C3' if dise(P)eQ
S3, otherwise.
(iii) If P = X* —2bX? + b* — ac* with a, b, ¢ € Q such that a ¢ Q* and a(b* —
ac?®) € Q?, then

Gal(P/Q) ~ Cq4.

Gv) If P=X*—2(a +b)X*+ (a — b)* witha, b € Q\ {0} such that a,b,ab™" ¢
Qz, then

Gal(P/Q) ~Cy x Cp = V4.

V4 is called the Klein 4-group.
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Resolvents

Let F € Z[ X1, ..., X,], G be asubgroup of S, and P € Z[X] withroots ay, ..., ay.
The stabilizer H of F in G is the group

H={oeG:F(Xoq)s---, Xom) =F(X1,..., Xp)}.

The resolvent Resg(F, P) associated with F and P is the polynomial defined by

ResG(F, P)= [] (X = F(@q).. . com))
oeG/H

where the product ranges over |G/H| cosets representatives of G/H. When G =
Sy, we omit the subscript in the notation Resg(F, P). By the fundamental theo-
rem on symmetric polynomials, the coefficients of Resg(F, P) can be expressed as
polynomials over Q in the coefficients of P. If P is monic, then these coefficients
are algebraic integers, and hence rational integers. We also notice that Resg(F, P)
is independent of the ordering of the roots of P. An important special case is the
linear resolvent polynomial defined with

F(X],...,Xn)ZZaiXi (a; € Q).
i=1

The resolvents are often used in computational algebra in order to construct algo-
rithms to compute Galois groups of polynomials. Most of these algorithms rest on
the following result (see [Coh93] for instance).

Proposition 7.146 If Resg(F, P) has a simple root in 7, then Gal(P /Q) is conju-
gate under G to a subgroup of H.

In practice, one does not need to compute explicitly the resolvent. It suffices to
compute numerical approximations of the roots of P and determine numerically
F(as1y, ..., % @)). These approximations are in general accurate enough to guar-
antee that we can correctly recognize when Resg(F, P) has a simple root in Z. Al-
gorithms up to degree 7 are detailed in [Coh93] where the choices of polynomials
F and corresponding systems of representatives of G/H are also given. It should be
noticed that, for polynomials of degree 7, one can use the following simple resolvent

R= 1_[ (X —a; —aj — )

1<i<j<k<7

which is a polynomial of degree 35. It is an exercise in Galois theory to show that,
if R = Ry R, with R; irreducibles such that deg Ry =7 and deg R, = 28, then

Gal(P/Q) ~PSL(3, 2) ~ PSL(2, 7)

which is the unique simple group of order 168. For instance, this is the case for the
polynomial P = X7 —7X3 4 14X? —7X + 1.
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Examples

» deg P = 4. There are up to conjugacy five transitive subgroups of Sy, i.e.
Ss, Ag, D4, Vs, Ca.

With F = X1 X, + X3X4 and G = Sy, a system of representatives of G/H is
given by

G/H = {1d, (12), (14)}
and, if P=X*+aX3+bX%+cX +d, we have
Resg(F, P) = X* — bX? — (ac — 4d)X — (a*d + 4bd + ?).

If Resg(F, P) has no root in Z, then Gal(P/Q) >~ S4 or A4 by Proposi-
tion 7.146, and one can use Lemma 7.140 to determine precisely Gal(P/Q). If
Resg(F, P) has arootin Z, then Gal(P/Q) ~ Cy4, V4 or D4. We have V4 C D4N
Ay and hence if disc(P) € (@2, then Gal(P /Q) = V4, otherwise Gal(P/Q) >~ Cy
or Dy4. One uses another resolvent to distinguish between the two.

When P = X* + aX? + b, we have the following more precise result.

Proposition 7.147 Let P = X* +aX? + b be irreducible over Q with roots +a and
+8. We have

Cy, ifap'l—a1Bec@Q
Gal(P/Q) >~ Vs, ifapeQora?—82eQ
Dy, otherwise.

» deg P = 5. There are up to conjugacy five transitive subgroups of Ss, i.e.
Ss, As, Ds, My =((12345), (2354)), Cs.

We have the inclusions Cs5 C D5 C As N M. One uses a first resolvent with
G =S85 and H = Mj so that

G/H = {1d, (12), (13), (14), (15), (25)}

and if Resg(F, P) has no root in Z, then Gal(P/Q) ~ S5 or As, and use again
Lemma 7.140 to determine precisely Gal(P/Q). If Resg(F, P) has a root in Z
and disc(P) ¢ Q?, then Gal(P/Q) ~ M»g, otherwise Gal(P/Q) ~ Cs or Ds.
One uses again another resolvent to finalize the determination.

» deg P = 6. There are up to conjugacy sixteen transitive subgroups of Sg. This
case has been completely solved in [Hag00] where the author uses specializa-
tions of three resolvents of degrees 2, 10 and 15 denoted respectively by f2, fio
and fi5. Now f> is just the polynomial f, = X 2_ disc(P) and the coefficients of
f10 and fi5 are given in [Hag00], and hence are known. Furthermore, there are
twelve solvable subgroups of S, i.e. the groups C32 X Dy and S4 x C, and their
proper subgroups. As an example, let us give one of the results of this article.
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Theorem 7.148 Let P € Z[X] be an irreducible polynomial of degree 6 with dis-
criminant D and set G = Gal(P /Q).

(1) G is solvable if and only one of the following statements holds.
> f10 has a rational root and then G C C% X Dy.
> f15 has a rational root with multiplicity # 5.
> f15 has a rational root with multiplicity 5 and fio is a product of quartic
and sextic irreducible polynomials.
(i) Assume that G ~ C3 x Dy, C3 x C4, D3 x D3 or C3 x D3. Then

G~CixC4 = DeQ.

(iii) If G is not solvable, then
> G ~ Sg if and only if fi5 is irreducible over Q and D & Q2.
G ~ Ag if and only if fi5 is irreducible over Q and D € Q2.
G ~ 85 ~PGL(2, 5) if and only if fi5 is reducible over Q and D ¢ Q2.
G ~ As ~PSL(2,5) if and only if fi5 is reducible over Q and D € Q.

v vV

We end this section with a theorem due to Frobenius which is a particular case of
Chebotarév’s density theorem (see [Nar04] for instance). We shall say that a subset
S of prime numbers has a Dirichlet density d, or analytic density d, if

ZpeS pi(r
>,p°

Proposition 7.149 Let P € Z[X] irreducible. Then the Dirichlet density of the set
of prime numbers satisfying p {disc(P) for which P splits completely in F,[X] is
equal to | Gal(P/Q)|~!.

—>d for o] 1.

Example 7.150

1. P=X>+4X3+7X24+2X +9. Since P = X° + X2 +1 is irreducible in F2[X],
we infer that P is irreducible over Z by Corollary 7.26. We also have disc(P) =
2503 x 7759 so that Gal(P/Q) ¢ As by Lemma 7.140. Furthermore, we have

P=X(X+1(X?+2X?+2X +2) (mod3)
and

P=(X+1(X*+2X?+3X?+3X +3) (mod5)

so that Gal(P/Q) ~ S5 using Table 5C of [Soi81].
2. P=XO42X34+3X%4+4X3+5X%+6X +7.By Example 7.31, P is irreducible
over Z. We also have

P=(X+D(X5+4X* + 11X +5X +3) (mod 13)
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so that 5 | Gal(P/Q) by Proposition 7.141. Hence Gal(P/Q) lies among the
following four groups

PSL(2,5), PGL(2,5), As, Se

which are the only transitive subgroups of Sg having an order divisible by 5.
Since

disc(P) = —210 x 7

we have Gal(P/Q) ¢ A by Lemma 7.140 and thus Gal(P/Q) % PSL(2, 5), As.
Since PGL(2, 5) and S¢ are non-solvable groups, we infer that Gal(P /Q) is not
solvable. One may compute the polynomial f15 of Theorem 7.148 and prove that
it is reducible. Since disc(P) is not a square, we deduce from Theorem 7.148 that

Gal(P/Q) ~PGL(2,5) =~ Ss.

Note that using the PARI/GP system, one may check that, of the first 10000
prime numbers distinct from 2 and 7, P splits completely relative to 78 of them,
which gives a proportion of 1/128. Proposition 7.149 says that this proportion
tends to 1/120.

7.5.4 The Prime Ideal Theorem and the Ideal Theorem

Let K/Q be an algebraic number field of degree n and 7wk (x) be the number of
prime ideals p in Ok such that Nk, q(p) < x, i.e.

R()= Y L

Ngjop)<x

Note that 7@ (x) = 7 (x) is the usual prime counting function.?® The so-called Ideal
Theorem, seen in Corollary 4.59, follows from classical contour integration meth-
ods. Similarly, this method may be also used to estimate w (x) in the same way as
it was used in the rational case (see Theorem 3.85). The first version of the Prime
Ideal Theorem, or PIT, was proved by Landau in [Lan03]. Subsequently, the error-
term was gradually improved to an order of magnitude similar to that of (3.37) with
a Vinogradov—Korobov type zero-free region as it was seen in Theorem 7.124 (ii).
This gives the following result.

Theorem 7.151 (Prime Ideal Theorem) For x sufficiently large, we have
7k (x) = Li(x) + O {x exp(—ck (logx)*/° (loglog x)~'/)}

where the implied constant and cg > 0 depend on the usual invariants of K.

28See Definition 3.39.
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Effective versions of the PIT have been stated by many authors. For instance, we
quote the following estimate.

Theorem 7.152 (Effective Prime Ideal Theorem) For all x > e“" log? v ldgl e

have
|71K(x) - Li(x)| < Li(xﬁo) +c1x exp<—02,/ logx)
n

where the constants c; are absolute and the term containing Py is present if and only
if tx (s) has an exceptional zero By in the region

1

l-— <o <.
4log |dk|

The analogue of Corollaries 3.50 and 3.51 in algebraic number fields does also
exist [Leb07].

Theorem 7.153 (Mertens theorems in number fields) There exist absolute constants
co, ..., cq4 > 0 satisfying the following assertions.

. 2 -2 .0
(i) For all x > max (e 108 VIdil 10247 nlog”(Vn/e2)y \pe pave

=loglogx + Bk + Rk (x)

Nejamx Mera®)
with
BKzlog/cK—i—y—i-Z{log(l—N : )—i— : }
. K/Q(p) Ni,/o(p)
and

|R ()C)|< Cc3 2—/3() + 26‘4
KIS Botogx \ 1= Ao log x

and the term containing Po is present if and only if {k(s) has an exceptional

zero Py in the region

]l-—<o<1.
4log |dk|

(ii) For x sufficiently large, we have
I <1 ! )_1 " log {1+0 < ! >}
- =KkKe X k| — ) t-
1
Nijo(p)<x NK/Q (P) 08X

It should be noticed that there are few explicit upper bounds for the sum
ngx vk (m) in the literature. However, using elementary means based upon the
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geometry of numbers, the authors [MOO07] derived the following result. Let r be the
Dirichlet rank of O]I*§ and pick up fundamental units €1, ..., &-. Suppose that, for all
(i, j)ef{l,...,r}? we have |log|oj(g;)|l < R. Then for all x > 4 we have

Z vr (m) < Crkk x (7.29)

m<x

where Ci =22""1n!(SyeR")"|dx | Ry

7.5.5 Abelian Extensions and the Kronecker—Weber Theorem

The study of cyclotomic fields arose naturally in the early days of algebraic number
theory owing to Fermat’s equation. In order to generalize, one may ask which are the
possible abelian extensions of Q, i.e. Galois extensions K/Q such that Gal(K/Q)
is abelian. Stated in this way, that question can certainly not be solved. But a great
achievement of the 19th century is in the next important result which generalizes
Proposition 7.109.

Theorem 7.154 (Kronecker—Weber) IfK/Q is a finite abelian extension, then there
exists a positive integer f such that K C Q(¢y).

This result was first stated by Kronecker in 1853 who provided an incomplete
proof which reveals some difficulties with extensions of degree 2% for some «. In
1886, Weber gave the first proof but also had an error?® at 2. Both authors used the
theory of Lagrange resolvents. Later, Hilbert, and then Speiser, used ramification
theory to give a proof which is now often considered as the classic one. It is note-
worthy that Hilbert’s strategy works partly because Q does not have any proper un-
ramified abelian extension. Nowadays, many proofs do exist in the literature, mostly
based upon Hilbert’s method [Gre74], localization methods [Was82] or on the fact
that they are a simple consequence of results belonging to class field theory.

We shall not prove this result and refer the reader to [Mol99, Rib01] for proofs
using ramification theory. Nevertheless, it seems interesting to have a look at a par-
ticular case of Theorem 7.154 using the following lemma.

Lemma 7.155 (Reduction principle) Assume that Theorem 7.154 is true for abelian
number fields with prime power degrees. Then it is true for all abelian number fields.

Proof Let K/Q be an abelian number field with Galois group G = Gal(K/Q). Since
G is abelian and setting |G| = p}' -+ p;", we have by (3.1)

G>~H & - -©®H,

2This error remained unnoticed for about 90 years.
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where the H; are the p;-Sylow subgroups of G and hence |H;| = p?’. Set

E,-:@Hj.

J#
The E; are subgroups of G and let K; be the fixed field of E;. From Galois theory,
we have
[Ki:Ql=(G: E)=|H;| = p;"

and any automorphism that fixes the compositum K - - - K, fixes all of the K; so
that

.
Gal(K/K; ---K,) € (") Ei = (0}
i=1
which implies that K = K - - - K. Now by assumption there exists a primitive root
of unity ¢; of order s; such that K; € Q(¢;) and hence

KZKI"'KVg@(gls"'sgr)g(@(g[sl ..... Sr])

which concludes the proof. O

Now suppose that K/Q is a finite abelian extension satisfying
[K:Q]=p% and dg=pP

for some odd prime number p and positive integers o and f.
Define L = Q(Z ja+1) with degree [L: Q] = ¢(p**!) = p®(p — 1) and

dp, = (—1)P" (P=D/2 pp*(platD—a=2)

Let F be the fixed field of the subgroup H of Gal(IL/Q) of order p — 1 so that
[F: Q] = p%. Since p is odd, Gal(L/Q) is cyclic, then G/H is also cyclic and
hence F/Q is a cyclic number field. Furthermore, if ¢ is a prime dividing dp, then
g ramifies in F and then ramifies in IL, so that ¢ = p and dF is a power of p.

We consider the compositum KF, see Fig. 7.1.

We have

[KF:Q]=[KF:F[F:Q]=[K: KNF][F: Q]

so that [KTF : Q] is a power of p. As above, let g be a prime dividing dkr, and hence
q is ramified in KIF, which implies that ¢ is ramified in K or ¢ is ramified in F, and
therefore ¢ = p and dip is a power of p. Next, it can be shown [Rib01] that KF is
a cyclic number field. We infer that the subgroup Gal(KF/K NF) of Gal(KF/Q) is
cyclic. Now we have

Gal(KF/KNTF) >~ Gal(K/KNF) & Gal(F/K N F)
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Fig. 7.1 The KF L
compositum KF /
K F
KnNnTF
Q

and using [Rib01, Lemma 2 p. 277] we infer that one of the groups of the right-hand
side is trivial, so that either K = KNI or F = KNT. In the first case, we deduce that
K C F whereas the second case gives F C KK, but since they have the same degree,
we get ' = K in both cases and hence

K=FCL=Qu).
Using Proposition 7.109 and Lemma 7.155, we get the following result.

Lemma 7.156 Let K = K ---K, be an abelian number field such that either
K; : Q] = p?i and dg; = pii for some odd primes p; or [K; : Q] = 2. Then K
is contained in a cyclotomic field.

7.5.6 Class Field Theory over Q

From the discussion above, it turns out that describing all abelian extensions of an
algebraic number field is a long-standing problem. In examining Abel’s work, Kro-
necker observed that certain abelian extensions of imaginary quadratic fields may be
generated by adjoining certain values of automorphic functions arising from elliptic
curves. Roughly speaking, let H = {s € C : Ims > 0} be the Poincaré half-plane
and T be a subgroup of SL(2,Z). An automorphic function (for 7') is a mero-
morphic function f defined on H having a Fourier series expansion of the form
f(2) =302y ane(nz) for some N € Z, and satisfying

az+b
(22) s
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forall M = (¢ 4) e T. For instance, the j-function defined on H by

(- 1728 82(2)°
I @3 — 278322

(7.30)

with

60 140
&) = Z m and g3(z) = Z m

and where the summations are over all ordered pairs of integers (m, n) # (0, 0), is an
automorphic function. It can be shown that if K = Q(+/—d) with d > 0 squarefree
such that d # 3 (mod4), then K(j (+v/—d)) is an abelian extension®’ of K.

Kronecker wondered whether all finite abelian extensions of imaginary quadratic
fields could be obtained in this way.3! The generalization of this problem was later
addressed by Hilbert in 1900 when he presented a series of 23 problems for the new
century at the International Congress of Mathematicians in Paris, and the general-
ization of Kronecker’s conjecture is Hilbert’s 12th problem.>?

Historically, the class field theory began when Gauss tried to decide when the
congruence equation x> — g = 0 (mod p) has a solution, where p fa is a prime.
The answer is given by his quadratic reciprocity law stating that, if p and q are
odd primes not dividing a and p = q (mod4a), then x2 —a =0 (mod p) has a
solution if and only if x*> —a =0 (modq) has a solution. Hence, whether or not
the congruence x> — a = 0 (mod p) has a solution depends only on the arithmetic
progression mod 4a to which p belongs.

Proposition 7.108 also shows that an odd prime p splits completely in a quadratic
field Q(+/d) if and only if p td and the congruence x2 —d =0 (mod p) has a
solution.

Let K = Q(¢y,) where m € N. It can be proved (see [Was82, Theorem 2.13]) that,
if p # m is a prime number and f is the smallest positive integer such that p/ =
1 (modm), then (p) =1 ---pg with g = @(m)/f. In particular, p splits completely
in Q(¢y,) if and only if p =1 (modm).

All these examples above show that we have a decomposition theory in terms
of congruence conditions. Therefore, the purposes of class field theory over Q are
threefold:

1. Describe every finite abelian extension of Q in terms of the arithmetic of Q.

2. Canonically realize the abelian group Gal(IX/Q) in terms of the arithmetic of Q.

3. Describe the decomposition of a prime in terms of the arithmetic of Q, i.e. by
giving congruence conditions.

30This is in fact the Hilbert class field of K. See Theorem 7.168.

31 This is now referred to as Kronecker Jurgendtraum i.e. Kronecker’s dream of his youth. This was
completely proved by Takagi in 1920.

32 Among the 23 problems introduced by Hilbert, some of them have been solved and others are
still open. Note that Hilbert’s 8th problem is the Riemann hypothesis.
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In what follows, we intend to state the main results of class field theory over Q
following [Gar81].

» Let p be a prime number and I, be the field with p elements. By Fermat’s little
theorem (Theorem 3.15), the Frobenius map x € IF, — x? is nothing but the
identity. We generalize this concept to abelian number fields in the following
way.

Proposition 7.157 Let K/Q be an abelian extension with a defining monic polyno-
mial P € Z[X] and let p be a prime number such that p t disc(P). Then there exists
an element ¢ € Gal(IK/Q) such that the Frobenius map in I, is the reduction of ¢
modulo p. This element ¢ is called the Artin symbol and is denoted by (Kl/j—Q).

Example Let K = Q(0) where 6 is a root of the polynomial P = X> —3X — 1.
It can easily be checked that P is irreducible over QQ since P has no integer root.
Since disc(P) =3% ¢ (@2, we have Gal(K/Q) ~ A3 ~ C3 by Lemma 7.140, so that
K/Q is cyclic, and let o be a generator of Gal(K/Q). Since —02 +2 and 6% — 6 — 2
are the two other roots of P, set o(0) = —0> + 2 so that 6>(9) = 6> — 0 — 2 and
Gal(K/Q) = {Id, 0, 02}. Now we have

6% =—62+2=0(6) (mod2)

(59~

6° =002 =(1430)0> =062 +30° =602 +99 +3=0% -0 —2=05>(0) (mod>5)

()=

One may continue in this way to determine other values for primes not dividing 3.
However, it seems more appropriate to look for a rule which can dictate the Artin
symbol for all primes p # 3. This is the purpose of the Artin reciprocity law.

and hence

Similarly, since

we have

» Let K/Q be an abelian number field. By Theorem 7.154, there exists a positive
integer f such that K € Q(¢y). Such an integer is called an admissible modulus
or cycle of K.

Now let a = Hp|a pUr@ e N such that (a, f) = 1 where f is an admissible
modulus of K. The Artin map is defined by



458 7 Algebraic Number Fields

Artg/g: (Z/fZ)* —> Gal(K/Q)

vp(a)
a — H(W) .

pla p

Example Let m be a positive integer, K = Q(¢,,) and let p { m be a prime num-
ber. By Proposition 7.157, we have (w) = 0, where, for all a € N such that

(a,m) =1, o, is defined by 0,(,) = 5. Now if a = ]_[p pU»@ e N such that
(a,m) =1, then

QEm)/Q\ _ 11(Qem)/Q\" 1 v@
=) = H — =110,/ =o0q.

p p
Furthermore, we also have

(Q(CZ)/Q>(§m)=§m = 0u(ln)=Cm = (2=10y < a=1 (modm)

which is called the cyclotomic reciprocity law.

It can be proved that the Artin map is surjective. One of the main purposes of
the theory is then the study of the kernel denoted by I . Using Gal(Q(¢7)/Q) =~
(Z/fZ)*, we have I r ~ Gal(Q(¢r)/K) and from Galois theory we have the cor-
respondence

Qy) 2> K 2 Q
¢ $ ¢
Gal(Qtp)/Qzr)) S Gal(QEp)/K) < Gal(Q(zr)/Q)
$ ¢
{1} c Ik, ¢ - (Z/fZ)*

so that K is the fixed field of Ik r. This proves the first result of class field theory
over Q.

Theorem 7.158 (Artin reciprocity) Let K/Q be an abelian number field with an
admissible modulus f. Then the following sequence is exact

| — Ix p— (Z/f2)" — Gal(K/Q) — 1
so that

Gal(K/Q) =~ (Z/fZ)* | Ix. 5.

In other words, Theorem 7.158 realizes canonically Gal(IK/Q) in terms of arith-
metic of Q and each abelian extension of Q is described in terms of arithmetic

of Q.
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» The minimal admissible modulus of K is called the conductor of K and is de-

noted by fk. Since K € Q(¢y) N Q¢ ) = Q¢(y, f))» We infer that fi | f. We
have the following properties of the conductor [Gar81].

Lemma 7.159

(1) Let d € Z be a squarefree number such that |d| > 1. Then |dx| is the conductor
of K=Q(Vd).
(ii) Let K/Q be a cyclic extension with odd prime degree p. Then

fie=p"p1---pr

for some positive integer r, with 6 € {0, 2} and p; are prime numbers satisfying
pi =1 (mod p).

We have the following result on ramification.

Theorem 7.160 (Conductor-ramification theorem) Let K/Q be an abelian number
field with conductor fi and p be a prime number. Then p is ramified in K if and

only if p| fx.

This implies in particular that, if p is a prime number such that p { f, then p is
unramified in Q(¢ ). This may be generalized to any finite abelian extension of Q.

Theorem 7.161 (Decomposition theorem) Let K/Q be an abelian number field
with an admissible modulus f and let p t f. Then the order of p in (Z/fZ)*/Ix, ¢
is its inertial degree fp in K.

It is customary to denote by Spl(K/Q) the set of prime numbers which split
completely in K. Using e, f,g, = [K : Q], we have

peSPIK/Q) = ¢ =IK:Q = ¢,=f=1
and applying Theorems 7.160 and 7.161 with f = fk, we get
peSpIK/Q) <= ptfrandpelg f. (7.31)
We infer that
peSpIK/Q) <<= 3Faelg f :p=a (mod fg).

This clearly accomplishes the third goal of class field theory.

» Let K/Q be an abelian extension with an admissible modulus f. We define the
character group of K to be the group X r(K) of characters x of (Z/fZ)* such
that y (@) = 1 for all a € Ix, r. We first extend x in a Dirichlet character modulo
f, denoted again by x, by setting x (a) =0 for all a such that (a, f) > 1, and
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then to a primitive Dirichlet character. If x € X 7(K), we denote f) its conduc-

tor. The character group X ;(K) satisfies the following properties (see [Nar04,

Proposition 8.4]).

a. X r(K)~ Gal(K/Q) and hence | X r(K)| = [K: Q].

b. X (K) = (Z/f2)* <= K=Q(ts) and X ;(K) = {x0) == K=0Q.

c. If r, =0, then every character of X (K) is even. If r; =0, then X ¢(K) con-
tains the same number of even and odd characters, and the set of even char-
acters is the subgroup of X r(K) equal to X ¢ (K1), where KT is the maximal
real subfield of K.

The next result is another highlight of class field theory.

Theorem 7.162 (Conductor-discriminant formula) Let K/Q be an abelian exten-
sion with admissible modulus f and character group X y(K). Then fg =lcm{f) :
x € Xy (K)} and

del= [] s

xeX ¢ (K)

In particular, we have fx | dg and hence we always have the following tower

QK S Q) € Qax))-

7.5.7 The Class Number Formula for Abelian Extensions

The Dirichlet class number formula (7.26) for quadratic fields may be generalized
to any finite abelian extension of Q in the following way. Recall that, if p is a prime,
then f, and g, are respectively its inertial degree and decomposition number in K.

Theorem 7.163 (Class number formula) Let K/Q be an abelian number field with
conductor fx and character group X 5. (K) denoted by X for convenience. Then

_ o(fi) ldi|'*wk 1\ 78
L m{l(l‘p—f) [Tza0.

xex
XFX0

In particular, if K/Q is cyclic with prime degree, then

 ldg|wk
hIKRK—W 1_[ L, x).
XX
XF#X0

Proof The starting point is the following identity sometimes called the product for-
mula for characters (see [Hin08, Lemme IV.4.3] for a proof).
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Let G be a finite abelian group and G be the group of characters of G. If
a € G is an element of order r, then we have for all z

[T0 - x@z)=(-=)".

xeG

Let p{ fk so that p is unramified in Q(¢z,). Applying the product formula with
z=p~? where 0 > 1, G = Gal(K/Q), a = p so that r = f,, by Theorems 7.158

and 7.161, we get
-1 —
1 &p
1—[<1_x(p)) :<1_ )
P° plr’

xeX

and multiplying out through all primes p such that p { fk, we obtain

e
[[ten=T] (1 - p})

xeX ptfx

so that
1 —8p 1 —8p
cmo):]"[(l ‘W) = 1"[(1 —W> [Tz x.
p p
p Pk xeXx
Now splitting the second product into the cases x = xo and x # xo and using

1
Lo, x0)=¢() [] (1 - p—g>

plfr

we get

k(o) _ (1 B i) <1 1 )_gl’ L. x)
XFX0

By Corollary 3.71, the function L(s, x) is analytic in the half-plane o > 0 as long

as x # xo. Hence letting 0 — 17 in the previous identity and taking the residues

of ¢(s) and ¢k (s) at s = 1 into account gives the first asserted result. The second

proposition follows from the fact that if K/Q is cyclic with prime degree, then

fp=gp=1forall p| fk and hence

o(fi) LT e(fi) A
Jx H<1 ) o H<1 > =!

7
plfe pr plfx p

as required. 0
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Remark 7.164 The class number formula may be expressed in a simpler form if we
use the primitive characters instead. It is shown in [Nar04, page 416] that, if p | fk,
then for all o > 1, we still have

xX*(p)\ _ 1\
(-52) =)

xeX

where x* is the primitive Dirichlet character that induces y. This result along with
(3.24) implies that, for all o > 1, we have

»
@) =] (1 - pf#) I1te 0

plfk xeX
N 1\ x*(p)
~Mee)[1(1-5)  T(-52)
XX plfi p xex
= l_[ L(U, X*) = (o) 1_[ L(a, X*)

and arguing as above we obtain

|di|'*wi .
hKRKZW HX L(1,x%)
X€

XF#X0

if K/Q is abelian, and where x* is the primitive Dirichlet character that induces .

7.5.8 Primes of the Form x* 4+ ny*—Particular Cases

The class field theory over Q may be generalized to any finite abelian extension
LL/K, but since the Kronecker—Weber theorem is only valid with the ground field Q,
the concept of admissible modulus must be rewritten.

The starting point is a generalization of the notion of prime ideals of an algebraic
number field in the following way. Let K be an algebraic number field of degree n.
An absolute value of K is amap | - | : K — R satisfying

(i) |x|>0and x| =0 <= x =0.
(i) |xy| = [x[|y].
(i) |x + y[ < x|+ [yl

If we replace the condition (iii) by the stronger condition

(iv) |x + y| <max(|x|, [y])
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then the absolute value is said to be non-archimedean, and archimedean otherwise.
If | - | and | - |» are two absolute values such that there exist constants 0 < ¢g < ¢
such that cg|x|; < |x]2 < cqlx|; for all x € K, then the absolute values are equiva-
lent, and the set of equivalence classes is called the places of K. There are two types
of places.

> The finite places. If p is a prime ideal of Ok and p is the prime below p, then
we define for all x € K

[xlp = ptr s

where ey, is the ramification index of p in K and vy (x) = vy (xOk). This absolute
value is non-archimedean and if p; # p2, then | - |, and | - |, are not equivalent.
Furthermore, any non-archimedean absolute value is equivalent to one of these.

> The infinite places. Let o be one of the embeddings of K. Then we define for all
xekK

[Xlo = lo(x)].

If 0(K) C R, then the place is called real, complex otherwise. For a complex
place o, the conjugate o defines the same place. We infer that the number of
infinite places of K is given by r| + r,. For instance, if K = Q, there is only one
infinite place, often denoted by oo, given by |x|iq = |x| where the right-hand side
is the ordinary absolute value on Q.

It can be proved that there is no other place for a number field K, and therefore
there are infinitely many finite places and finitely many infinite places in K.

Let IL/K be a finite extension unramified at all places, which is then equivalent
to the two following assertions. If P = X" +a,_1 X" '+ .- +ag € Ox[X] is a
defining polynomial of /K, then

(i) Every prime ideal of K is unramified in LL, or equivalently the relative discrim-
inant D /k is equal to Ok.

(i) Let o; be the embeddings of K in L. Then either o; (K) € R or ¢;(K) € R and
P9 has no non-real roots, where P% = X" + ¢;(a,—1) X"~ + -+ + gi(ap).

Note that if r; = 0, then no infinite place ramifies in L, so that /K unramified at
all places is equivalent to the point (i) above. On the other hand, in the case r| > 1,
we say that L/K is unramified outside oo if and only if the sole point (i) above is
satisfied.

Example The extension Q(Z12)/Q(+/3) is unramified outside oo since
Doemyows =ZV3]
but is not unramified since the two infinite places ramify in Q(¢2). Indeed, we have
P=X>—XJ3+1

and the two infinite places of Q(+/3) are {Id, o} where o (a + bv/3) =a — by/3. We
have o;(Q(+/3)) € R and the polynomials P% have non-real roots.
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We have previously seen that Hilbert’s proof of the Kronecker—Weber theorem
works in part thanks to the fact that Q has no unramified abelian extension larger
than Q. It is certainly the reason why Hilbert focused on unramified abelian exten-
sions. However, it should be mentioned that, at that time, the word “unramified”
meant at finite places only, so that Hilbert’s class fields were studied in the narrow
sense, i.e. the Galois group is isomorphic to the narrow ideal class group, where
fractional ideals are identified if and only if their ratio is a principal ideal having a
totally positive generator.>>

The next result, conjectured by Hilbert, is an important tool in class field theory.

Theorem 7.165 (Hilbert class field) Let K be a number field. Then there exists a
unique maximal unramified abelian extension of K denoted by K(1) /K, in the sense
that each unramified abelian extension of K is isomorphic to a sub-extension of
K(1). The extension K(1)/K is called the Hilbert class field of K and satisfies the
following properties.

(i) Gal(K(1)/K) >~ CI(K) and therefore hx = [K(1) : K].
(ii) Let p be a prime ideal in K. Then p splits completely in K(1) if and only if p is
principal in K.
(iii) Every integral ideal of K becomes principal as an integral ideal of K(1).

Example The following extensions are examples of Hilbert’s class fields over their
ground fields.

Q(W2,4/5) Q(W=23,a) QW—14,v/2v2-1) Q0. Vu(5 —62))
2 3 4 2
Q(/10) Q(/-23) Q(/—14) Q)

Here we have a® =a — 1, % = 11 and u = 89 + 400 + 1862. The last example is
picked up from [Jan96].

Hilbert proved the existence of the Hilbert class field of K when K is a quadratic
field with class number 2. Hilbert’s student Furtwéngler proved the point (i) in 1907
and the point (iii), called the capitulation property, in 1930.

The point (ii) may be generalized as follows.

Proposition 7.166 If p is a prime ideal of K and if f is the smallest power of p
such that p/ is a principal ideal of K, then p splits into hy /f distinct prime ideals
of K(1) with degree f.

The next result studies the normality of the extension K(1)/Q.

33For a definition of totally positive numbers in algebraic number fields, see [Nar04, page 44].
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Lemma 7.167 IfK/Q is Galois, then K(1)/Q is Galois.

Proof Considering K and K(1) in a fixed algebraic closure Q of Q, let 0 €
Gal(Q/Q). Since K is Galois over Q, we have o (K) = K. But o (K(1)) is the
Hilbert class field of o (K) = K, so that using the maximality of K(1), we infer
that o (K(1)) = K(1) and hence K(1) is Galois over Q. O

One of the most beautiful applications of the Hilbert class field lies in the solution
to the following problem. Let n € N be a squarefree integer satisfying

n %3 (mod4). (7.32)

We ask for necessary and sufficient conditions for a prime number p to be expressed
in the form p = x? + ny? for some integers x, y. We use the imaginary quadratic
field K = Q(v/—n) and notice that (7.32) and Proposition 7.64 imply that Og =
Z[+/—n]. The theoretic solution to this problem is given by the following result.

Theorem 7.168 Let n € N be a squarefree number satisfying (7.32). Let K =
Q(v/—n) and K(1) be the Hilbert class field of K. If p is an odd prime such that
p1n, then

p=x’4+ny’ p € Spl(K(1)/Q).

Proof First note that dxg = —4n by (7.32) and Proposition 7.64, and hence since
p1n is odd, we infer that p { dg and therefore p is unramified in K.

> Assume that p = x> + ny?. Then (p) = (x + /—ny)(x — /—ny) = pp, say.
Since p is unramified, we get p # p. Conversely, if (p) = pp with p principal,
then p = (x + +/—ny) for some integers x, y since Og = Z[+/—n]. This implies
that (p) = (x> 4+ ny?), and then p = x> + ny?. At this step, we have then proved

p=x’4+ny’? < (p)=pp, p#p and p principal.
> By Theorem 7.165 (ii), we get
p=x*+ny? < (p)=pp. p#Ppandp e Spl(K(1)/K)

which is in turn equivalent to the fact that p splits completely in K and that some
prime ideal of K dividing p splits completely in K(1). By Lemma 7.167, we
deduce that K(1) is Galois over Q which implies that the previous assertion is
equivalent to p splitting completely in K(1). O

Therefore, the problem is twofold. We first have to determine the Hilbert class
field of an imaginary quadratic field. The next elegant theorem gives an answer by
using the elliptic modular function j defined in (7.30).
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Theorem 7.169 Let n € N be a squarefree number satisfying (7.32). Let K =
Q(/—n) and K(1) be the Hilbert class field of K. Then

K(1) =K(j (V=n).

However, it should be mentioned that in practice it is a very difficult matter to
compute these j-invariants, so that many authors provided results in certain partic-
ular cases. For instance, Herz [Her66] proved a quite general theorem giving any
unramified cyclic cubic extension of an imaginary quadratic field. Also for real
quadratic fields K with class number 2, it is known [CROO0] that there exists a proper
divisor § of di satisfying 6 =0, 1 (mod4) such that K(1) = K(\/g).

The second point to solve is to determine which primes split completely in
K(1)/Q. We might use (7.31), but the computation of Ik, s is very often un-
easy. The following alternative tool provides a useful criterion in this direction (see
[Cox89, Proposition 5.29]).

Proposition 7.170 Let K be an imaginary quadratic field and L be a finite extension
of K which is Galois over Q. Then there exists an algebraic integer 6 such that
L =K(0) and if P € Z[X] is the monic minimal polynomial of 6 and p is a prime
such that p {disc(P), then

d
peSplL/Q) <+—= (£> =1 and P(x) =0 (mod p) has an integer solution.
p

Example 7.171 Let p # 5 be an odd prime number. We will prove that
p=x>4+5y> <= p=1or9 (mod20).

Proof Let K = Q(+/—=5). It is known that j (v/—5) = 282880 +/5 + 632000 so that
K(1) = K(/3) by Theorem 7.168. Using Theorem 7.169 and Proposition 7.170, we
get

p= x2 +5y2 — <_7> =landx>—5=0 (mod p) has an integer solution

~ ()-G)-

where we used (—20/p) = (4/p) x (=5/p) = (—5/p). Now by the quadratic reci-
procity law and since p is odd, we infer that

()= = ()
=1 = )=1 <= p==£I1(mod5).
p 5

Using (—=5/p) = (—1/p) x (5/p) = (=DP~D/2(5/p), we get

-5
(—>=1 & p=1,3,7, 9 (mod20).
p
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Hence
p=x>45y> & p==+l(mod5) and p=1, 3,7, 9 (mod20)

implying the stated result. g

7.5.9 Primes of the Form x* + ny’—General Case

If the integer n is not squarefree or does not satisfy (7.32), then Z[/—n] need not be
the maximal order of Q(/—n). We then look for a generalization of the Hilbert class
field, which will be given by class field theory. Let O be any order of an imaginary
quadratic field of conductor f and class group C1(O). Then the existence theorem
from class field theory implies that there exists an abelian extension L./K, called a
ring class field of O, such that all primes of K ramified in L divide fOk and the
Artin map induces the following isomorphism

Gal(L/K) ~ CI(0).

We first provide some information about orders in quadratic fields. In what follows,
K is a quadratic field.

1. An order in K is a free Z-module of rank 2 of K containing 1.
2. An order O has always a finite index f in Ok, called the conductor of O. Fur-
thermore, if dp is the discriminant of O, then

do = fldx

and if O = Z[/—n], then dp = —4n.

3. If 1(O) is the set of invertible fractional ideals of the order O and P (O) is the
set of principal ideals of O, then CI(O) = I(O)/P(O) is the ideal class group,
or Picard group, of O and hp = |C1(O)| is the class number of O.

4. If O C Ok, then O is not in general a Dedekind ring.

We summarize the main properties of orders of an imaginary quadratic field in the

next lemma.

Lemma 7.172 Let n € N squarefree and K = Q(/—n) with discriminant dg and
class number hi. Let O be any order of K with discriminant do, class number ho
and conductor f.

(i) We have

h]KXf d]K 1
hp=—-"-—"—"— 1—(—=)-
© [(@@*:O*]ﬂ( (p)p)
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where the index [(Og)* : O*] is given by

2, ifn=1
[(Ox)*:0*] =13, ifn=3
1, otherwise.

(ii) A representative of a class of invertible fractional ideals of O is given by

=25

with 0 < a < /—dp/3, |b] < a < ¢ where ¢ = o 4:‘9 € N is such that
(a,b,c) = 1. Furthermore, if b > O, then either |b| =a ora =c.

The elliptic modular invariant j seen in (7.30) may be defined on orders of K in
the following way. For all T € ‘H and orders (1, ), we set

J(1,0)=j@.

It can be shown that, if O is any order in K, then j(O) € R. Furthermore, if the
class of a has an order < 2 in C1(O), then j (a) € R (see [Cox89, Exercise 11.1]).
The next result generalizes Theorems 7.168 and 7.169.

Theorem 7.173 Let n be a positive integer, K = Q(v/—n) and O = Z[/—n] with
class number ho. Let a be any representative of a class of invertible fractional ideals

of O. Then the extension
L=K(j(w)

is the ring class field of O. Furthermore, if a1, ..., ay., are representatives of the
classes of invertible fractional ideals of O, then the polynomial

Hop = ]_[ — j(ap) € Z[X]

is a defining polynomial of L.

That result contains Theorem 7.169 since, if n is squarefree and satisfies (7.32),
then Z[+/—n] = Ok so that f =1, do = dg, ho = hk and

K(j (@) =K(j (Ox) = K(j (v=n)) = K(1).

Let n € N. Proceeding similarly as in Theorem 7.168 (see [Cox89, Theorem 9.4]),
one may prove that, if p {n is an odd prime, then

p=x2—i-ny2 <— peSplL/Q)



7.5 Further Developments 469

where L is the ring class field of the order Z[+/—n] of Q(/—n). Now applying
Proposition 7.170 and Theorem 7.173, we obtain the general solution to the problem
of detecting primes of the form x> 4 ny?.

Corollary 7.174 Let n be a positive integer and p { n be an odd prime. With the
notation of Theorem 7.173, we have

p =x? —i—ny2 — <—7n> =1 and Hp(x) =0 (mod p) has an integer solution.

Example 7.175 We wish to determine which primes p can be expressed in the form
p=x2+11y%. We work in K = Q(/—11) with dg = —11 and hg = 1. The order
O = Z[+/—11] has discriminant dy = —44 and conductor f = /44/11 = 2. Using
Lemma 7.172 (i), we get

w20 ()3)

pl2

By Lemma 7.172 (ii), representatives of the three classes of invertible fractional
ideals of O are given by

a1 =(1,v/=11), ar=@G,—1++/—11) and az=@3,1+~/—10).

Using PARI we infer that
3 2 4 3
Ho=X>—aX>+bX — (2% x 11 x 17 x 29) (7.33)

where a = 2* x 1709 x 41057 and b = 28 x 3 x 11* x 24049. As in Example 7.171,
we have

<—11> _ (—_1) (E) _ (_1)(p—l)/2<2) _ { (11/p),  if p=1(mod4),
p p p p —(ll/p), lpr3(m0d4).
Now using the quadratic reciprocity law, if p and g are primes such that g =
3 (mod4), then

<1>=1 — p=-=+a? (moddq)
p

for some odd integer « such that g t «. This implies that

11
(—) =1 <<= p==£I1,4£549,£25,£37 (mod44)
p

so that

—11
(—) =1 <<= p=13,50915,23,2527,31,37 (mod44).
p
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This gives the following result.

Corollary 7.176 Let p # 11 be an odd prime number. Then p = x*> + 11y? if and
only if

> p=1,3,5,9,15,23,25,27,31,37 (mod 44)
> the equation 3 —ax?4+bx — (2* x 11 x 17 x 29)* =0 (mod p) has an integer
solution, where a =2* x 1709 x 41057 and b =28 x 3 x 11* x 24049.

Remark 7.177 The theory predicts that the constant term of H is indeed a perfect
cube, which happens if and only if 3 { dp. In this case, Gross and Zagier, improving
on an earlier work of Deuring, showed that, if p is a prime factor of the constant
term of Hp, then (dp/p) # 1 and either p =3 or p =2 (mod 3). Furthermore, we
also have
3ldol

Ps n

which explains why the prime factors of the constant term of Hp are so small
in (7.33).

7.5.10 Analytic Methods for Ideal Classes

Let K/Q be an algebraic number field of degree n, signature (r1, r2), discriminant
dg and let {k (s) be its Dedekind zeta-function. Recall that

k() =T(s/2)"T(s)”? and Ag=2""7""?dg|'/?

where I'(s) is the usual Gamma-function. We have previously seen that bounds
for class numbers may require the computation of a minimal positive real num-
ber bk such that every ideal class contains a non-zero integral ideal a satisfying
NK/Q(a) < bk. From the work of Minkowski who created and used deep results
from the geometry of numbers, we know that bx = MK|dK|1/ 2 is admissible, where
the Minkowski constant My is defined in (7.19). In the 1950s, Rogers, and later
Mulholland, improved on Minkowski’s bound using essentially the same ideas.

Stark’s work as previously seen in Proposition 7.129 was the starting point of
the resurgence of analytic methods in algebraic number theory. In the late 1970s,
using the functional equation, given below, of the partial Dedekind zeta-function
associated to a given ideal class and its conjugate class, Zimmert [Zim81] succeeded
in establishing an inequality which supersedes the previous results. The conjugate
class C* of an ideal class C is defined by CC* = D where D is the class of the
different’ of Ok.

34The different of Ok is the integral ideal Dk /@ defined as the inverse of the fractional ideal

{y eK: Trg/g(xy) € Z forall x € Ok}
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Let ¢ (s, C) be the partial Dedekind zeta-function associated to the ideal class C
defined by

1
o= -
£(s,C) ; Neg @)

As for ¢k (s), this function has a functional equation of a similar form (see [Lan94,
NeulO]).
Define &k (s, C) = AT’k (s)¢ (s, C). Then this function is analytic except
for simple poles at s =0, s =1, and

Ex(s,C) = &g (1 —s,C*).

Now assume that the two Dirichlet series F(s) = 22‘;1 fm)n™* and G(s) =
ZZOZI g(n)n~* are such that f(n), g(n) > 0, have finite abscissas of convergence
and satisfy the following hypotheses.

1. F and G can be extended analytically in the whole complex plane to meromor-
phic functions having a simple pole at s = 1.
2. They satisfy the functional equation £r(s) = &g (1 — 5) where

a—>b
Er(s) = <sz>sr(§) ()" F(s)

and similarly for £g (s), for some positive real number A and integers a > b > 0.
3. The function s(s — 1)&ép(s) is entire of order 1.
4. The residues of F(s) and G(s) at s = 1 are equal to k.

Using tools borrowed from complex analysis and contour integration methods, Zim-
mert proved the following general inequality.

For all real numbers x >0, 0 > 1and 0 < a <o — 1, we have

Sé; G’ 2
_ _ G(20) 1GQRo—-1)
1-b__(a—b)/2 o _ 01 _ —
<277m AK{X 5 (20) tlo,a) — x foo —1) tlo—1,a 1)}
(7.34)
where
o+1

D= e —a 1)

called the codifferent. It can be proved that the ramified prime ideals of Ok are the prime ideals
dividing Dk, and NK/Q(DK/Q) = |dk|. In fact, much more is true. Indeed, let p be a prime
number and p be a prime ideal above p. If e is the ramification index e(p | p), then ! | Dk /Q-
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The starting point of the proof is the inequality

2+io00 —
1 / EF(@Q)F(z+20 —1)Ry.6(2) xidz >0 (7.35)
2

2770 )y in Er(z+20 —1)

valid for all x > 0, 0 > 1 and where R, (z) is a certain rational function of z
depending on the parameters « and o (and possibly on other parameters) and satis-
fying Ry,o (x) > 0 for all x > 0. By the hypotheses above, one may shift the line of
integration of (7.35) from Rez =2 to Rez =1 — o, and picking up the residues at
s =0, s =1 and at the poles of R, (z), and using the functional equation above,
Theorem 3.54 and estimates for i (s, C) in the spirit of Theorem 7.123, the inequal-
ity (7.34) follows after some tedious, but straightforward, computations.
We may apply (7.34) with

F(s)=¢(s,C*) and G(s)=((s,C)

sothata=r; +ry, b=ry and A = 2° Ak, and choosing

GQR2o —1)égRo) tc—1,a—1) 'k (o) to—1,a—1)
= X = AR X X
E6Ro — 1)G(20) t(o,a) I'kRo —1) t(o,a)
we get
G’ & 'k (20) to—1,a—1) 2
10gAK+E(U)<2§—G(0)—]0gm—10g t(o’,o{) o’—(x—l.
Note that

/

éé; e G’

—~(0)=logAg + —(0) + —(0)

& g 'k G
and hence we obtain

'k (20) to—1,a—1) 2 G’
K59 _ <log Ax + (o).
Txo—1) %7 {(.a) oo Slogdxt o)

1—*/

-2 LK) +log
'k

Now let ag be an ideal in C with smallest norm. Then for all ¢ > 1 we have

log A
G'(0) =~ Z LENE0® _6(0) log Mg/ a0)

Nijg(a)°
and therefore
I’ 'k (20) to—1l,a—1)
1 <logAg +2 (o) —1 —1 i
og N,/ (ag) < log Ak + T (0) —log 2o -0 T Tow
4 2
oc—a—1

Choosing o optimally implies Zimmert’s theorem in the following shape.
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Theorem 7.178 (Zimmert) Let o > 1 be a real number. Then every ideal class
contains a non-zero integral ideal a such that

'k (20)

1"/
< |dg|'? 2 L) —log ————
N (@) < ldiel'exp2 2(0) —log o =

_ 10g(2r2n’”/2) + r(o‘)}

where

_ 25(o0) 1 (s(o)+o)is(o)—a+1)
= -n +21°g<1 B 5) +1Og(mo) —o)(s(e) +o - 1))

and s(0) =+/302 —30 + 1.

Example 7.179 The following table supplies numbers Ck > 1 such that every ideal
class contains a non-zero integral ideal a such that

Nijo(a) < Cg'ldx| 2.

The signatures (2, 0) and (0, 1) are due to Gauss and one has to suppose di > 8 for
the real quadratic field case.

(r1,12) 2,0 0,1 (3,0 1D 4.0) OV 0.2) (5.0
Ck NG V3 4.636 3.355 14.45 9.749 6.792 50.21

(r1,12) G, D 1,2) (6,0 0,3) (8,0) 0,4) (10,0) ()
Ck 32.12 21.11 188.1 46.74 3088 385.5 58540 3560

Choosing o = 142n~1/2, Theorem 7.178 implies that every ideal class contains
a non-zero integral ideal a such that

Nk /g(a) < |d|!/2e~ (v Hogd)=2r2 (y+logv2m)+0(/n)

as n — o0.
It can be checked (see [Fri89, (4.1)] for instance) that the inequality (7.35) still
holds if R, +(z) belongs to the class of rational functions defined by

z cz(z+l>bm Tk 1
R(z) = a
@) (z+20—1> Z+20 ZO "E)Hb,k

k=

with o > 1, m € Z>¢, ar, bjx = 0 and ry € N. In [dIMO1], the author refined Zim-
mert’s results for small degrees by taking another rational function in this class.

7.5.11 Lower Bounds for the Regulator

As can be seen in (7.23) or Proposition 7.138, a lower bound for Rx is needed to
get a good estimate for the class number. In the 1930s, Remak [Rem32] provided
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such lower bounds depending on the degree n of K when this field is totally real, i.e.
r1 = n. Using the geometry of numbers, he proved that there exist constants cg > 0
and ¢y > 1 such that R > coc}. This was later improved by Pohst [Poh77] who
showed that, if K is totally real, then

3 -1 n—1
RK>n_l/2F<%) </%logd>)

where ® = is the golden ratio.

In view of (7.23), one may ask for some bounds depending on the discriminant.
This was first achieved in the early 1950s by Remak [Rem52] who proved that if K
is not a totally complex quadratic extension of a totally real field,? then there exists
a constant ¢, > 0 such that

145
2

d
Rk > cplog m
nﬂ

and for algebraic number fields without proper subfields, he showed that there exists
a constant C, > 0 such that

d r
Ri > C,,(log | K')

nl’l

where r = r; + rp — 1 is the Dirichlet rank of OH’%. This result was generalized
independently by Silverman [Sil84], Friedman [Fri89] and Uchida [Uch94], still
using the geometry of numbers. Their main theorems are summarized in the next
result.

Theorem 7.180 Let K be an algebraic number field of degree n > 2, signature
(r1, r2), discriminant dg, regulator Ry and let r = r1 +ry — 1 be the Dirichlet rank
of Og.

(i) (Silverman—Friedman). Let p be the maximal Dirichlet rank of the unit groups
of all proper subfields of K. Then there exists an effectively computable absolute

constant ¢ > 0 such that
c ldg |\ ™"

nl’l

(i) (Uchida). Let @ > 1 and F be a maximal subfield of K such that |dy| < ldi|™ "
where m = [K : F]. If A is the Dirichlet rank of O3, then there exist constants
¢n, dy > 0 depending only on n such that

Rk > cu(logdy,|dx|) .

33Such fields are usually called CM-fields.
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Sharpening the constants in the above results is a very difficult problem as n
grows. However, for small degrees, there exist some optimal results. For n =2, we
have the following easy lemma.

Lemma 7.181 Let d > 5 be a squarefree number and K = Q(v/d) be a real
quadratic field. Then

d+Vd—4
Rk >log(\/_+>.

The equality occurs when d = 5.

Proof If ¢4 = %(ul + v14/d) is the fundamental unit of K, then & is equal to the
fundamental solution of the equation u? — dv? = 44, and hence

u1+v1\/c7 \/dv12_4+v1‘/3
=T, 2 2

implying the asserted result since Rk = logey. 0

For cubic and quartic fields, Cusick [Cus84] showed the following lower bounds.
1. If K is a cubic field with signature (3, 0), then

1 dk 2
> — | log—
Rk 16<0g 4)

and the constant % is sharp.
2. If K is a cubic field with signature (1, 1), then

1 |dx |
Ri > — log K1
k=307

3. If K is a quartic field with signature (4, 0), then

Ry > — (1 dK)3
K> ——|log—) .
80410 & 16

4. If K is a quartic field with signature (0, 2), then

Ric > L1og 2K
> —log —.
K2 7798556

Finally, for a quintic cyclic number field K, Schoof and Washington [SW88] proved

that
1 d \*
R > ——(log £ ) .
K 6400<Og16)
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The analytic tools can also be used to derive lower bounds for the regulator. Using
(7.34) applied with « = 0 and G the partial Dedekind zeta function associated to
the trivial class, Zimmert [Zim81] was able to prove that, for each algebraic number
field K with signature (rq, r2) and number of roots of unity wk, we have for all
o>1

R T 30 — 1
TR 5 2= tD g (25 — 1) T (20) exp( —20 —EK (o) — 22
WK I'k o—1

and he chose o = 2 to get

R
_K > 0.02 eO 46r1+0.2r2‘

WK

This implies in particular that the smallest regulator of an algebraic number field
is > 0.056 and that the smallest regulator of a totally real algebraic number field is
log @, i.e. the regulator of QW/3).

Zimmert’s ideas were later extended by Friedman and Skoruppa. The former
showed in [Fri89] that the ratio Rk /wg can be expressed as a sum of rapidly con-
vergent series

RK Nk jg(a)? Nk /g (b)?
__Zf( | )+Zf( dx ) (7:30)

where a runs through the principal ideals of Ok, b runs through the integral ideals
in the ideal class of the different of Ok and f :]0, oco[—> R is defined by

2(r1+1) 2+i00 ]
foo) ==~ / E ()L () (xldi )T /*(2s — 1) ds.

2—ioco
This function is C*°, takes both positive and negative values, and, for all r| +r, > 2,
we have

lim f(x)=

x—0F

However, studying more carefully the behavior of f, Friedman [Fri07] proved that
f(x) has a single simple zero and that this conclusion still holds for all derivatives

f® of £.This implies that
RK 1
1 (aq)
WK ldk |

Indeed, assume that f(|dg|™!) > 0 otherwise the inequality is trivial, then by the
previous observations we infer that f(x) > 0 as long as x > |dx| =Y, and the result
follows by dropping out all terms in (7.36) except the one corresponding to the ideal
(1) = Ok.

Friedman pointed out that this bound is useful only when the discriminant lies in
a certain range, otherwise Zimmert’s bound gives better results. For instance, let K
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be the totally complex algebraic number field of degree 36 with discriminant dx =
318 % 4057° taken from [Coh00, § 12.2.2]. Friedman’s result provides RKWH? >

27 839 whereas Zimmert’s bound only gives>® RKwﬂgl > 121, but we also have the
useless bound f(10~"7d; ") ~ —3.6 x 107,

7.6 Exercises
1 Show that 3, 7, 1 £ 2+/—5 are irreducibles in Z[+/—5].
2 Show that @ = /2 + ~/2 is algebraic over Q.

3Let P=X3—X+1and « be aroot of P. Set f =
minimal polynomial of 8.

1 .
a7 —3a33 Determine the

4 Show that Q(v/3, ¥/2) = Q(+/5 + +/2). Deduce [Q(+/5, v/2) : Q].
5 (Schur) Let n € N and set

X" Xn—l
P,=—+
Tl m=1)

+o+ X+ 1

The aim of this exercise is to show the following result due to Schur.
Theorem 7.182 (Schur) P, is irreducible over Q.

The proof will make use of the following generalization of Bertrand’s postulate
seen in Corollary 3.44 (see [Erd34] for instance).

Lemma 7.183 Ler k < [ be positive integers. Then at least one of the numbers
I+ 1,142,...,1+k is divisible by a prime number p > k.

Suppose that F,, = n!P, is reducible over Q. Since F}, is monic, it must have an
irreducible monic factor A, € Z[X] of degree m < n/2 defined by

Ap=X"+an_1 X" "+ +ag.

1. Prove that each prime divisor of n(n — 1) --- (n — m + 1) divides ay.
2. Let p be a prime factor of ap and 6 be a root of A,,. Define K = Q(0) so that
[K:Q]=m.

(a) Prove that there is some prime ideal p lying above p and dividing (9).

39PARI/GP provides R wy ' & 172495.
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(b) Write () = p®a and (p) = p°b for some «, ¢ € N and integral ideals a and
b not divisible by p. Using the fact that F},(8) = 0, prove that there exists an
integer k € {1, ..., n} such that

n!ok ‘

and using the identity vy, (r!) = ev,(r!), deduce that ko < ev, (k!).
(c) Using Exercise 12 in Chap. 3, deduce that p < m.
3. Using Lemma 7.183, conclude the proof of Schur’s theorem.

6 This exercise provides a proof of Proposition 7.53 from which we take the nota-
tion. We set M =Z + 76 + --- + Z6" 1.

(a) Show that 0" /p € Ok and that Nk,g(0) # 0 (mod p?).
In what follows, we suppose that p | f.
(b) Explain why there exist « € Og \ M and by, ..., b,—1 € Z not all divisible by
p and such that

pa=bo+b16+---+b,_16"L.

(c) Let j be the smallest index such that p {b; and set
1 j—1
B=oa— ;(bo+b19+---+b,-49-/ ).

Show that 8 € Ok and deduce that (b jQ"’l) /p € Ox. Prove the contradiction
by taking the norm of this number.

7 Let P = X3 — 189X + 756 and @ be a root of P.

(a) Show that P is irreducible over Z and let K = QQ(#) be the corresponding alge-
braic number field.

(b) Determine an integral basis for K.

(c) Compute the Galois group Gal(K/Q) and the regulator Rk of K.

8

(a) Factorize (3) in K = Q(+/—2).
Deduce the factorization of the principal ideal a = (1 42+/—2) and that there
exists no non-negative integer 7 such that (1 4 2+/—2)" = 3".
(b) Show that arccos(1/3)/m € Q.

9 Let a, b be two squarefree numbers such that ¢ = 1 (mod3) and b =1 (mod 3).
Prove that the biquadratic field K = Q(+/a, +/b) is not monogenic.
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10 Let K be a cubic field such that dx < 0 and p be any prime number. It can be
shown [Has30] that the factorization of (p) in Ok can be divided into the following
five different types.

Type I I I 1AY A%
(p) pp'p” p pq pq p’
Degree 1 3 1 and 2 1 1

Let ¢ € N. Compute v (p®) in each case.

11 The purpose of this exercise is to provide a proof of the inequality (7.23) follow-
ing Louboutin’s ideas [Lou98]. Let K/Q be a totally real algebraic number field of
degree n > 2, discriminant dk > 1 and class number A .

-2

(a) Setog=1+ ﬁ)’édK. Prove that 1 < 09 < 2.
(b) Let o0 > 1. Using the bounds ¢r(c) < {(0)" < (0/(c — 1))"* and writing the

inequality (7.22) in the form

4e—br2
K
KK < ©—1y1 Jn(o)
show that the function g, : 0 —> 2:;; ’;(E;? is convex on ]0, +ool.
(c) Deduce that, for all o € [1, 2], we have g, (o) < 0.
(d) Finalize the proof of (7.23).

12 In [RamO1], Ramaré proved that, if x is a primitive even Dirichlet character of
conductor f), then

1
[L(1 0| < 5 log fy. (7137)

Let K/Q be an abelian real number field of degree n, discriminant di, class number
hk and regulator R. With the help of (7.37) and the class number formula, show
that

logdk \"~!
Py

n—1

thus improving the bound (7.23) by a factor e

13 Determine the prime numbers p > 7 which can be expressed in the form p =
X2+ 15y
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Appendix
Hints and Answers to Exercises

A.1 Chapter 1

1. By assumption we have a = bg +r with g <r <b sothat g(b+ 1) <a <
b(g+1).Nowifa=q(b+1)+r; withO<r; <b+ 1, we deduce that

g+ <qb+1)+r <blg+1)

and hence

71 < b G +1)+ 7
_ <a< 2 N
=y ST =514 b+l

implying ¢ — 1 < g1 < ¢ + 1 and therefore ¢; = q.

2. If1<gq <a,let b, be the quotient of the Euclidean division of a by g. We
have

a
—— <b<

qg+1 q

SR

a
b
and since b € N, this is equivalent to b, | < b < b,. Hence we have

a a—

1 a—1
DISI=D I8yl + 1= (by—bgr)+1=b1 —by+1=a—1+1=a.
q=1 qg=1 q=1

3. For (i), the Euclidean division of n by m givesn =gm +r with0<r <m —1
so that

~l=¢ —l<q+———-1=g=

n+1 r+1 m—1+1 n
1 + 1 .
m
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For (ii), the proof is similar except that we use m {n = 1 <r <m — 1. The iden-
tity (iii) is obvious if m | n. Otherwise, we have by (i) and (ii)

n n—1 1
0| — |- <l—-—<1
m m m

and we conclude the proof by noticing that the difference above is an integer.

4. The first identity follows from Theorem 1.14 (i) and letting x —> oo. The
second identity follows from

Do fmgmy =" fmgm) =Y fmegn).

n>x n=1 n<x

5. Using Theorem 1.14 (i) we get for all integers N > M

ey s [ (o ) A

By assumption, the first term on the right-hand side tends to 0 as N — oo and the
second integral converges by Rule 1.20 since | Zn@ a,| < M. Hence we obtain

> a M
L D dt—i—/ LS ar
n=1 n<t n<t

M g o dr
< — 4+ M — =logM +1
1! Mt

6. One may assume that N > 2. By Abel’s summation as stated in Remark 1.15,
we get

Z“") dr.

n=1 n<t

as asserted.

3
|
—_

k
~ @1 —a) + Z (ar+1 — ar)
N
k=1 k=n
N—-1 k
=2 @ —a) - Z(ak+l — ag)
k=1

ZIH

N-1 N-2 k
I(N—l)Z(ak+1—ak> Z(a,-+1—a,~>}—a;v+an

k=1 k=1 j=1

{ | V=2
1_ﬁ)(aN_al)_ﬁ ];(ak—i-l —aj) —an +ay

Il
A~



A.1 Chapter 1

a1+aN
ca- T LS - L5

so that

N N
1
=N Do+ An k) (acs —a)
k=1 k=1

where

1 k, ifl<k<n—1,
AN(n,k)Z—X .
N k—N, ifn<k<N

and the result follows from the trivial estimate |Ay(n, k)| < 1

7. This is an immediate consequence of Theorem 1.14 (ii) using

8.

(a) By integration by parts

Litx) X 2 n / *oode
i(x) = —
logx log2 J, (logt)?
as required.
(b) Using Exercise 7 with f(x) = 1 and the previous question, we get

0(x) a0
mx) = +,/2 t(logt)?

X *oodr O(x) —x *o@)—t
= + -+ + 5 dr
log x > (logt) log x 2 t(logt)

L4 2 +9(x)—x+/x0(t)—tdt
=Li(x)+ — + —
log2 log x » t(logt)?
and hence
2 R Y Rt
700~ Lit)| < s+ e [
log2  logx J, t(logt)?
with

/x R(t) / / R(t)
> t(log t)2 t(log t)2
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X *odr
=~ lQogaz TR ' 1(log1)?
Vx R(x)

= og2? T Togx
SR
log x (log2)?

R(x) 1 2 SR()
2 < .
log x (log2)? log2  logx

and therefore

|7 (x) — Li(x)| <

A.2 Chapter 2

1.

(a) If d = (a, b), then d divides 2a and 2b, so that d divides 2(a, b) = 2.

(b) If d = (a, b), then d divides a(a + b) — ab = a® and b(a + b) — ab = b?, so
that d divides (a2, b?) = 1.

(¢) If b = ka for some integer k, then " = k"a" and thus a" | b". Conversely,
assume that a” | b" and set d = (a, b) and write a = da’ and b = db’ so that
(a’,b’) =1. We have a™ | b and since (a™, b™) = (a’, b’)" = 1, we infer that
a™ =1 and then @’ = 1. Thus a = d and therefore b = ab’, so that a | b.

(d) Setd = (a,b) and D = (ax + by, az + bt) with |xt — yz| = 1. We have clearly
d | D. Conversely, assuming ax + by > 0 and az + bt > 0, we have

D |ax + by

D|az+bt} = D |{X(ax+by)+Y(az+b1)}

for all (X,Y) € Z?. Taking X =¢ and ¥ = —y we obtain D | -a and taking
X =zand Y = —x gives D | b, and hence D | d.

2.

(a) We have |S8?| = ([/pl + 1)? > p=1{0,..., p — 1}] so that f is not injective
by the Dirichlet pigeon-hole principle.
(b) Wehave f(u1,v1) = f(uz, v2) <= auy —vy =auy—vy (mod p) &< au=v
(mod p).
Furthermore, |u| = |u; —u2| <[/p] < /p and similarly |v| < ,/p.
If u = 0, then we have v =0 (mod p) and hence v = 0 since |v| < ,/p. This
is impossible in view of the condition (11, vi) # (42, v2).
If v =0, then we have au =0 (mod p) and since p {a and p is prime, then
we get u = 0 by Lemma 3.4, which is also impossible.
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3. Letus first notice that g > 1 forall 1 <k <n and g, > 2.

(a) The identity is true when k = 0 and k = 1. Assume it is true for some 1 <k < n.
Then

Tk+1 = Tk—1 — 'kqk
=sk—1a + tx—1b — gr(sxa + txb)
=a(sk—1 — qksk) + b(t—1 — qrte)
= Sk+1a + ty+1b

proving the asserted result by induction.

(b) We show the identity sgn(sg) = (— Dk by induction, where we set sgn(0) = 1
by convention. The identity is true when k = 0 and k = 1. Assume it is true
for some 1 < k < n. Then sgn(sg+1) = sgn(—qxsk + sk—1) and by induction
hypothesis we have

_ _ k+1 _
sgn(—qksk) = —sgn(sg) = (=1)""" = sgn(sg—1)

and hence sgn(sgy+1) = (=DF*!L ag required. Similarly, we have sgn(#;) =
(= D**!, We conclude the proof using x = sgn(x)|x]|.
Forall k € {1, ..., n}, we then have

Skl = —qrskFsi—1 = (D sl = D gl (= DF s |

and simplifying by (—1)**! gives the desired result. The proof is analogous for
the identity

k411 = qrltk] + [te—1].
(c) Define the sequence (uy) by uy = |tx|rr—1 + |tk—1|rr forallk € {1,...,n + 1}.
Using the previous questions, we get
U1 = |ttt re + |tk e
= (qrlte| + -1 1) + 11| (re—1 — reqe)
= |tklre—1 + ltk—11re = ug

and hence uy =uy = |t1|ro + |to|lr1 = a forall k € {1, ...,n + 1}, as asserted.

4.

(a) By induction.

(b) Setd = (uy,u,—1) so that d divides urzlfl —u, =2, and since u, and u,,_| are
odd, we getd = 1.

(c) By induction, the result being clearly true when n = 3 since

Uz —2=u3 —4=(uz +2)(uz — 2) = ut(uzy — 2).
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Assume it is true with n replaced by n — 1. We have

Up —2:uﬁ71 —4
=Up1+2)(Up—1—2)

=y 5 (un—1—2)
and using induction hypothesis we get
U, —2= u3_2uﬁ_3 . u%(uz —2)

concluding the proof.

(d) Forallr €{2,...,n—1},defined, = (u,,u,_,). Wehaved, | u, andd, | u,_,

5.

so that d,. divides

) 2 2 2 _
Up —Up_pUy o Uy p Uy pp U (uz — 2) =2

and we conclude the proof by using the fact that both u,, and u,_, are odd.

> The first equation is equivalent to 19x 4 14y = 3 and has solutions

9+ 14k, —12 —19k) withkeZ

by Proposition 2.15.

> Let (x,y) € N2 be a solution of the second equation and set d = (x,y) and x =

dx’ and y = dy’ so that (x’, y’) = 1. The equation is equivalent to 5d(x’ 4+ y")> =
147x’y’ and hence (x” + y')? divides 147x’y’. By Exercise 1(b), we have ((x” +
y)2,x'y") = 1 and Theorem 2.12 implies that

(' +Y) 1147=3 x 72
and therefore x’ + y’ | 7. Since x’ + y' > 1, we get x’ + y’ = 7, implying that
5d = 3x’y’ and hence 5 | x’y’ by Theorem 2.12 since (3,5) = 1. This implies
that (x’, y') € {(2,5), (5,2)} and then d = 6, and
(x, y) € {(12,30), (30, 12)}.

Conversely, one can check that these pairs are solutions of the equation.
The system is equivalent to

x =2 (mod)),
x =6 (mod7)

and by Theorem 2.27, we infer that the solution of this system is x =27 (mod 35).
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6.

(a) Write a = da’ and b = db’ and thus (a’, b’) = 1. The line (O A) has equation
y = (b'/a’)x so that a point N{x, y) is an integer point of the segment JO A]
ifand only if x, y > 1, x <a and a’y = b’x. Then a’ | b'x and Theorem 2.12
implies that a’ | x. Hence the number of integer points lying on the segment
1O A] is equal to the number of non-zero multiples of @’ which are < a, and this
number is in turn equal to [a/a’] = d by Proposition 1.11 (v).

(b) The result follows at once using Pick’s formula applied to the triangle OAB
with area(O AB) = ab/2 and Nyp = a + b + d by the previous question.

7. The answer is “no” as can be seen with the solution (x, y, z) = (2,2, 2).

8.

(a) We have n =k (mod4) with k € {0, £1, 2} which implies that n> = k> (mod 8)
with k2 € {0, 1, 4}. We infer that the sum of three squares can only be congruent
to0,1,2,4,5, 6 modulo 8.

(b) Similarly, we have n = k (mod3) with k € {0, £1} so that =k’ (mod9)
with k3 € {0, +1}. Thus the sum of three cubes can only be congruent to
0,1,2,3,6,7,8 modulo 9.

(c) Let (x,y,z) € N? be a solution. We have x> + y> + z3 = 2005% = 4 (mod9)
contradicting the previous question. Thus the equation has no solution in N3.

9.
> FIRST METHOD. We use 641 =24 4 5* =5 x 27 + 1 giving
232 =24 x 2% = (641 — 5%) x 2%*
=641 x 228 — (5 x 27)*
=641 x 228 — (641 — 1)*
=641 x (2% —641° +4 x 641> — 6 x 641 +4) — 1

and then
232 4 1 =641 x 6700417.

> SECOND METHOD. Weuse 2324+ 1=16x228+1=(14+3x5) x 2")*+1 and
notice that 3 = 128 — 125 =27 — 53 so that

22 1= {1+5x (27 =5)} x (2))* +1

=(1+5x2"=5% x (2))* +1

(
(1+5x27) x 2% 41— (5x27)*
(

145 % 27) x 22 4 {1 = (5 x 27) {1+ (5 x 27)°}
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=(14+5x2") x 28 4 (1+5x2")(1 =5 x2")(1+ (5 x 27)%)

= (14+5x27) x 2%+ (1=5x2")(1+ (5 x27)*))
= 641 x 6700417.

Remark Euler was the first to obtain this result, disproving the old conjecture stating
that the Fermat numbers F,, = 2> + 1 are all primes. Euler proved that 641 | Fs
although F;, was already known to be prime forn € {0, ..., 4}. Currently, it is known
that F}, is composite for n € {5, ..., 19}. The largest known prime Fermat number
is Fy = 65537 and the largest known composite Fermat number is F>3471. The
Fermat number whose complete prime factorization is known are Fs, Fg, F7, Fg, Fo
and Fi;. The smallest Fermat number for which no prime factor is known is Fi4.
Finally, the following questions are still open:

1. Do there exist infinitely many prime Fermat numbers?
2. Do there exist infinitely many composite Fermat numbers?
3. Is every Fermat number squarefree?

10. Let us first show that x > y. Indeed, if x = y, then a = b which is impossible
by assumption. If x < y, then we have

2

O<by2—ax =x—y<0

giving a contradiction.

(a) Let us notice that

ax2+x:by2+y — )c—y:by2—a)c2

and hence
(x—=»{1+bx+y} =X—y+b(x2—y2):byz—ax2+bx2—by2
= (b —a)x* = (mx)*.

The second identity is similar.
(b) Defined =(x,y)and D=(b —a,x —y).
> Set x —y = DA and m?> = DB with (A, B) = 1. By the previous question,
we have

A(1+b(x+y)=Bx* and A(l+a(x+y)) =By
so that A | (Bx?, By?) = Bd?. Since (A, B) = 1, Theorem 2.12 implies that
Al d2.
> On the other hand, since d? | x? and x2 | A(1 + b(x + y)), we deduce that

d* | A(1+b(x +)).



A.2  Chapter 2 491

(©)

11.

(a)

Suppose that (d%, 1 + b(x + y)) > 1 and let p be a prime factor of this gcd.
Hence p divides x, y and 1 4+ b(x 4 y), so that p must divide 1 +b(x + y) —
b(x + y) = 1 which is impossible. Hence (d*,1+b(x+y)=1and using
Theorem 2.12 we get d? | A.

> We thus have d> = A and then

)c—y:DA:DdZ:(b—a,)c—y)><(x,y)2

as required.
x — y is not always a square as can be seen by taking (a, b, x, y) = (109, 334,
7,4) or (a,b,x,y) =(3,199,8,1).
> Suppose that b =a + 1. Hence (b —a,x —y) =1 and then x — y = (x, y)2.
> Now suppose that there exist integers m > 1 and n > 2 such that a = m?*(n —
1) and b = m%n. Then

xX—y =by2 — ax? :mz(ny2 —(n— 1)x2)

2 2

and then m~ = b — a divides x — y sothat (b —a,x —y) =b —a =m* and

hence x — y = (md)?.

Since (a, b) = 1, there exist U, V € Z such that aU + bV =1 by Corollary 2.6.
Since a, b € N, we have UV < 0, and without loss of generality, one may as-
sume that U < 0 and V > 0. Setting u = —U and v = V, we get two non-
negative integers u, v such that —au 4 bv = 1.

By Proposition 2.15, the solutions of the equation ax + by = n are given by
the pairs

(—un + bk, vn —ak) withkeZ

and the non-negative solutions are obtained by solving the inequalities —un +
bk > 0 and vn — ak > 0 implying

un vn
<k <

Hence D;(n) is equal to the number of integers in the interval [un/b, vn/a] so
that

vn un

Ds(n) = [7 - 7] +r

and we conclude the proof with

vn - un n(—au + bv) _n

a b ab ab’
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(b)

12.
(a)

(b)
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Using Theorem 2.31 we get

0 n n I+ aa’ + bb’ n | aa’ + bb’
r = <:> —_— = — _— {:} —_— = I ——
ab ab ab ab ab
which is equivalent to
/ bb/
0<1— aa + b <1
ab

giving the asserted result. The case r = 1 is similar.

The first identity is trivial if a = 1. If a > 2, it follows from the logarithmic
derivative of (2.9) and taking x = 1. For the second identity, we have

a 1 a l
- —eu(~k(a—1 S —
gea(m—ea(j) (ki@ ”,[! = e —K)

J#k J#k

a—1
_eq(k)
—ea(k)ﬂl_ T i

where we used (2.9) with x = 1.
By (2.8), we infer that F(z) = aan f(z) is the generating function of D, (n).
Therefore

f@)= nHZD (k)zk = +ZD (kyzk—1
k;én
so that
Res f(z) =Dy (n).
z=0
The non-zero poles of f are respectively 1 (order 2), e, (k) (order 1) for all
1<k<a—1andepk) (order 1) forall 1 <k < b — 1. Since

a b

“—1=[](e—ea()) and 22 —1=](c—es(1))

Jj=1 j=l1
we get

Res f(z) =G'(1)
z=1

where

a—1 b—1

G =G- D@ =" —eat®) " []le—esk))”

k=1 k=1
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so that
G’ n+1 b=l
e D fa Dt
G z imr—eak) i z—epk)

493

Now (2.9) with x = 1 implies that G(1) = (ab)~! and then we get using the

previous question

a—1 b-—1
= — 1 —Nn — —_ _
ab 2 2
_a+ b+2n
N 2ab
Finally, for all k € {1, ..., a — 1}, we have using the previous question
1 1 a 1
Res f(z) = X X ;
z=eq (k) f eq(kb) —1  eq(k(n+1)) lj eq (k) —eq(j)
J#k

1
" aeq(kn)(eq(kb) — 1)

and similarly

1
R D= pertm @ ka) = D)

forallke{l,...,b—1}.
(c) Since lim|;|— 00 2f (z) = 0, Jordan’s (first) lemma implies that

lim L'/ f(z)dz=0
|z|=R

and Cauchy’s residue theorem then gives

a+b+2n ol 1 b=l

1 1
Dyny =42 2 -
2(n) b Ta 2 g (kn) (1 — eq (kD)) *y P

which is similar to (2.4).
(d) If b =1, then the equation is ax + y = n so that n/a > x and then

Dz(ﬂ)='[0, E}ﬂz‘z[z]_ﬂzf_{ﬁ}_H_
a a a a

ep (kn)(l —ep(ka))
(A.1)



494 Hints and Answers to Exercises

Replacing in (A.1) gives

1

n n a+1+2n
2_{5}“ +2,;ea(kn)<1—ea(k»

so that

_Z 1 _a—l_{ﬁ}
a = eq(kn)(1 — eq(k)) T 2a al’

(e) By above we get

lai 1 = 1 _a—l_{@}
a =~ eq(kn)(1 — e (kb)) a = ea(kbn)(1 — ey (k) 2a a

and similarly

1”2‘5 1 Cb-1 {na}
Ekzl ep(kn)(1 — ep(ka))  2b b

and therefore

Dy(n) =

a+b+2n a-—1 nb b—1 na
+ — 11—+ —

2ab 2a a

A.3 Chapter 3
1. LetA=3% 445 Using Sophie Germain’s identity
m* + 4n* = (m2 +2mn + 2n2) (m2 —2mn + 2n2)

with m = 3% and n = 43906 we get A= BC with B> 1 and C > 1, implying that
A is composite.

2. The inequality may be numerically checked for all n € {33, ..., 65} so that
we suppose that n > 66. Among the integers {2, ..., n}, we remove the [n/2] — 1
even integers # 2 and the [1/3] — 1 integers # 3 multiples of 3. However, the [1n/6]
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integers multiples of 6 have been removed twice, and removing the numbers 25, 35,
55 and 65, we get

wen-([5)- (1) [

and the inequalities x — 1 < [x] < x imply the asserted result.

3. This sequence has 6k — 5 integers. Furthermore, if n > 6 is even, then n2+2
is also even and then is composite. Similarly, if n = +1 (mod6), then n”> 4+ 2 =
3 (mod6) and n? + 2 is odd and composite. We infer that the number of primes in
the sequence is

<6k—5—-0CBk—-2)-2k—1)=k—1<k.

4.

(a) Let N > 2 be an integer. Using Theorem 1.14 (ii) and a weak version of Corol-
lary 3.50, we get

1 1
Zplogp logNZ f t(logt)2<z >dt

_loglogN + O(1) /N loglogt + O(1)
- log N 2 t(logt)?

dt=0(1)

implying the asserted result.
(b) The sum is clearly convergent. By Exercise 7 in Chap. 1 and Corollary 3.98, we
have!

Zlogp (Z Z>10gp

P p’ p<100  p>100

logp 6(100) 9(l)
= — _WH/l

3
<100 p 00 I

©dr 1

< 0.484 — 0.0075 +2.000 162 — < =

0 122

as required.

TExercise 7 in Chap. 1 is used in the following form. If f € C'[2, +oo[ such that f(x)0(x)/
logx —> 0 as x —> oo, then

f(x)@(x) o f®
2 /= [ oG ()

p>x
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5. By Theorem 3.37 we get
[ a
vp{(pa)!} = Z[F} =a+vp(a!)
k=1

so that

onf (2 )} = ool vat) = vy {002} = vy (pta - 1)

=v,(a!) — v, () — vp((a — b)) = u,,{(Z)}

as required.

6. If (x,y) is a solution, set d = (x, y) and write x = dx’ and y = dy’ so that
(x’,y") = 1. The equation is equivalent to dx’y’ = p(x’ 4+ y") and hence x’y’ divides
p(x’ +y"). Since (x' +y’, x’y") = 1 by Exercise 1 in Chap. 2, we infer that x'y’ | p
by Theorem 2.12, and thus

/.7

xX'y=1 o x'y=p

and hence (x',y") € {(1, 1), (1, p), (p, 1)}. This implies that d = 2p if (x’,y") =
(1, 1) and d = p + 1 otherwise, so that we get

.,y ef{@p.2p), (p+1.p(p+D), (p(p+1.p+1)}.

Conversely, one easily checks that these pairs are solutions.

7. 2 and 3 are not solutions, but 5 is a solution. Suppose now that p > 7 is prime.
We then have (p — 1)(p 4 1) =23 x ¢ with ¢ > 7 prime. This implies that either ¢
divides p — 1 or g divides p + 1 by Lemma 3.4.

> If p — 1 =hq for some & € N then 8 = h(hq + 2), so that i | 8. We then get

2
q 6 1 0 ¢N

and since ¢ is prime, we see that this case does not provide any solution.
> Similarly, if p + 1 = kq then 8 = k(kq — 2), so that k | 8. We then get

q 10 3 1 &N

and since g is prime, g = 3 is the only admissible value, giving p = 5.
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8. Let (x,y, z) be a solution. Note that
x+y+z4+xy+yz+zx+xyz+l=x+y+xy+1)+zx+y+xy+1)
=x+y+xy+DEz+1)
=x+Dy+DE+1D

so that the equation is equivalent to (x + 1)(y + 1)(z+1) =2010=2 x 3 x 5 x 67.
Furthermore, since x < y < z, this implies that (x + 1)3 <2010 so that x < 11. We
deduce that x € {2, 4, 5, 9} and we obtain the triples

(2,4,133), (2,9, 66) and (4,5, 66).

Conversely, one easily checks that these triples are solutions.

9. Observe first that 24« and 5 a since (a, 10) = 1.

(a) Since a is odd, we have a® = 1 (mod?2). Furthermore, since 5 fa, Fermat’s little
theorem implies that a* = 1 (mod5) and hence a® = 1 (mod5). Finally, since
(2,5) = 1, one may apply Proposition 2.13 (vi) which gives a® = 1 (mod 10).

The congruence a1 = 1 (mod 105+!) can be proved by induction as in
Exercise 10.
Taking k = 8 and multiplying by a gives a80000%0! = 4 (mod 10%).
(b) Since (123456789, 10) = 1, we get by the previous question

123 4567898000001 = 123456789 (mod 10°)

so that if x = 123456 789200066667 thepn x3 = 123456789 (mod 10°) as re-
quired.

10. 'We prove the congruence by induction, the case k = 0 being clear using Fer-
mat’s little theorem. Assume that the result is true for some k£ > 0. By Lemma 1.6,
we have

I
k+2 k+1 k+1 k o ok
al T —aP z(a,ﬂ _a,ﬂ)§ :aJXP (=0

j=1

By induction hypothesis, we have a? —ar =0 (mod p**1) and since a?~! =
1 (mod p) by Fermat’s little theorem, we infer that

p
Zajxpk@fl) = p =0 (mod p)

.. k42 k+1 .
so that p x p*1 = pk+2 divides ™~ — a?""", completing the proof.
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11.

(a) If n=1 (mod p), then 0 = n2+n+1=3 (mod p) which is impossible since
p>5.

If n2 =1 (modp), then n = £1 (modp) by Lemma 3.4. Since n #
1 (mod p), we obtain n = —1 (mod p) and then 0 =n% +n+ 1 =1 (mod p)
giving a contradiction again.

Since n3 — 1 = (n — 1)(n? + n + 1), we deduce that n°> = 1 (mod p) and
hence ord, (n) = 3.

We infer that 3 | (p — 1) by (3.4). If p = 1 + 3k for some even integer k, then
p=1(mod6). If p=1+43(1 +2h) =22+ 3h) for some h € N, then p is
composite, giving a contradiction. Hence p =1 (mod6).

(b) Assume that the set of primes of the form p = 1 (mod6) is finite and write all
these primes as

pr1=T<pr<--<pn.

Set M = (p1---pm)>+ p1--- pm + 1 supposed to be composite without loss of
generality. Using the previous question, the prime factors of M are all congruent
to 1 modulo 6 and then there exists an index i € {1, ..., m} such that p; | M,
giving a contradiction since we also have p; | (M — 1).

12. Let p < n be a prime number and set N = [logn/log p]. By Theorem 3.37
and the inequalities x — 1 < [x] < x, we get

ZN 1 ZN 1
k=1 k=1

n 1 | n 1

and using logn/logp — 1 < N <logn/log p gives

1 1
i —Ogn<vp(n!)<L 1—--
p—1 n logp p—1 n

implying the asserted inequalities. This also may be written in the form

so that

n E—

1 <ﬁ Up(n!)< 1 n )4
(p—Dlogn logn logp  (p—1logn

and since p > 2, we get

g BT 1o

=0
logn = log2  logn b

as required.



A.3 Chapter 3 499

Remark Used with p =5, this asymptotic formula shows that, if n is sufficiently
large, the decimal expansion of n! ends up with approximately n /4 zeros.

13.  Since a square is congruent to 0 or 1 modulo 4, we see that a> — b? cannot be
congruent to 2 modulo 4. Conversely, let n £ 2 (mod4). Then either n is odd or it
is a multiple of 4. If n is odd, then

() ()

is a difference of two squares. If 4 | n, then

() ()

is also a difference of two squares. Finally, if n > 4, then n! = 0 (mod4) and hence
n! can be expressed as a difference of two squares in this case. For instance, we
have 13! =789122 — 2882 = 112296% — 79 8962. Furthermore, 2! =2 (mod4) and
3!=2 (mod4) so that neither 2! nor 3! can be expressed as a difference of two
squares.

14. The proof is the same as in Proposition 7.28. Suppose that P is not irreducible
over Z. Then P = QR for some Q, R € Z[X] such that O, R # +1. Set d = deg Q
and § =deg R so thatn = d + 6. Since Q # %1, each polynomial Q £ 1 has at most
d roots. Therefore, there are at most d integers m such that Q(m) = 1 and at most d
integers m such that Q(m) = —1, so that there are at most 2d integers m such that
Q(m) = £1. Similarly, there are at most 25 integers m such that R(m) = +1. Now
if |[P(m)| =|Q(m)| x |R(m)| is prime, then either Q(m) = £1 or R(m) = £1. We
infer that there are at most 2d + 28 = 2n integers m such that | P(m)| is prime, as
required.

The polynomials P; and P, are both irreducible over Z by applying this crite-
rion respectively withm € {2,3,4,5,6,9, 11, 12,15} andm € {3, 5, 8,9, 12, 14, 15,
17,21}.

15. Since (7, 15) = 1, the sequence 7 — 15k contains infinitely many primes by
Theorem 3.63. Now 7 — 15k + 2 =3(3 + 5k) and 7 — 15k — 2 = 5(1 + 3k) and
hence these two numbers are composite. We deduce that the primes contained in the
sequence 7 — 15k cannot lie in a pair of twin primes.

16. The sequence (d;) of the positive divisors of n is strictly increasing so that
dj > j forall j. Note also that djdy,1—j =nforall j € {1,..., k} so that

n n

d;= S B
P dp—j k11—
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and hence
di—1dj < - ;
o] S kF2-plh+1-))
k
1 1
— 52 _
- ;(Hl_j k+2—j>
1
:nz(l—z)<n2.
17.

(a) Since P(a/b) =0 we get
a\" a\""! a
C"(Z) +C"_1(Z> +~~-+cl<z)+co=0

cnd" +cu1a" b4 crab" " 4 cob" = 0. (A2)

so that

This may be written as cob” = ha with
h=—cpa" ' —ch_1d"2b—- - —c b eZ

so that a | cob™ and since (a, b) = 1, Theorem 2.12 implies that a | cp.
Similarly, (A.2) may be written as c,a” = kb with

k=—cy1d" ' =i —crab"r —cpp" " e

and we conclude as above.
(b) By the previous question, if a/b is a root of a monic polynomial, then b = +1.
(c) The roots of X> — p are +.,/p. By above, these roots are either integer or irra-
tional, and since p is prime, we have ,/p & Z.

18.

Part A.

(a) This follows easily from the fact that a square is congruent to 0 or 1 modulo 4
and that p is odd.
(b) Using Theorem 3.19, we have
p—1 p+1

—1E(p—1)!zlx2x-~~xTx >

Elx2x--~xp;1x(—p;1>><--~(—2)><(—1)

X x (p=1)
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2
_ _pe-nel(r=1
|3
2
E{(pT_l>'} = x? (mod p).

(c) Using Thue’s lemma, there exist two integers u, v such that

xu =v (mod p),

1< lul < /P,
1< vl < /p.
Hence
W+ vl=u? 4+ 2l = uz()c2 + 1) =0 (mod p)
so that p | (u?® + v?), and we also have
2<u?+0v7 < 2p

implying that p = u® + v2.

Remark We have then proved that, if p =1 (mod4), then —1 is quadratic residue
modulo p. This is also true for p = 2 since —1 = 12 (mod2). By Example 3.35, the
converse is also true so that we may state the following result.

—1 is quadratic residue modulo p if and only if either p =2 or p =1 (mod4).

Part B.

(a) The sequence (r,) of the remainders is a strictly decreasing sequence of non-
negative integers and since p > ,/p > 1, we infer that there exists an index k
such that rg—1 > /p > 7.

(b) By Exercise 3 in Chap. 2, we have p = |t |rx—1 + |tk—1|rx and hence

p = tklrk—1 > |txl/P

so that || < ,/p. Since ry = s;p + txx, we get ry = tx (mod p) and hence the
pair (1, r) satisfies the conditions of Thue’s lemma.

(c) 9733 is prime and satisfies 9733 = 1 (mod4). By above, we have 9733 = r,f —l—t,?
where the (r,,) are the successive remainders in the Euclidean division of 9733
by x = 7024, and the index k is given by ry_1 > /9733 =~ 98.7 > r;. Using
Exercise 3 in Chap. 2, we get

k 1 2 3 4 5 6
e 7024 2709 1606 1103 503 97
ar 1 2 1 1 2 5
t 1 -1 3 —4 7 —18

so that 9733 = rg + 13 =977 4 187,
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19. Using Lemma 3.42 and Theorem 3.49, we get

(n/p] _ (n/pl _ n
[ [ r=sol o

p<n p<n

= exp{n Z 10% + O(O(n))}

psn

=exp{nlogn + O(n)}.

20. Leto > 1. We have

oo (j+DHN-1

00
NG—IXI:V”G— N°~ IZ Z
n=

j=1 n=jN

oo (jJ+DN-1

g (NY

=1 n=jN

N
<NZ(,-_N Y 1=t

j=1 n=jN
The second inequality is similar.

21.

(a) Setd = (m,n) and d* = (m, n)*. Since d* | m and d* | n, we have d* | d. Now
set
m=dm’ =d*m”
n=dn =d*n”’

with (m’,n’) = (d*,m") = (d*,n”) = 1. Thus m'n” =m’n’ and then m’ | n'm”
hence m’ | m” using Theorem 2.12. Write m” = mm’. Since (d*, m”) =1, we
have (d*, m1) = 1. Thus, we have dm’ =d*m” = d*mm’, and then d = d*m
with (d*, m1) = 1, showing that d* is a unitary divisor of d.

(b) Follows at once from the fact that the unitary divisors of p¢ are 1 and p°.

(c) Ifeither f; =0 or f; = e; then min( f;, ¢; — f;) =0 and then

(d n/d) mln(fl e1—f1) . .p;nin(fr,er_fr) =1

so that d is a unitary divisor of n. Conversely, if d is a unitary divisor of n, then
(d,n/d) =1 so that min(f;, e; — fi) =0foralli =1, ..., r which implies that
either f; =0or f; =e;.

Letn = p‘fl .- py". By above, there are exactly two possible choices for the

valuation of a prime p;. Thus, the number of unitary divisors of n is equal
to 20,
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Example
n Unitary divisors
6615=2%x33x7 1,5,27,49, 135,245, 1323, 6615
3024 =33 x 5 x 72 1,7,16,27, 112, 189, 432, 3024
(d) Letn:pf‘-npf’ and m =p f' pr ,d*=(m,n)* and set § = p --~p§"

where g; are given in the exerc1se By the previous question, § is a unitary
common divisor of m and n, and then § < d*. Conversely, we have by above

d* = p{” .- -pﬁ'r where either #; = 0 or h; = min(e;, f;), and then d* < §
Example (6615,3024)* =29 x 33 x 50 x 79 =27.

A.4 Chapter 4
1.

(a) To each divisor d of n corresponds a unique divisor d’ such that dd’ = n. Hence
either d or d’ must be < 4/ so that

r(n)gzz 1<2

d|n
d</n

(b) By Example 4.8, we have o =1 x Id and hence
n
=(1x1d = —.
o) =Axld)m) =3~
d|n
Now let t € [1, n] be a parameter at our disposal and write

PIETDPETD P PRI

d|n dn din d<t
d<t d>t

Now using the previous question we get
1 2
> = <logr+1+ 2vn
d t
dln

and choosing t = 2./n implies the asserted result.
(c) Since n is composite, it has a prime factor g such that g < +/n by Proposition 3.1

and hence
an=eTJ(-3)ex(- D)ol )

pln

as required.



504 Hints and Answers to Exercises

2. The following ideas are due to Pdlya (see [HW38] for instance). Fix a small
real number ¢ > 0. By assumption, the product

[T £

P
[f (P21

is finite and set M its value. Furthermore, except for finitely many integers, each
integer n has at least a prime power p* such that

£ (ph)]

£
< —.
M|

Thus

lF@=|f(p" - p*-)|
=[£I P 1 (P -

&
<|M|x — =e.
|M]|

This implies the asserted result since ¢ may be as small as we want. We apply now
this result to the positive multiplicative function

_ T(n)

fn)y=——.
n

In view of the inequality

o+ 1 <2(1—i-logp°‘)

pSOl pSOl pa —00

we get

lim f(p“): lim OH_I:O

p¥—00 p¥—o0 p&*

and hence 7(n) = O (n®).

3. The method is similar for the four identities, this is why we only give the details
for the first one.

We have to show that 73 « 1 = (t * 1)2. As in Example 4.11, we need to verify
this identity only for prime powers. Using the well-known identity
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we get

(> 1)( Z(;H) —<Zu+1>) =@+ D*(p%).

4.

(a) We make use of the convolution identity A; = log/ % and, by the Mobius
inversion formula, we also have log/ = A ; x 1 so that

Ax(n) =) uid)logt(n/d) = " u(d)log" "' (n/d)log(n/d)

dln din

=logn )y u(d)log"~"(n/d) = Y u(d)logdlog" ™" (n/d)
d|n d|n

= Ak—1(n)logn — (logk_1 * L log) (n)
and the identity u x 1 = e together with the use of Lemma 4.9 implies that

k—1

log" ' »plog = (logk_l*u)*(l*ulog):—(Ak_l*A)

giving the asserted identity.
(b) We proceed as in Theorem 4.10. Since (m, n) = 1 and using Newton’s formula,

we get
Axlmn) = 33" ju(ab) 1og"<%>

alm bln

=" @ > ub)(log(m/a) +log(n/b))*
alm bn

=) @) ub) Z ( )1ogf (m/a)log"™/ (n/b)
alm bln

ko ok . .

=y (J) (Z ju(a)log/ (m/a)) (Z ju(b)log*~/ (n/b))

Jj=0 alm bln

Z( )A (m) Ag—j (n).

5. Define the multiplicative function f by f(1) =1 and, for all prime powers

(=)

f(Pa) = —m.
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Then f % f is multiplicative by Theorem 4.10 and hence (f x f)(1) =1 = u(1).
Furthermore, for all primes p, we have

2 /2
(f*f)(p)=2p=—1 X <1> =—1=u(p)

and for all prime powers p® such that o > 2, we have

f*H(p Zf “)

¢) (a)
_ _ a—j
Z( 42j - 1))( 49 Qo —2j — 1))

N v [

=4 jgo(Zj—l)(Za—Zj—l):O:M(p)

where we used [Gou72, identity 3.93], which concludes the proof.

6. We proceed as in Theorem 4.10 or in Exercise 4 above.

mn
(f *&)(mn) =22f(ab)g<ﬁ>

alm bln
_ ;,;bzmj(f(a) + f(b))g(%)gG)
= %n:f(a)g<%> %:g(%) + %é{%) %f(b)é’(%)

= (f*g)(m)(g *1)(n) + (g x D(m)(f * g)(n)

as required. We apply this identity with g = u and f any additive function. First,
(f *w)(1) = f(1)=0.1f n = p{" p3?, we get using (4.6)

(f * ) m) = (f « ) (piM)er (p5?) + (f % ) (p52)er (p31) =0

and by induction this result is still true for all n = p(f” --.pfr and r > 2. Note that
if £(p*) # £(p*~ ), then (f » u)(p®) # O by Example 4.11.

7.

(a) One may assume that n > 2 is expressed in the form n = p{"' --- p}" with a; >
n(x,

1. Then n" = p{*' - - p;® and hence
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et =e 1015

j=1

,
[T (1 .
j=I1 p

s H(

which implies the asserted upper bound by noticing that the product is <
the lower bound, we use «; > 1 which provides

n+lI_I( pn+1> n+11_I(

p(n)o (n
J

as asserted.
(b) By the previous question, we first have f(n) >

nn+1

1. For

nn+l
"“) T+ 1)

0 and

_nm+1D—1)

fn) <

Now by Exercise 20 in Chap. 3, we get

o0

1

1=y <

k=2
and the estimate

n
—— < e¥loglogn +
p(n)

valid for all n

0< f(n) <27 <e” loglogn +

for all n >
obtain

o]

8. Thisis [HT88, Lemma 61.1].

n
o(n)  nlemi(n+1)

pmEm+1)

{(n+1)
on

Sl

loglogn
> 3 and which may be found in [Rn62], implies that

1
log logn

3, and hence the series ), - f(n) converges. Using PARI/GP we

Z(L - U(nn)) ~0.298603 ...
=\ n"
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9,
1. (a)

(b)

()
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Let m be the smallest period of x. The Euclidean division of n by m gives
n=mgq +r with 0 <r < m and then

x=F"(x)=F"""(x)=F ((F")"(x)) = F" (x).

If r > 1, then r > m since m is the smallest positive integer k£ such that
F¥(x) = x, contradicting the inequality 0 < r < m. Hence r = 0 and thus
m|n.

It is sufficient to show that

Per, (F) = _JPerj (F). (A.3)
din

Note first that, since each point of E has at most a smallest period, the
union is disjoint. Furthermore, if d | n and F¢(x) = x for some x € E, then
F"(x) = (F4)"/4(x) = x so that

| Pery(F) S Per, (F).
d|n

Conversely, if F”(x) = x for some x € E, then using the previous question
we infer that x has a smallest period d dividing n and therefore

Per, (F) € _JPerj(F).
d|n

The proof of (A.3) is thus complete and implies at once the first identity. The
second one follows by using the M&bius inversion formula.
Let x have smallest period n. By definition of Oy, we have

[x, F(x), F2(x), ..., F" ()} € Ox.

Conversely, let F k(x) € O, for some k € Z¢. The Euclidean division of k
by n gives k = nq + r with 0 <r < n. Thus we have

Fra) = F((F")'(x)) = F"(x) € {x, F(x), F*(x), ..., F""'(x)}
and then
Oy = {x, F(x), F*(x),..., F" ' (x)}.

Finally, suppose there exist two integers 0 < i < j < n such that F/(x) =
FJ(x). Then we have

x=F"(x)=F""(F\(x)) = F"(F/(x)) = F/ 7 (F"(x))
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(d)

(e)

®

and hence Fj_i(x) = x, so that j — i is a period of x, so j —i > n, con-
tradicting the inequalities 0 < i < j < n. We infer that the elements of
{x, F(x), F2(x),..., F*~1 (x)} are pairwise distinct and thus

1O0xl = [{x, F(x), F2(x), ..., F" ' ()} | =n.

Let x have smallest period n. By the previous question, it suffices to show
that F*(x) has smallest period n for some k € {0, ..., n — 1}.

Since 7 is a period for x, we have F"(F*(x)) = FK(F"(x)) = F¥(x) and
thus 7 is a period for F¥(x). Assume that m < n is the smallest period of
F¥(x). Then F™(F¥(x)) = F¥(x) and

FrHFm(FR )} = Fr R (FF ()

and then F™(F"(x)) = F"(x) = x so that m is a period for x. This implies
that m > n and thus m = n, as required.
We will only prove the symmetry, leaving the reflexivity and the transitivity
to the reader.

Let x € O,. By above, there exists an integer 0 < < n such that x =
F"(y) and hence

y=F"(y)=F""(F'(y))=F""(x)

showing that y € O,. Therefore the relation ~ is symmetric.

The equivalence class of x is the set {y € Per}(F) : y € Oy} = O, since
Oy C Per}i(F). Since |Ox| = n, we deduce that, if Per(F) is a finite set,
then d divides |Per} (F)|.

Let u = (uy,) be a realizable sequence. By definition, there exist a set E and
amap F : E — E such that u,, = |Per}(F)|. By the previous questions, we
have

Z|Perj}(F)|u(n /d) =0 (modn). (A.4)
d|n

2. We apply (A.4) to the sequences (i) and (ii). For Fermat’s little theorem for in-
teger matrices, we first restrict ourselves to matrices with non-negative integer
entries since each matrix has such a representative modulo p. The use of (A.4)
with n = p gives the desired result.

3. (a)

Let P = X3 — X — 1. Since A is the companion matrix of P, A is diago-
nalizable in M3(C) and P is the minimal polynomial of A. Note that P is
also the characteristic polynomial of the sequence (u,). Thus, if A1, A and
Ao are the eigenvalues of A, then there exist three constants a, b, ¢ € C such
that, for all n € Z3, we have

u, =ai] +br; + .
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The initial values of the sequence, together with the easy identities
Tr(A)=0=21+X2+A and Tr(A%)=2= A2+A2+A2
provide the following Vandermonde system of equations

a+b+c=0,
ar +br+A=0,
a2+ A+ =0

wherea’ =a—1,b' =b—1and ¢/ = c— 1. Since the eigenvalues are distinct,
this system has the unique solution (a’, b’, ¢) = (0,0, 0) and thus a = b =
¢ = 1. We deduce that, for all n € Z, we have

U =M+ 25 427" =Tr(A").
(b) By Fermat’s little theorem for integer matrices, we get for all primes p
u, =Tr(A?) = Tr(A) =0 (mod p).

Remark The converse is untrue: Adam and Shanks [AS82] discovered that, if n =
5212, then n | u,,.

10. By the convolution identity ¢ =  » Id and Proposition 4.17, we get

Sem =Y n@ Y k=53 M<d>[§]([2] ; 1)

n<x d<x k<x/d d<x
1 x2 X
gl -o()
2d<x d d
M(d) x2 u(d) 1
Z oy tolx g

d>x d<x

2 2

X
2((2) 4+ O(x)+ O(xlogx) = 2{(2) 4+ O(xlogx)

where we used the bound of Exercise 20 in Chap. 3.

11. We have
1 n
, = d 1= d — = .
;.f((z n)) de:f() Z/ %f( >¢<d> (f % @) ()

(k.n/d)=1
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12.

(a) By partial summation, we obtain

Y ntm)=zY t(n)— / (me) dr

n<z n<z n<t

=z{z(logz +2y — 1)+ 0(z"*%)}

- /Z{t(logt +2y — D+ 0(t"+) } dr
1

2
z7logz 1
2% 2 (J/ _ Z) 0(Z1+9+s)

as asserted.
(b) Exercise 11 with f =1d implies that S = ¢ = Id and (4.7) gives

S=puxIldxld=puxIdx(Ax1)=puxId x1)

where we used the complete multiplicativity of the function Id.
(c) By above and Proposition 4.17, we have

D Smy=) u@d Y krk)

n<x d<x k<x/d

_Zu(m{dz( log >+ — i)*‘)((g)l%s)}

d<x

log x 1 u(d) w(d)logd
=x2{<—+7—1>27—ZT

2
d<x d<x

1
+ 0<x1+9+8 Z d1+9+s>'

d<x
Now using Exercise 20 in Chap. 3 we get as usual
pd) _ o u(d) 1 1
— = — 40 — |=—=+0
Z d? Z d? + Z d? 4} +
d<x d=1 d>x

and the use of Theorem 4.41 implies that

u(d)logd o pu(d)logd logx\ _ ¢'(2)
P =R o) =

d<x d=1

10gx>

511
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so that

n<x

)
= %2 <1ogx +2

ZS(n) x2 <logx+
o\ 2 7

Hints and Answers to Exercises

2/
1) XC(2)+

I 2((2)2 (xl+0+s)

4

¢'(2) 146+
TE) > +0(x )-

The best value for € to date is given by Huxley in Theorem 6.40. We get for all

e>0

2500 = o (logx il

13.

1 7@ 547/416+4¢
270 > +O0(x )-

(a) Using 141 = T * 1, we get with Proposition 4.17

St =Y @D =) rk(d)[ﬂ (A5)

n<x

d<x

and the inequalities x — 1 < [x] < x then give

d d
xztkc(l ) —Sk(x)<Sk+1(x)<xZTk( )

d<x d<x
and using Theorem 1.14 we get
w(d)  Si(x) f" Sk (1)
= ——drt A6
Z d X + 1 t2 ( )

d<x
which concludes the proof.

(b) The inequalities are true for k = 1. Assume they are true for some positive
integer k. By the previous question and the induction hypothesis, we have

(log x)/ fxl "‘(k—l)(logt)f
S < E + -1> d
() < x] 0( J > J! * t(j:O J J! t

k—1 .
k—1\ 1 . * (logt)’
= E S )=1d 1+/ d
xj:()( J )J!I(OgX) 1 t t}

k—1 ;
_ k—1\ 1 - (logx)/t!
"“];( oo + SR




A4 Chapter 4 513

S (D

(logx)k> . <k> (logx)/ k (k) (log x)/
=x(1+ + = )=
x( k! x; i/t x; i/

and

k+j+1 x
Sk+1(x)>xz 1) /(logt) dt—i—(—l)kx/l?—zt

j=0

(lng)
_ § : k+j+1 Y8 k 1
j= 0( D ( D! * b ( )

_xZ( 1)k+J+2( g'x) +( 1)k+2x+( l)k-‘rl
j=1

(10 x)
—-XZ( 1)k+j+2 g (_1)k+1
j=0
completing the proof.

(c) The result follows from the upper bound of the previous question and the in-
equality

k—j-2 : : k—j—1 k—j—1
1 1 . k—j—=2+j+1)~ (k—1)*J
T Gh—1) 1;[) (+j+1h k—1)! k—1)!
so that
k—1
X k—1 , __: x(logx +k — k!
<—— logx)/ (k — 1)k=1=J =

Sk (x) (k_l)!jZ(:)( ; )(ogx)( ) TSI

by Newton’s formula.

Remark One may proceed slightly differently by using the arithmetic-geometric
mean inequality which implies that, for all k >3 and 0 < j <k — 3, we have

k—j—2 k—j—3

[[@+i+h=&-1 J] G+j+D

i=0 i=0

| k—j—3 k=j-2
<k-Dl——— i+j+1
( )(k_j_2 ; (Q+j+ ))
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. N k—j-2 _
= (k — 1)<k+;71) < (k— Dk —2)F772

k —
S
- 2( )

since k > 3, and this inequality remains clearly true if j € {k — 2, k — 1}, so that
for all k > 3, we get
x(logx +k — 2)k1
(k —2)(k —2)!

Si(x) <

It was proved in [Bor06] that the denominator may be replaced by (k — 1)!.
(d) The identity is true for k = 2 by Corollary 4.20. Suppose it is true for some
integer k > 2. By (A.5), (A.6) and induction hypothesis, we get

St =x Y %D 4 o(se0)

d<x

:xf @ dr + O(x(logx)*™")
1

X k—1
:x/ {(IOL + 0((10gt)k—2)}% + O(x(logx)k_l)
1

(k—1)!
x(log x)* 1
== 0(x(10gx) )
completing the proof.

(e) Define
Si)=>"1tm)

n<x
and we prove the inequality by induction on k, the case k = 1 being clearly true
via
STx)=[x]—1<x.

Assume the inequality is true for some k € N. By induction hypothesis we have

N . 1 k—1
Sta= Y Sk<§)<(kf1)1 3 ;<log;—c> .

2<nx2~k <n<a2~*k
Now when x < 25! we have Sy 4+1(x) =0 and otherwise
PN /ﬂ‘k on X =lar xogx)f x(klog2)f  x(logx)*
< og — — = — <
S T &87) k! k! k!

as required.
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14. Using Corollary 3.7 (v) we obtain

Yonm= Y 1= 3wk Y 1

n<x a2b3<x b<x1/3 a<(x/b3)1/2
1o (b)=1

p2(b) 5(3/2)161/2
< 3 ) LR

b<x1/3

where we used Lemma 3.58 in the last inequality.
The second estimate follows from partial summation in the form of Exercise 4 in
Chap. 1. Indeed, using this and the above estimate, we get

d Xt 6
252(’1) __Zsz(n)+/ (Zsz(n)>t_2t<3/x ;3%=m

n>x n<x n<t

as asserted.

15. Define g = f . Then g is multiplicative by Theorem 4.10, |g(p)| = | f (p) —
11 < p_1 and, for all prime powers p* with « > 2, we have |g(p®)| < 1, so that
|g(n)] < 1foralln € N. Let x > 2 be a large real number. We have

Zz|g(l7 )| Z|f(l7) Zz|g(l7 )|

p<xa=l1 p<x p p<xa=2

by (4.20), so that the series ) a>18(d)/d converges absolutely by Theorem 4.47
and we have

Hzg(p;;“) PO P AGOES (Ui =<1—1><1+Zf(ia)>-

a=1 a=1 p p a=1 p

Using Theorem 4.13 and Proposition 4.17, we get

S rm=Y D=3 g(d)[g]

n<x n<x d<x

:xz%d)—FO(Z |g(d)|>

d<x d<x
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=xz% <Z lg@]+x) 'g(d)')
d=1

d<x d>x

and by partial summation in the form of Exercise 4 in Chap. 1, we obtain

sl Elew) (el

d>x x d<t
and
3 g(d) ( g(p“)) ( 1)( f(p“))
ST+ —)=[T(1-=){1+ a
L; d 1;[ a=1 p 1:[ p ; P
so that
Zf(n)—xﬂ(l——><l+zf(p )>+R(x)
n<x
with

%0 d
(RO <) [2(@)] +x/ <Z|g(d)|)t—;.

d<x XN

It remains to estimate the sum »_ d<x 18(d)|. To do this we use the unique decom-
position of each positive integer d in the form d = ab with py(a) = s2(b) =1 and
(a, b) = 1. Also note that, for all squarefree numbers a, we have |g(a)| < a~'. Us-
ing Exercise 14, we obtain

Yo le@d] =) m@lg@| Y s:b)|g®)|

d<x a<x b<x/a
ua(a)
< s2(b
2 2 a0
asx b<x/a

<3y 1/22M2(G) 3{(3/2)x1/2.

ot 372 £(3)

Hence
12 * di 12
RO <xP+x | =5 <
.t

completing the proof.

16. This is a direct application of Exercise 15 since S(p) =1 and B »x ;£ = s7.
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17.  Again a direct application of Exercise 15 with f(n) = ¢(n)y2(n)/ n? since,
for all prime powers p*, we have

1 o |-1/p, ifa=1,
fp=1 5 and  (f*p)(p )_i—p“(p—l)z, if o >2.
18.

(a) Let g(n) = u(n)/t(n) and G = g » 1. By Theorem 4.10, G is multiplicative
and, for all prime powers p*, we have

- ; !

IRTON

N =

so that, for all n € N, we get
G(n)=2"2"

and hence using Proposition 4.17 we obtain

Y 6m=Y (g« D=3 g(d)[ﬂ

n<x n<x d<x
d
g( ) Z (d){ }
d<x d<x
—xF(x) - Zg(d){g}
d<x

as required.
(b) Using the inequalities 0 < {x} < 1 we get

pun) [ x 1 (n) wm _ 1
<x T(n) {;} <’§ '[(n) nZ 2(0(}1 < W

wu(n)
Z Zw(n) Z ‘L’(n) { }

n<x

so that

\

Furthermore, we also have

1 u(n) 2 1
F<X):|F(x)|<;<zzw<n> ‘Zr(m{ H) 3Lz

n<x n<x
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The function 2% satisfies the Wirsing conditions (4.21) with Ay = 1/2 and A =
1 so that we may apply Theorem 4.22 with (a, b) = (log2, 3/2) by Lemma 4.23.
This gives

n<x pgxp
By Corollary 3.99, we have
1 1
Z — < loglogx + 3
P<X
as soon as x > 8 implying that

Z 1 - 19x
« 200 (logx)!/2

nx

and hence we finally get for all x > 8
0 < F(x) <38 (logx)~ /2.

19.

(a) We have f(p*) =t* —t*~! and using Theorem 4.13 and Proposition 4.17, we
get

Ztﬂ(ﬂ) - Z(f*l)(n) = Z f(d)[ﬂ

n<x n<x d<x

L9 1‘[<1+2’“‘f°‘ 1)

d<x pP<X
—xn<1+—).
p<x

We treat the cases p =2 and p > 3 separately which gives

Qm o Y t—1
ey I (10

n<x 3<pLx

as required.
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(b) We have

lo
Ne(x) = Z R Q) = thmm <<x7gx

n<x n<x
Qn)=k

and the choice of

gives the asserted estimate.

20.

1. (a) Since n is squarefree, a positive integer d is a divisor of »n if and only if either
d divides n/p or d | n is a multiple of p, so that

Yf@= ) f+Y fd= Y fd+ Y fkp).

dn d|(n/p) din d|(n/p) kl(n/p)
pld
Since f is multiplicative and k | (n/p) implies that (k, p) = 1, we infer that
df@= ) f@+fp) Y, fRO=(1+fp) > flk)
din d|(n/p) ki(n/p) ki(n/p)

giving (4.49).
(b) First note that f(d) > 0 for all divisors d of n necessarily squarefree. Thus,
using (4.49), we get

Y flogd=Y fd)) logp=7) logp »  f(kp)

d|n dln pld pln k|(n/p)
=Y f(plogp Y fk)
pln kl(n/p)
JS(p)logp
= d
=Y (e L)
pln dln
f(p)Ing>
= d
(Zro)(Si57

as required. Now the function ¢t — ¢/(1 + ¢) is increasing on [0, A] and
since f(d) > 0 for all divisors d of n, we deduce that

S Fdlogd < (Z f(d)> (Z log p) = Allig; (Z f(d)>.
din

din pln
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2. First note that log(n'/*/d) < log(n'/%) and since f(d) > 0, we get

log(n'/?/d) _
< d).
; F@ sty Z f@)

d<nl/a a<nl/a

Note also that, if d > n'/9, then log(nl/“/d) < 0 and hence

log(n!/ “/d) _ log(n'/*/d)
Zf() gl S le @) =ty

dénl/"

‘We infer that

S f > Zf( 4y 2 /D) Zf( )= Y f@logd

1
dln log(}’l /a) din
d<nl/a
and using (4.50) gives
PIOEDS f(d)< )
dln dln
d<nl/a
implying the desired estimate since A < (a — 1)L
21. Let S, =(s;;) and T, = (¢;;) be the matrices defined by
e M(n/i), ifj=1,
1, ifi|j, d ¢ | fi—i>0
P an o =j>2,
Y 0, otherwise Y ’ ne J_
0, otherwise.

We will prove the following result.
Lemma We have R,, = S,,T,,. In particular we have det R,, = M (n).
Proof Set S, T, = (x;;).If j =1 we have

x,l_zs,ktkl_ZM< ) 3 M<n/l)_1=ri]

k<n d<n/i
ilk

by (4.15).If j > 2, then #;; = 0 and thus

—

, ifilj,
i = Zsiktkj “ o, otherwise
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which is the desired result. The second assertion follows at once from

detR, =det S, detT, =detT, = M(n).
The proof is complete. d

22,

1. We may suppose n > 1. Let p® be a prime power. Using Bernoulli’s inequality,
we get

(tw*l)(pa) =l+ar<(1+0%=(1 +I)Q(pot)

implying the first inequality by multiplicativity.

2. Write n = p{"--- p/" and, for each j € {1, ..., k}, let d; be a divisor of n with
w(d;j) = j < k. The number of such divisors is at most equal to the number of
integers which are the products of j prime powers from the list

2 o 2 o 2 ”
plvp]v-'~7p117p27p27'~~7p227'~~7p77pr’~~"pf‘{ .
Since this list contains £ (n) elements, we infer that the number of divisors d; is
Qn)
i)

at most ( and hence

k k

Qn)\ Qn)\
Y D <14 < , >t1=§ < , >tf
dln j=1 J j=0 J

w(d)<k

as asserted. It is easy to see that this inequality generalizes the previous one and,
with a little more work, one can prove that

k
Y @ =3 > iy - i
=0

din 1<ij<ip<-<ii<w(@n
w(d)<k i<z X (n)

23. This exercise follows readily from the convolution identities
t=1x1 and 1xA=log

since then
Txpu*xA=1x1xuxA=1xA=log
and

Z (TxpxA)(n) = Z logn =1log(N").

n<N n<N
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A.5 Chapter 5

1. We have 0 < ||x|| < 1/2, and the function ¥ is odd and 1-periodic, implying
that the function ||-|| is even and 1-periodic. For the first inequality, it suffices to
suppose that |x|, |y| < % giving in this case

Ml =yt =1lxl = Iyl < |x = yl.

The second inequality may be proved similarly, noticing that for all x € R, there
exists a unique 9, €] — %, %] such that x = |x] 4 0,, so that by periodicity we get
lx + Il = [16x + 0y showing that we may suppose that |x|, |y| < %, and we also

may restrict ourselves to 0 < x, y < % since the function ||-|| is even. In this case,
we finally have

(e}

x+y=lxl+lyl, if
=G4y <xty=lxl+Iyl. if;

s

<
X
x+yll=
l vl <

— D=

<x+y
<x+y

as required.

2. The functions x — |sin(rx)| and x —> ||x]|| are both even and 1-periodic,
so that it suffices to prove the asserted inequality for all x € [0, %]. In this interval,
the inequality takes the shape

2x <sin(rx) <mx

which is well-known. For instance, if f is the function x — sin(wrx) — 2x, then
f"(x) = =% sin(zrx) < 0 for all x € [0, %], so that f is concave on this interval
and therefore

fx) = min(f(0), f(1/2)) =0

as required.

3.

(@ If N < x5, one may take T = S(f, N, §) since then x~VONS/6 < 1. Now
suppose that N > x5 and let a,b € N and n, n + a and n + a + b be three
consecutive elements of S(f, N, §) such that

1<a,b<22B3x~1/ONS0,

As in Lemma 5.32, we will show that there are only two possibilities for the
choice of b. The result will then follow by taking each 4th element of S(f, N, §).
There exist non-zero integers m; and real numbers §; such that
fn)y=my+61,
f(n+a)=my+ 6,
f(n+a+b)=m3+d;
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with |8;] < 8 for i € {1,2,3}. In fact, each integer m; is positive since, for all
u € [N,2N], we have f(u) > /x/~/2N > 1/+/2 and § < coN~'. Using the
given polynomials P and Q, we get

1/2 1/2
f(n)P(n,a)—f(nﬂLa)Q(n,a):(£> (4n+a)—(nx?> (4n + 3a)

n

W\ (n+a)2@n+a) —n'?(4n +3a)
n (n+a)l/?
£ 1243

~ 02 +a)2D(n, a)

where
D(n,a)=(n+a)"*(4n +a) +n'?4n + 3a) > 8N3/?
so that
x12a3 1
0< fm)Pm,a)— f(n+a)Qn,a) < NSZ <75

On the other hand, we have
f)P(n,a)— f(n+a)Qn,a)=mP(n,a) —m2Q(n,a) +¢
with
le] <78(n+a) <14N6 < %
Hence by Lemma 5.31, we obtain
miP(n,a) —myQ(n,a)=0. (A.7)
Similarly we have
moP(n+a,b) —m3Q(n+a,b)=0,
miP(n,a+b)—m3Qn,a+b)=0
and eliminating m3 we obtain
myP(n—+a,b)Qn,a+b) —mP(n,a+b)Q(n+a,b)=0
implying that
3b%(m1 —ma) +k1b+ 22 =0 (A.8)
where
k1 =a(Tmy — 15m3) — 16n(m; — my),

Ky = az(ml —3my) — an(—20m + 28my) — 16n2(m1 —my).
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If m; = my, then by (A.7) we have P(n,a) = Q(n,a) and then 4n +a =4n +
3a, so that a = 0 which is impossible since a > 1. Therefore m| % m, and (A.8)

is a quadratic equation in b, concluding the proof.
(b) Hence we deduce that

RIJENS) < ITI 41« — 2 41« (Nx)/6
PERAE —1/6N5/6 :

4. We follow the proof of Corollary 5.35 from which we borrow the notation. If
16<y< x1/5, then obviously

<3y <3x1/15,23,

Z mo(n )—@

x<n<x+y
Suppose that x5 < y < x1/2 /4. We may write

L EFED-( 2 )]

2,/y<n</x 2ﬁ<n<caly caly<n<ﬁ

=31+

where ¢ is the constant appearing in (5.33). We use Theorem 5.23 (i) with k =4
for ¥1 and Theorem 5.30 for X, which gives

NS ()Cl/loyz/5 + y2/3 + (xy)1/7)10gx < xl/lsyz/3 log x
and

¥y &«  max (xl/s +x1/15yN71/3)10gx < (xl/5 +x1/15y2/3)10gx
¢y y<n<yx

1/15,2/3

Lx log x

since y > x!/3. This completes the proof since clearly y!'/2 < x1/13y2/3,
5. The proof is exactly the same as that of Corollary 5.35 except that Theo-

rem 5.30 is replaced by Theorem 5.36 and Theorem 5.23 (i) is used with k = 2r
instead of kK = 4. We omit the details.

6.

(@) LetL<T < (x+ y)l/ 3 be any parameter at our disposal. We have

£ (-0

L<b<(x+y)!/3
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(-2 T

L<b<T T<b<(x+y)!/3

x+y [ [ x]
- X (\/ |- )+ > o
L<b<T - - T<b< x+v)l/3 x<a’b3<x+y
_ X +y X
- Z b3 b3
L<b<T i+ '(X)1/3<b<(t+y)1/3

d

(D

X
a

)

i)z =
)« 2
)

(% 2)([("”)”3] ) ])

L<a< %
< ) S L B A Y
b3 )"
L<b<T -
1/3 1/3
xX+y X
- () ]G )
L<a< 2—’;
T\

Using (5.45), we get y)c_2/3L1/3 < L and, for all A, B > L, we infer

1

= < 2 = x4y 2 10gn) Y < 1,

<

VxB3  A/xL3
y y

N

B<1

= (x"'ylogx) 2

(Ax)2/3 < (xL)2/3

as soon as x > 3. Now the choice of 7 = (2x)!/° and the usual splitting argu-
ment provide the final result.
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(b) Using Corollary 3.7 (v) and the previous question, we have

Yo osmm= Y wm) Y, 1
x<n<x+y b<(x+y)13 ﬁ<a</33
b b

(e, 2 el -l

bSL  L<b<(x+y)'/3

=> m(b)([ﬁ] - [\/%D + O{(R1+ Ry)logx + L}

b<L

\/m b3 2@ ((bx)3/2>
o[- 1/5)

b<L

m® o
2x1/2 Z b3/2 <3—/2 +L

Mz(b) y 1
2x1/2z p3/2 < +m2m

and since

we infer that

3/2

—§2(§(/3)) % +O(L+ (y2x_l 10gx)1/4)
¢B3/2) y

=2 a2 T

where we used (5.45) which implies that L dominates all the other terms.
(c) To bound R, we split the sum into two subsums estimating trivially in the
interval ]L, x*/13] and using Theorem 5.22 in the interval w215 2x)1/3] giving

1/3
X Y 1/9 —2\1/3 1,3 4—4\1/6 ~1

so that

1/3
X y 2/15 -3/5 1/2 ..—23/90
max Rl —= VA, ——— X + yx + X .
X215 <AL (20)1/5 <<a2) (AX)2/3)<< g g
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Now (5.45) gives
Ry < x*/P 4 ——.
log x
We treat R| by using Theorem 5.23 (i) with £ = 3 giving

x M 3.\1/12 —1\1/4 —1/2 —1y1/2
R(/b,B,m><<(Bx) + (B +yBx)" 2+ B(yx7")

so that

[ X Y 2/15 —1/4 14 4 / —3/10
max R\ ./ —. B, <Lx + (logx) X
L<B<(2x)\/3 < b «/xB3> v s

and using (5.45) implies also that

Ry <« x*/W5 4 —
logx

concluding the proof.

(d) > Bounds for R,. In the range ]L, (64x)'/8], we use Theorem 5.23 (i) with
k =3 giving

L\1/3 y
R((a_2> A (Ax>2/3)
< (A7x)1/18 + (Az)c_1y3’)l/12 + y()c_zA)l/3 + A(yx_l)l/2

so that

1/3
max R((%) LA, %)
L<A<(64x)1/8 a (Ax)%

& xS L VAII6 L =508 172, =38,

In the range ](64x)'/3, (2x)!/3], we use Theorem 5.26 implying that

NVE y
R((a_z) A (Ax)2/3)

< {(Ax)1/10+ (A4x3)1/15 +y(Ax72)1/3 i (A72Xy3)1/24
+(A8x_1y3)1/21+(Ax_1 2)1/5+A(yx_1)1/2}(logA)2/5

so that

1/3
max R 12 A, _y
(64x)1/8 <AL (2x)1/5 a (Ax)?2/3
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< {x3/25 Foyx 5 x 132 1/8 L 135177
+ yz/sx—4/25 + yl/zx_3/10}(logx)2/5

and the lower bound of (5.46) implies that

Ry « 163/25(logx)2/5 + —
log x

> Bounds for Rj. In the range L, (16x)'/¢], we use Theorem 5.23 (i) with
k =3 giving

x y 3 \1/12 _1\1/4 —1/2 1\ 1/2
R( b,B,m><<(B x) T+ (yBT) T Hy(Bx) TP+ B(yx )

so that

X y
max R\ /3B
L<B<(16x)1/6 ( b \/xB3)

< x8(logx) /8 4 Y1251/ (log x) 114 4 12308,

In the range ](16x)'/¢, (2x)!/3], we use Theorem 5.26 implying that

(/5 )

<<{(XB_1)3/20+(Bx)l/lo+y(B.x)_l/2+(XyzB_3)1/16

1/10

+ (By)l/7 + (x_1y4B_3) + B(yx_l)l/z}(log B)z/s

so that

R( * g2 )
max —,B, ——
(16x)1/6<BL (2x)1/3 b VxB3
< {x1/8 +yx77/12+x1/32y1/8 +x1/35y1/7
45320 4 y1/2x*3/1°}(logx)2/5
and the lower bound of (5.46) implies that
1/8 2/5 L
R < x/*(logx)"” 4+ ——.
logx

The proof is complete.

Remark Splitting R into more parts and using Theorem 5.28 in the “critical” part,
the author [Tri02] proved that, under a more restricted range than (5.46), the expo-
nent 1/8 may be reduced to 19/154 & (0.12333 ... Note that the result obtained for
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R> above shows that we might expect to get the bound 3/25 = 0.12. However, this
estimate for R; still remains open.

7. Letr >2 be an integer and define the multiplicative function ) by

tOmy=) 1.

d’|n

Clearly, we have 7 (p®) = 1 + [/ r] so that ") satisfies the hypotheses of The-
orem 4.62. Furthermore, we have using Lemma 5.2

S CO N ER NS B

N<Ld<2N N<LA<2N x—d"§<md" <x+d"$

5> > = x i

N<A<K2N x—Q2N)" s<md" <x+(2N)"$ x—Q2N) s<n<x+(2N)"6 d"|n

N<d<2N
< > )
x—Q2N) 8<n<x+(2N)'8
2r+1Nr5 r)
&« ———exp Z L0 +x° L e N8
logx '
P<X
where we used Theorem 4.62 with the fact that » > 2, and Corollary 3.50.
8.
(a) Using respectively the inequalities § 1 > cy INand N~! > (co L)=173, we get
é — N“2/3,1/65-1/6 5 671/6N—1/2 . Cfl/ﬁ(cflx)—l/f)xl/e -1
R Z € 0 0

and similarly using N > 2(x8)~!/2, we obtain

% — 2_2/3N1/3(x8)1/6 > (x8)1/6(x8)_1/6 =1

so that
N
R<A<—.
2
(b) Inserting this value of A in the proof of Theorem 5.30 we get

1/3 1/9

T < (N?6x) "0 + (x6 2N )" 4 (xs'N1)

implying the asserted result.
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(c) Forall co_ly <N (co_lx)l/3, we infer that

X y _o\1/3 _3\1/9
R<;,N, W) <B4 )0 4 (xy2) 4 (N

so that
x
max R<_2’ N, %) < x4 (Xy)1/6 + (Xy_2)1/3 + (xy4)1/9

SN tr A\ N

< (o'’

since x!/3 < y < x!/3. Furthermore, it has been proved in Corollary 5.35 that

max R(% N, L2> & xM1032/5 L ()17 4 203 4 (x—1y4)1/3
2/7<NLegly  \ 1 N

< ()Cy4)1/9

since x!/° < y < x!/3. Finally, by (5.29), we have

X y 1/5 2/5
max R[./=,N, —) <KL x " (logx)
N<2c(z)/3x]/3 ( n v Nx g

if cg is sufficiently small. Clearly y!/? < (xy*)!/?, so that Lemma 5.3 with A =
2/y and B = (¢, l)c)l/ 3 implies the asserted result. Note also that, since y >
x1/5, then

x1/15y2/3 > (xy4)1/9.
9. Using Theorem 5.22 we get forall4y < N <«x
X
R(;, N, %) <x"Bry+ 2N N (")

so that

X Y 1/3 —-1\1/2

max R|-—,N, =
Lmax (n N><<x +y+(xy7h)

and the second term dominates the others in view of y > x!/3.
10. We use induction on k, the case k = 2a coming from (5.26) and the fact
that k = 2a > 4. Assume that the estimate is true for some k > 2a. By induction
hypothesis and (5.26) used with k£ + 1 instead of k, we get R(f, N, §) < min(E, F)
where

2 Tk 2 _ 1
E = max(T D&+ N2, NSkE+D | N((ST 1)"“) =max(ey, ez, €3)
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and
2 _ 1
F = maX(T kG+D NIIET}, N8c1(2a—1)) =max(fi, f>)

say. The result is proved except in the cases min(ez, f1) and min(es, f1). As in
Proposition 5.24, the following inequality

min(x, y) < x“y' ™

with 0 < a < 1, is used.

k—2a

> Case min(ey, f1). We choose a = (=)

€ [0, 1] which gives

2 k 2 2 k
R(f, N, 3) & T & DG N k+2 (TN_“SI—Q“/") CFaEINETD) & T TFDEFD N 742

by (5.50) and the fact that k > 2a and § < .
> Case min(es, f1). We choose a = ﬁ which gives

R(f,N,8) < TWNJ? (NST_I) R «T e N7
by (5.50) again. This completes the proof.
Using this result with a =2 we get
e N ot 1/6
R(f’ N, 5) L Tk&+D N*+T 4+ N§

if N§ < T < NZ. This result is useful since the condition T < N2 (i.e. 12 < 1) is
often satisfied in the usual applications.

A.6 Chapter 6
1.

(a) We have
le(x) —e)] = e x |e(x —y) = 1| = |e(x — y) = 1] =2|sin7 (x — )]

and we conclude using Exercise 2 in Chap. 5.
(b) If ¢ € Z, then e(an + B) = e(B) so that

N N
Z e(an+ﬂ)'= Z 1|=N-M.
n=M+1 n=M+1

Assume that o ¢ Z. Using the previous inequality we get

N N
_ _ le(Na) —e(Ma)| 21
n:%:ﬂe(om +ﬂ)‘ - n:%:ﬂe(om) @ 1 S Aol 2|

as asserted.
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2.
(a) We have
> e(:l:f(n))‘g Yo oe(Erm)|+| > e(:i:f(n))‘
N<n<N| N<n<Ny N<n<Ny
I/ o)l<8 L7/ ()l =6
SR(fLNS)+| Y e(if(n))‘.
N<n<Ny
FLOIEY

Since f’ is non-decreasing and f'(Nj) — f'(N) < N, by the mean-value

theorem, the interval f/([N, N1]) has at most << NA, + 1 integers by Proposi-

tion 1.11 (vi). It follows that the set {x € [N, N1]: || f/(x)|| > 8} can be parti-

tioned in at most < NA; + 1 subintervals, and the Kusmin—-Landau inequality

(Corollary 6.7) applied on each of these intervals implies the asserted estimate.
(b) Applying Theorem 5.6 we get

D e(fm) KN+ Ns+81 "+ Nags™ ' +57 1 +1
N<n<N;

KNS NS +oa, ! 67!

and choosing § = )\5/ 2 gives

Y e(fm) < NayP g2
N<n<N;
as required.
3. Squaring out we get
H-1 2 H-1 H-1 H—1H-1
D etha)| =) e(hia) Y e(—haa)=Y_ > e((hi —hpa).
h=0 hy=0 ha=0 h1=0hy=0
Now set iy = h + k and hy = k so that
0<h <H-1, 0<k<H-I,
0<hy<H-1 —h<k<H-1-h
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and hence
H-1 2 H—1—1h|
Y etha) = Y Z e(hay= Y (H—|h|)e(ha)
h=0 h<H-1 k=0 Ih<H—-1

as required.

4. We may obviously assume that R( f, N, §) # 0, otherwise the inequality (6.29)
is trivial.

(a) There exist m € Z and & € R such that f(n) = m + §g with |8g| < 8, so that

hf(n)=hm +hsy with |ho] <(H —1)8 < (K —1)§ <

OOI'—‘

and thus

V2

Re{e(hf(n))} = cos(Znhf(n)) =cosRmhm + 2mwhéy) = cos(2mwhdg) > -

since 27 |hdg| < 7 /4.
(b) Summing the previous inequality over n and & running respectively through the
whole set S(f, N, ) and the integers {0, ..., H — 1}, we obtain

H
HR(f.N.5)<v2 Y (Z hf(n))

neS(f,N.,3) h=

<vV2o Y

neS(£,N,8)| h

H—
Z (hf () ‘

Applying the Cauchy—Schwarz inequality gives

R(f,N,(S)gg( > 1)1/2( >

neS(f,N,s) neS(f,N,8)| h

H-

Z e(hf (n))

2> 1/2

V2 H—1 2\ 1/2
- FWWW( 2 [ elnrw) )
neS(f,N,8)| h=0
so that squaring out we get
2 = P = ?
RN <5 Z (hfm)| < o Z (nf ()
neS(f,N,8)| h=0 h=0

\

as asserted.
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Now using Exercise 3 we obtain

2
RUEN OS5 Yo D (H—Iahe(hf ()

N<n<2N [hI<H-1
and treating the cases i = 0 and & # 0 separately we get

2(N +1 2
(N + )+_ S>3 H —IhDe(hf @)

R(f,N,§) < 2272
9 9 2
H H N<n<2N Ih<H-1

h#0

i 2, 2 ()

N<n<2N |hI<H-1
XNx 0

4N 2 h
w2 (1 _ E) le(hf ) + e(—hf )]
h=1 N<n<2N
H-1
< %\] + % Re( e(hf(n))>
h=1 N<n<2N
4N 4]
SR e(hf<n>>\
h=1'N<n<2N

completing the proof of (6.29).
By Definition 6.34 and the inequality (6.29), we get for all integers 1 < H <« 8!

R(f.N.&) KNH™' +H' > ((hTY'N'"™* + N(hT)™")
h<H

K NH '+ (HTN'"*+ NT' < NH™" + (HT)*N'7*

5.

since N < 8T. We conclude the proof by using Lemma 5.5.

6.
> Squarefree problem. Let x, y be real numbers satisfying (5.5). Using the exponent

pair (6.19), we get for all N < 2x1/3

R(\/ZN y ><< (x97N167)1/696+(x97N,27)1/502+ (N ,])1/2

v Nx
so that
X
max R( -, N, L) <<x229/1044+yx_1/3.
N<L2x1/3 n /Nx
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Next we apply the transformation BA to Huxley’s exponent pair (% +e, % +
3% + &) giving the exponent pair

269 +e 269 np
948 7 474

where the small real number ¢ > 0 need not have the same occurrence at each
computation. This implies for all 2,/y < N < 2x'3 andall e >0

X y 269/1217+ —11269/948+¢ —1
'R(n—z,N,m><<x / 6+(XN ) + yN

so that

X Y 269/1217+¢ 172
max Rl —=.N, = | <Kx + .
AN (n2 N2> Y

The exponent pair (%, %) provides the bound

X Y 2 \1/7 1/6 -1
R(n—z,N, W) < (N*x) "+ (N + yN

forall2,/y <N < 2x1/3, 50 that

X
max R(_z’N’ %) <<x3/14+y1/2.
2ﬁ<N§x1/4 n N

Hence using Lemma 5.3 with A =2,/y and B = x1/3 we get for all x, y satisfy-
ing (5.5)and ¢ > 0

Y 269/1217+¢ 172
H2(n) = ——+ Og(x +y77).
Z z(2) 5( )

x<n<x+y

> Square-full problem. We take up the notation of Exercise 6 in Chap. 5 and let x,
y be real numbers satisfying (5.45). Using the exponent pair (6.19), we get

1/3

X Y 97 ,202\1/1044 97 4, —89\1/753 —2\1/3
R((;) ,A,—(Ax)2/3><<(x A*?) + (A7) y(AxT?)
so that

1/3
X y 229/1740 -3/5
max Rl —= VA, ——— | K x + yx .
L<A<(2x)'/5 ((az) (AX)2/3)< Y

Using (6.19) again, we get

X y 97 p—27\1/696 97 p—221y1/502 M
R —, B, —> <L (x7'B +(x7'B +
({3 s ) < (7820 ()R
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so that

| X Y 124/939 —186/313
max R\./ —, B, <x + yx .
¥ <BL20)1/3 ( b va3) '

The exponent pair BA2B(0, 1) = (%, ‘71) provides the estimate

X y 1/9 —1\1/7 Yy
R\ 3B — ) < (Bx + (xB + —
< b VxB3> (5 ( ) /' Bx

valid for all L < B < (2x)!/3, so that

| X Y 124/939 —9/16
max R|./—.B, X + yx .
x1/8 < BLx59/313 ( b ~/xB3) < Y

Completing the proof with the trivial bound for R; in the range 1L, x'/8] we

finally get for all x, y satisfying (5.45)

2
Z s2(n) = —42(;(/3)) xl% + 0 (x"*"10gx + L).

x<n<x+y

7.

(a) This is [GK91, Lemma 2.11].
(b) Let 1 < T <t andlet (k,[) be an exponent pair. We have

Zn—o—lt < Zn—a—tt + Z po—it
n<t n<T T<n<t
<<Zn*"+ max Z n~? "logt
T<N<t
n<T N<n<2N

Z n~logt

N<n<N;

<T'"7+ max N°° max (*N'"F+Nt7")logt
T<N<t NN <2N

< E n %+ max N7 max
T<N<t NN <2N
n<T

LT + max (*N'TF 1IN log .
<Nt

Now since [ — k < % and % <o < 1, we deduce that kK + o > [. This implies
that

Zn—a—it < Tl—o +tle—k—010gt

n<t
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k
and the choice of T' = ¢ T+k=1 gives

—o—it ko)
Zn K t T+ logt.
n<t

Note that 0 <k < 3 </ < land/—k <} imply that § <14k — 1 < 1. Using

the previous question, we get
. Ki=o) 5
Lo +it) K (t T+k=1 + ¢t )logt

and the second term is clearly absorbed by the first one. With o = 1 this gives
forallt >3

1 k
I (E + it) K 120+-0 logt

and Huxley’s exponent pair (% + ¢, % + % + &) provides the bound

¢ (l I it> « 132/205+e
2

for all > 3 and ¢ > 0, which is the best result up to now.

A.7 Chapter 7

1. Let K= Q(+/—5). Suppose that 3 is not an irreducible so that 3 = rs with
Ng,(r) # 1 and Ng/q(s) # 1. Since 9 = Nk, (3) = Nk, () Nk/Q(s), we must
then have Nk, (r) = Nk,@(s) = 3 and hence a® +5b? =3 for some a, b € Z. This
implies that » = 0 and thus > = 3 which is impossible.

Similarly, if 7 = rs where neither r nor s is a unit, then we must have a’+5p2 =
7, implying that either » = 0 and a®> =7 or b = £1 and a? = 2, both cases being
impossible.

If 1 4+ 2+/=35 = rs where neither r nor s is a unit, then

21 = Ngyo(1 £2+=5) = Nk, (r) Nk,o(s)

and hence either Nk, () = 3 or Ngq(s) = 3, which is impossible as was seen
above.

2. 0 is algebraic over Q as sum of two algebraic numbers over Q. This gives the
answer to the exercise, but does not provide the minimal polynomial of 6.

To do this, one may use the following lemma, useful for small degrees (see
[Coh00, Proposition 2.1.7]).
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Lemma Let «, 8 be algebraic over Q and P, Q € Q[X] such that P(a) = Q(B) =
0. Then the resultant

R =Resy(P(X), Q(Y — X))
satisfies R € Q[Y] and R(a + B) =0.
Proof We have clearly R € Q[Y]. Furthermore, R is equal to zero if and only if P

and Q have a common root. But R(« + ) is the resultant of P(X) and Q(a+ 8 —X)
which have o as a common root, and hence R(« + 8) =0. O

Applying this result with P = X> —2 and Q = X3 — 2 we get

1 0 0 0 0 -2 0 0
0 1 0 0 0 0 -2 0
0 0 1 0 0 0 0 -2
ro |71 3 -3y? y3-2 0 0 0 0
—l0 -1 3y =3y y3i-2 0 0 0
0o 0 -1 3Y —3y2 y3-2 0 0
0 0 0 -1 3y —3yY%2 y3-2 0

0 0 0 0 -1 3Y —3y2 y3-2

=YB —10Y"? —6Y'% +40Y° — 360Y7 — 80Y® + 1277
—1080Y* + 80Y3 — 240Y2 — 240Y — 40.

Furthermore, this polynomial is irreducible over Z by applying Ore’s criterion since
| P(m)| is prime for

m € {—653, =579, —532,459, —447, —429, —427, -367, —337, =271, =81, —43
51,209, 213,339,423, 509, 521, 581}.

Hence deg(2'/3 +21/3) = 15.

3. Pisirreducible over Z since deg P = 3 and P has no rational root. Indeed, if P
has such a root, then it must be +1 by using Exercise 17 in Chap. 3, and P(£1) = 1.
This implies that 202 3042 # 0 and then g is well-defined. Furthermore, [Q(«) :
Q]=3and {1, o, «?} is a Q-base of Q(«r)/Q. Therefore there exist x, y, z € Q such
that

1

2
x4 ya+tzdd
202 —3q+2 L YeT

This may be written as (2a> —3a +2) (x + ya +za?) = 1 and expanding the product

and using the relations o> = o — 1 and a* = o? — « we get

a2(2x—3y+4z)+a(—3x+4y—52)—|—2x—2y+3z—1=0
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implying that x =z =1 and y = 2, so that

o 142a+a2
202 — 3 +2 aTa

This gives 2 = 7a? + 7o — 3 and B3 = 250 + 150 — 24, so that
B —582+108—1=0.
One easily checks that the polynomial Q = X3 —5X2+ 10X — 1 is irreducible over

Z, and hence Q is the minimal polynomial of 8.

4. Setf =+/5+ 2. We have obviously Q(0) C Q5. V2). Conversely, since
(6 — v/5)* = 2, expanding the product we get

0% +300% +23 = v/5(46° +200)

so that

0% +300% + 23
S5 + +
463 4200

and hence /5 € Q(). Thus
V2=60—-5eQ6,5) CQ®).

Therefore we get
Q(V5.v2) cQ(vV5+v2)

as required. Now using the lemma of Exercise 2 we infer that 6 is a root of the
polynomial

P =X8—20x°%+ 146X* — 620X> + 529
and |P(m)| is prime for £m € {6, 12, 18, 60, 66, 120, 132} so that P is irreducible
over Z by Proposition 7.28. Hence

[Q(v5+V2):Q] =8.

5. We first have

1. Let p be a prime factor of n(n — 1)---(n —m + 1) = (nf—;n), Therefore for all

0 <k <n—m, pdivides (n!/k!) which is the coefficient of X*in F,(X), so that
F,(X) mod p is divisible by X"+,
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If F, = A, B with B € Z[X] is monic such that deg B = n — m, then xn—m+l
divides A,, x B in F,[X]. Since deg B =n — m, we get X | A,,. This implies
that A,,(0) =0 as required.

2. a. First note that 6 € Ok since A, is monic. By the previous question, we get

Ni/g(6) = +ap = 0 (mod p)

so that p | Ng,q((0)).
b. Since F;,,(0) =0, we have

n

=y

k=1
hence there exists an index k € {1, ..., n} such that
n! gk
Up(T) <wp(nh).
Since
n!gk
vp( 0 ) =vp(n!) +ka — vy (k") = vp(n!) + ko — ev, (k!)

we get

ka — ev) (k!) <0.

c. By Exercise 12 in Chap. 3, we get

ket < etk—1)
p—1
and hence
etk —1)
(p—Da< r <e<m
so that

m
p<—4+1<m+1
o

implying that p < m.

3. By the first question, all the prime factors of n,n — 1,...,n —m + 1 divide ap
and the previous question shows that each of these prime factors is < m. Thus
the numbers n,n — 1,...,n —m + 1 form a sequence of m consecutive inte-
gers all greater than m which have no prime factor greater than m, contradicting
Lemma 7.183.

Remark In [Col87], the author provided an elegant proof of Schur’s result based
upon the theory of Newton polygons for polynomials belonging to Q,[X]. Let us



A.7 Chapter 7 541

compute the discriminant of P,. If «y, ..., o, are the roots of P, in an algebraic
closure of Q, we have by Definition 7.36

disc(P,) = ()2~ ]—[ (o —aj)>.
1<i<j<n

We proceed as in the proof of Proposition 7.61 (iv). Writing P, = (n!)_1 ]_[;’:1 (X —
«;), we infer that

P,;_X": 1
Pn i:lX_ai

so that
1 n
/ —_— —_— .
P= LS [T
i=1 j#i
and thus for all i € {1, ..., n}, we get
n! Py(ey) = [ [ @i — o).
J#i
This implies that

n

Hn!P,;(oti) = 1—[1_[(061' —aj)

i=1 i=1 j£i
n
=[]~ -ap?)
imli<j

= (=)= D202 2 dise(P,).

Note that P, = P,—_j and P,(X) = P,—1(X) + x"/n! so that

n a}’l

/ o i
Pn(ai) = Py(oy) — Iy
n! n!
and hence

n

disc(P,) = (—=1)"" D222 T (el
i=l1

— (_1)n(n—1)/2+n(n!)2—2n (ﬁ ai)

i=1
= (_1)”(1’!-1)/2+n (n!)2—21’l ((_1)}1”')"
— (_1)11(1‘!71)/2(’1!)27}1.
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We deduce that if n =2 or 3 (mod4), then disc(P,) < 0 and hence disc(P,) is not
a square in Q. If n =0 (mod4), then n — 2 is even and thus disc(P,) is a square in
Q. Now assume that n = 1 (mod4). By Corollary 3.44, for all n > 2, there exists
a prime number p such that n/2 < p < n, so that v,(n!) = 1. This implies that
v, ((n)") = n is odd, and thus (n!)” is not a square in Q if n = 1 (mod4) and n > 2.
Therefore disc(P,) cannot be a square in Q in this case. Furthermore, it can be
proved that Gal(P, /Q) contains a p-cycle for some prime number satisfying n/2 <
p < n — 2 (see [Col87] for instance). Using Lemma 7.144, we get the following
result due to Schur too.

Proposition (Schur) Letn € Z35. Then

, ifn=0 d4),
Gal(P, /Q) ~ A,, ifn .(mo )
S,, otherwise.

6.

(a) Since 0" = —a,_10""' — ... —a10 —ag and p | a;, we infer that 0" /p € M C
Ok and that Nk (@) = ap # 0 (mod p2) by assumption.

(b) Since p | f, we deduce that there is an element of order p in Ox/M by Theo-
rem 7.1 (ii), so that there exists & € Ok such that « ¢ M and pa € M. Hence

pa=byo+b10+--+by_ 10"

where not all the b; are divisible by p, othf;rwisg: axeM.
(c) B € Ok since both a and bop~' + --- +b/~107~1 p~1 are in Ok. This implies
that

b'@”_l n )
’T + ;(b,-ﬂ +bjy2l0 + -+ 50" 72)

is also in Og. Now by the first question 6" /p € Ok and also bj1 + bj20 +
o4 b0 T2 € Ok, so that

139117]'71 —

b/en—l
p

€ OK.

By Proposition 7.55, we infer that the norm of this element must be an integer.
But

n—1

b.on—1 b \" b"ay
/Q P p /Q Iz

cannot be an integer since p {b; and p® {ap.

7.

(a) P isirreducible over Z by Eisenstein’s criterion with p = 7.
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(b) Since 189 =33 x 7 and 756 =22 x 33 x 7, we have K = Q(«) where o =6/3
is a root of Q = X3 — 21X + 28. We have disc(Q) = 22 x 3% x 7% and use
Proposition 7.70. The largest square n? dividing disc(Q) for which the system
of congruences

x3 —21x +28 =0 (modn?),
3x2 =21 =0 (modn)

is solvable for x is given by n =2 and we get x = 1, so that
. —l+ato?| L 1+9+92
T 132768

is an integral basis for K.
(c) Since disc(P) is a square in Q, we get Gal(K/Q) >~ A3 ~ C3 by Lemma 7.145
(i1) or Lemma 7.140.
Since (ry,r2) = (3,0), we have O >~ Wk x 77 by Dirichlet’s unit theorem
(Theorem 7.74). Using Theorem 7.105 we get

(3)=p3
with p3 = (3,60/3 4+ 1) and using the PARI/GP system we obtain
(6—0)=p2p3 and (12—06)=p3p3
with pr = (2, 6). This implies that
6-6)°=(3)°(12-6)

and hence there exists a unit  such that (6 —)> = 27u(12 —6). Now expanding
(6 —0)3 and using 03 = 1896 — 756, we deduce that

1862 — 2976 + 972 = 27u(12 — 6)
so that
9(6 — 12)(20 — 9) =27u(12 — 6)

and then u = 3 — 26/3. Using PARI, the second unit is u’ = 62/9 —56/3 45 so
that

log |3 —260/3| log|0?/9 —56/3 + 5|

Rk = 'det <log 13 —20"/3| log |6"2/9 — 50/ /3 + 5|

)‘ ~ 12.594188956. ..

8. Since —2 # 1 (mod4), we have dg = —8.

(a) > Since —8 =1 (mod3), we get (—8/3) = (1/3) = 1 so that 3 splits completely
in K by Proposition 7.108 and then

(3)=p3p3
where p3 = (1 ++/—2) and p3 = (1 — V/=2).
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> Since (1 —+/—2)> = —1 — 24/=2, we infer that a = p_32, so that the equality
(1 +24/—2)" = 3" contradicts Theorem 7.88.
(b) Suppose that arccos(1/3)/m € Q. There exists (p,q) € Z x Zx1 such that

(p,q)=1and
()=
arccos| = | = —
3 q
Since
1+ 2\/__2 — 3€i arccos(1/3) _ 3eip7r/q
we have

(142v=2)%1 =3%

contradicting the previous question. Therefore, arccos(1/3) /7 ¢ Q.

9.  First note that, if k; = Q(y/a) and ko = Q(+/b), then by assumption on a and
b we get di; = 1 (mod3), so that 3 splits completely in k; and in k, by Proposi-
tion 7.108. This implies that 3 splits completely in K. Now assume that Og = Z[6]
for some 6 € K. Then K = Q(#) and the minimal polynomial px of 6 is of degree
4. By the previous observation, we infer that the reduction @ in F3[X] can be ex-
pressed as a product of four distinct monic linear polynomials, which is impossible
since [F3 has only three distinct elements.

10. 'We use Proposition 7.118.

> Type L. We have vk (p%) = D(1.1,1y (@) = (0"2"2).
> Type IL In this case, p is inert so that by Remark 7.120 we get

1, if3|a
oy __ ’ 9
VK (p ) o {0, otherwise.

> Type III. We have vk (p®) = D(1,2)(«) which can be computed by using Theo-
rem 2.32 or Popoviciu’s result of Exercise 12 in Chap. 2. For instance, applying
Popoviciu’s theorem witha =1, b =2 and n = «, we get a = 1 and thus

a o o (¢+2)/2 ifa=0(mod2),
we(p) =5 +1-12 1= |
2 2 (a+1)/2, ifa=1 (mod2).
> Type IV. We have vk (p®) = D, (@) = (“T) = + 1.
> Type V. We have g = 1 and thus we may use Remark 7.120, and since e = 3, we
get

UK([J“) =1.
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11.

(a) This is done in the proof of Proposition 7.138 using Corollary 7.130.
(b) We have f, (o) = U"+l7r_""/2F(a/2)” and hence

2 (o o
:——1 _—
gn(@) =12 (Og””)aJrkZ:](k k+o/2>
and thus
o0 k
" =8§ —— >0
&) (0 +2k)° i

so that g, is convex on ]0, +oo[.
(c) Forall o €1, 2], we deduce that

gn(0) <max(g,(1), g.(2))
2 1
=max<2 —y —log(4m) + —, 2(1 —y —logm + —))
n n
and since n > 2 we obtain
gn(0) <max(3 —y —log(4m), 3 —2(y +logm)) <O0.

(d) The previous question implies that f;, is decreasing on [1, 2] so that

Therefore

- dﬂ(g()—l)/2 elogd]K n—1
KK X =
ESGo—1m1  \2n—2

and (7.21) gives then (7.23).

12. Since K is real, we have (r1,r) = (n,0), wg = 2 and every character of
X (K) = X is even, so that the class number formula seen in Remark 7.164 can be
written in this case as
412
K *

xXeX
XFX0

where x* is the primitive even Dirichlet character that induces x. Now using (7.37)
and the arithmetic-geometric mean inequality, we get

1120 %) < (2n1—2 3 long*)”—l

xeXx xex
X#X0 X#X0
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and the conductor—discriminant formula (Theorem 7.162) implies that

. logdy \" !

xXeX
XFX0

as required.

13. We proceed as in Example 7.175. We have 15 = 3 (mod4), the or-
der O = Z[+/—15] has discriminant —60 and conductor f = /60/15 = 2. By
Lemma 7.172 (i), the class number of O is given by

ho=2x2x (1- (222 2
= X X —_ = — =
© 2\ 2

and, by Lemma 7.172 (ii), representatives of the two classes of invertible fractional
ideals of O are

(1,+/—15) and (3,v—15)
and hence using PARI/GP we obtain

Ho = X>— (3% x 5% x 10968319) X + (3% x 5 x 29 x 41)°.

By Corollary 7.174, we infer that a prime p > 7 can be expressed in the form p =
x2 + 15y? if and only if (—15/p) = 1 and the equation

2% — (3% x 5 x 10968 319)x + (32 x 5 x 29 x 41)> =0 (mod p)

has a solution in Z.
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